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BI-INVARIANT (a, 5)-METRICS ON LIE GROUPS
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ABSTRACT. In this paper, we study the geometry of Lie groups with bi-invariant
(o, B)—metrics. We first show by an elementary proof that bi-invariant («, 5)—metrics
are of Berwald type. We give an explicit formula for the flag curvature of bi-
invariant («, f)—metrics which improves the flag curvature formula of bi-invariant
Randers metrics given in [10]. A necessary and sufficient condition that left invariant
(cr, B)—metrics on Lie groups are bi-invariant is given.
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1. INTRODUCTION

The study of invariant structures on homogeneous spaces and Lie groups is an essen-
tial problem in differential geometry. Lie groups are, in a sense, the nicest examples
of manifolds and are good spaces on which to test conjectures. Therefore it is im-
portant to study invariant Finsler metrics. S. Deng and Z. Hou studied invariant
Finsler structure on homogeneous spaces and gave some descriptions of these metrics
[5]. Basic notions and tools for invariant Finsler metrics on homogeneous manifolds
were introduced by S. Deng and collaborators e.g. in [1, 5]. Also, in [9] the author
have studied homogeneous geodesics in homogeneous Finsler spaces.

An important class of Finsler metrics is the family of (a,)— metrics. An
(a, B)— metric is a Finsler metric of the form F = a¢(s), s = g where o =
Va(z)y'y’ is induced by a Riemannian metric @ = a;;dz; ® dz; on a connected
smooth n—dimensional manifold M and 3 = b;(x)y’ is a 1-form on M.

Bi-invariant metrics on Lie groups are among the simplest left invariant metrics.
They have nice and simple geometric properties, but still form a large enough class
to be of interest. In [5] S. Deng and Z. Hou gave an algebraic description of bi-
invariant Finsler metrics and in [9] the author proved that the geodesics of a Lie
group endowed with a bi-invariant Finsler metric, are the cosets of the one-parameter
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subgroups. Also in [9, 10, 11] the author have studied bi-invariant Rander metric
and bi-invariant Finsler metrics.

The arrangement of this paper is as the following. In sec. 2, we present some pre-
liminaries on invariant (a, 8)—metrics. In sec. 3, we study the geometric properties
of bi-invariant («, 3)—metrics on Lie groups. A necessary and sufficient condition
that left-invariant (a, 8)—metrics are of Berwald type is given then with an elemen-
tary proof we prove that bi-invariant (o, 8)—metrics are of Berwald type. We give
an explicit formula for the flag curvature of bi-invariant (v, )—metrics. A neces-
sary and sufficient condition that left invariant («,)—metrics on Lie groups are
bi-invariant is given. This paper provided a convenient method to compute the flag
curvature of bi-invariant (a, #)—metrics on Lie groups.

2. LEFT INVARIANT (o, 8)—METRICS ON LIE GROUPS

A Finsler metric on a manifold M is a continuous function, F' : TM — [0, c0)
differentiable on TM — {0} and satisfying three conditions:
(a) F(y) =0 if and only if y = 0;
(b) F(A\y) = AF(y) for any y € T, M and X > 0;
(c) For any non-zero y € T, M, the symmetric bilinear form g, : T, M X
T,M — R given by
(1, ) 1 92
u,v) = =
B Y5 sor

[F2(y + su + tv)]|s=1=0

is positive definite.
For each y € T, M — {0}, define

3
Cy(u,v,w) = éllasgtar [FQ(y + su + tv + rw)] |s=t=r=0 -

C is called the Cartan torsion.

Let 7*T'M be the pull-back bundle of the of the tangent bundle TM by 7 : TM —
{0} — M. The pull-back bundle 7*T'M admits a unique linear connection, called
the Chern connection which is torsion free and almost g—compatible. (see [2, 3, 7]).
It is easy to see that torsion freeness is equivalent to the absence of dy* terms in
connection 1-forms,

. —_—
wj = Iy da”,
together with the symmetry

i TV
ik = Lkj-
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A Finsler metric F' on a manifold M is called a Berwald metric if in any standard
local coordinate system (z¢,y) in TM — {0}, the Christoffel symbols I’é-k = F;k(x)

are functions of 2 € M only, in which case, G* = %Fék(x)yjyk are quadratic in
_ i 0
Y=Y 54 |- '
Let V =V" a?:i be a non-vanishing vector field on an open subset &/ C M. One

can introduce a Riemannian metric gy and a linear connection VY on the tangent
bundle over U as following;:

. ) )
X,Y)=XYigi(z,V), ¥VX=X " YV=vi
gV( 9 ) g]($ V) v 8.%'Z axz
0 0
%4 _ 1k v

From the torsion freeness and g—compatibility of Chern connection we have
VY — VYV X = [X,Y],
Xgv(Y.Z) = gv(VXY. Z) + gv(Y, VX Z) + 20v (VX V.Y, Z),

where C' denotes the Cartan tensor. The curvature tensor RV (X,Y)Z for vector

fields X,Y, Z on U is defined by
RY(X,Y)Z = VYXVVZ —VyVYZ = Vi ) Z.

For a Finsler manifold (M, F') and a flag (X; P) consisting of a nonzero tangent
vector X € T, M and a plane P C T, M spanned by the tangent vector X,Y, the
flag curvature is defined as

gX(RX(Y’ X)Xa Y) (1)
9x (X, X)gx (YY) — gx(X,Y)’

Definition 1. Let o = /a;j(z)y'y? be a Riemannian metric and B(z,y) = b;(x)y’
be a 1—form on an n—dimensional manifold M. Let

18l := /@ ()i} (). (2)
Now, let the function F is defined as follows

K(X;P) =

F:=a¢(s) |, 5=, (3)

where ¢ = ¢(s) is a positive C*° function on (—bg,by) satisfying
B(s) — 5¢'(s) + (b* — s2)¢"(s) >0 , |s] <b< by (4)
Then by Lemma 1.1.2 of [3], F is a Finsler metric if ||f(x)||a < bo for any x € M.

A Finsler metric in the form (8) is called an (o, B)—metric.

123



Dariush Latifi — Bi-invariant (a, 8)—metrics ...

The Riemannian metric a induces an inner product on any cotangent space 1. M
such that (dz’(x),dx’(x)) = @“(z). The induced inner product on T M induce a
linear isomorphism between Ty M and T,M. Then the 1-form 3 corresponds to a
vector field X on M such that

a(y, X (z)) = B(z,y). ()

Also we have ||3(z)|la = || X (2)|la (for more details see [4] and [17]). Therefore we
can write (o, 3)—metrics as follows:

F(z,y) = afz,y)é(

a(X(z),y)
o) )s (6)

az,y)

where for any z € M, \/a(X (z), X (z)) = | X(2)]a < bo -

Let G be a connected Lie group with Lie algebra g = T.G . A Finsler function
F: TG — Ry on Lie group G is called left-invariant if

F(z,y) = F(La(2), (La)+2(y)),

for all @,z € G and y € T,G. Similarly, a Finsler metric is right-invariant if each
R, : G — G is an isometry. A Finsler metric on G that is both left-invariant
and right-invariant is called bi-invariant. About the existence of bi-invariant Finsler
metrics on compact Lie groups we refer to [6]

Let G be a Lie group. Then there is a one-to-one correspondence between the
left invariant Finsler metric on G and the Minkowski norm on g [5].
In [1] An and Deng studied invariant (c, 5)—metrics on homogeneous manifolds.
Suppose a = \/a;;(z)y'y is an left invariant Riemannian metric on G and

XeV,={Xeg|(X,X) <b}VheH)},
then the invariant 1-form 5 = f(x,y) on G corresponding to X satisfies ||B]lo =
\/@bib; < by. If ¢ = ¢(s) is a C™ positive function on the symmetric open interval
I = (—bo, by) satisfies

(s) = s¢(s) + (b* = s%)¢"(s) > 0,

where s and b are arbitrary numbers with |s| < b < by, then F' = aqb(g) is an
invariant (o, 3)—metric on G.
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3. BI-INVARIANT (a, f)—METRICS ON LIE GROUPS

The following theorem is a simple reformation of the well-known characterization of
(cr, B)—metrics being Berwald.

Proposition 1. Let G be a Lie group with a left invariant («, B)-metric F' defined
by the Riemannian metric a = a;jdz’ ® dz’/ and the vector field X. Then the (o, B)-
metric F is of Berwald type if and only if adx is skew-adjoint with respect to a and

a(X,lg,g]) =0.
Proof: The proof is similar to the Randers space case [10].00

Corollary 1. Let G be a Lie group with a left invariant («, 8)-metric F defined by
the Riemannian metric a = a;;dz’ @ dz’ and the vector field X. If the (a, B)-metric

F is of Berwald type then the one-parameter subgroup t — exp(tX) is a geodesic
of F.

Proof: The corollary is a consequence of Proposition 1 and Theorem 3.1 of [9].00
A geodesic y(t) through the origin o of M = G/H is called homogeneous if it is
an orbit of one-parameter subgroup of GG, that is

V(t) = exp(tZ)(0), tER,

where Z is a nonzero vector in the Lie algebra g of GG. For results on homogeneous
geodesics in homogeneous Finsler manifolds we refer to [9].

Some Lie groups may posses a («, )—metrics which is invariant not only under
left translation but also under right translation. In the following theorem with an
elementary proof we show that bi-invariant («, 8)—metrics are of Berwald type.

Theorem 2. Let G be a Lie group with a bi-invariant (o, 5)—metric F defined by
the Riemannian metric a = &ijdaci ® dx? and the vector field X such that qb/ (r) #0.
Then the (a, 8)—metric F is of Berwald type.

Proof: Let F(z,y) = a(x,y)p (d(f(gc;’)y)>, by using the formula

1 92
gy(u,v) = 2 9103

F2(y + su + tv)|s=t=0,
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and some computation for the («, 3)—metric F' we get

w,v) = alu,v)*(r) + aly, w)e(r)d (r ~(Xv)_ a(X,y)aly, v)
Bu0) = au0)d(r) + 0ol (n) (T - T

{0+ ) (2 ity
x(quF —Xy)) (7)

a(y,y)
o(r)¢'(r)
Va(y,y)
a(X.y)

where r = Vit So for any y, z € g we have

+ (a(x, w)a(y,v) — a(u, v)a(X, y)),

g [y.2) = aly Iy, =) (6*() - o) (r)r)
+a(X, [y, 2)) (¢ (N F () ). (8)

Since a is bi-invariant a(y, [y, z]) = 0 and ad(x) is skew adjoint for every z € g.
Since F' is bi-invariant gy (y, [y, 2]) = 0 [9]. So from (8) we get a(X, [y, z]) = 0 for all
y,z € g. Therefore by Proposition 1 we see that (G, F') is of Berwald type.OJ

Corollary 3. Let G be a Lie group with a bi-invariant (c, 3)-metric F defined by
the Riemannian metric a = dijda:i ® dx? and the vector field X such that ¢/ (r) #0,
then

(a) The Chern connection of (G, F) is given by VyZ = LY, Z] for all Y, Z € g.

(b) The geodesics of (G, F) starting at e are the one-parameter subgroup of G.

Theorem 4. Let G be a Lie group with a bi-invariant («, 3)—metric F defined by
the Riemannian metric G = a;;dz’ ® dz? and the vector field X such that ¢ (r) #0.
Let (P,y) be a flag in g such that {y,u} is an orthonormal basis of P with respect
to a = dijdxi ® dx?. Then the flag curvature of the flag (P,y) in g is given by

o(r) — ¢ (r)a(X,y) 2
K P,y = u,y
(o) = (G )
where || [u,y] || denotes the norm of [u,y] with respect to a = a;;dz’ @ da?, and

r=a(X,y) and Y = ¢(r) + ¢ (r)r2 — ¢ (r)r.

Proof: By Corollary 3, Vy Z = %[Y, Z], hence by the definition of the curvature
we obtain

R(v, w)> = —%[[v,w],z], ()
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for any v, w, z € g. Also for the flag curvature we have

_ 9y(R(u,y)y, u)
KiPy) 9y (¥, ) gy (u,u) — g2(y,u) (10)
According to the formula (7) we have
a(y,y) = &*(r) = F*(y) (11)

"

g(ww) = 62(r) + ((6'()? + 6(r)a" (1) (X, w) (12)

gy(y,u) = o(r)¢ (r)a(X, u) (13)

gy(R(uw,y)y,u) = a(R(u,y)y,u)¢*(r) + aly, R(u, y)y)a(X, u)(r)e (r) (14)
+ ((6'0)? + 68" (1) a(X, ) @(X, R(v,w)2) = aly, R(v, w)2)a(X,y))
—~6(r)¢ (r)a(R(v,w)z, u)a(X, y).

Substituting (9), (11), (12), (13), (14) in equation (10) completes the proof.C]

For results on flag curvature of invariant (a, 8)—metrics on homogeneous mani-
folds we refer to [15, 17]. A Finsler space with Finsler function:

F(x,y) = a(z,y) + B(z,y)

is called a Randers space [8, 12, 16]. In [10] the author gives an explicit formula
for the flag curvature of bi-invariant Rander metrics. In the following corollary we
improve this formula.

Remark 1. Let G be a Lie group with a bi-invariant Randers metric F' defined by
the Riemannian metric a = a;jdz’ @ dx? and the vector field X. Let (P,y) be a flag
in g such that {y,u} is an orthonormal basis of P with respect to a = dijdxi ® da?.
Then the flag curvature of the flag (P,y) in g is given by

1 1 ||2

K(Py) = (+a(X.y)24 | [w, 9]

where || [u,y] || denotes the norm of [u,y] with respect to @ = a;;dz’ @ da’.
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We note that if the Randers space (G, F') is Riemannian, i.e. X = 0, then the
above formula for the flag curvature is just the formula for the sectional curvature
of a bi-invariant Riemannian metric [14]

K(u,y) = Il ] P

A Finsler space having the Finsler function:

F(x,y) =

is called a Kropina space [1, 3.

Remark 2. Let G be a Lie group with a bi-invariant Kropina metric F' defined by
the Riemannian metric a = aljdx ® dx? and the vector field X. Let (P,y) be a flag
in g such that {y,u} is an orthonormal basis of P with respect to a = a;;dz’ @ da’.
Then the flag curvature of the flag (P,y) in g is given by

K(Py) =

5@ () [l [ o] |

where || [u,y] || denotes the norm of [u,y] with respect to @ = a;;dz’ @ da’.

A Finsler space having the Finsler function:

F(l‘)y) =

is called a Matsumoto space [1, 13]

Remark 3. Let G be a Lie group with a bi-invariant Matsumoto metric F' defined by
the Riemannian metric a = awd:c ® da? and the vector field X. Let (P,y) be a flag
in g such that {y,u} is an orthonormal basis of P with respect to a = a”dx ® dad.
Then the flag curvature of the flag (P,y) in g is given by

_ (1-a(X,y))*(1 - 2a(X,y)) 2
K(Py) = 16a2(X,y) — 12a(X,y) + 4 Il

where || [u,y] || denotes the norm of [u,y] with respect to @ = a;jdz* @ da’.

In the following a necessary and sufficient condition that left invariant (o, ) —metrics
on Lie groups are bi-invariant is given.
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Theorem 5. Let G be a connected Lie group with a left invariant («, 5)—metric F
defined by the Riemannian metric a = dijdxi ®dx? and the vector field X such that
¢ (r) # 0. Then the («, B)—metric F is right invariant, hence bi-invariant if and
only if ad(z) is skew-adjoint with respect to the a = &ijdxi Qdx? for every x € g and
a(X. [g,q)) = 0.

Proof: Suppose that ad(x) is skew-adjoint for every x € g and a(X, [g,g]) = 0.
We show that the left invariant («, §)—metric F' is also right invariant. We note, by
using Theorem 2 that (G, F) is of Berwald type. According to the formula (7) we
get

gyl = (¢20) — 66 (0)r) allz.ul.v) (15)
+ ()8 (1) — (&' () + 678" (r))r) ( a(cfy“;) - Zgz;}) a([2 1, y),

and

gy(llu) = (620) — 66 0)r) allz. ol w) (16)
£ (6()6 (1) — (& (1) + 61} (1)) (% -2y ) (z0.0)

Now by using the definition

1d

Cy('z»%v) = 5%

[gertv(Za ’LL)] |t=07

for the Cartan tensor we get

20, [z, w,v) = (¢<r>¢’<r>—<¢’<r>2+¢<r>¢“<r>>r)(aﬂX’” —‘““ir) ) 0)

Therefore

gy([za ’LL],’U) + gy(u’ [Z’ U]) + QCy([Za y],u, U) =
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' — (¢ (r)? e (r)r (X, ) — a(v,y)r
(a([z,u],y) + a([z, ¥, u)) (d)(r)qb (r) = (¢ (1)" + &(r)o (7)) ) ( aly,y) a(y.y) )
(2 N6 () a(X,u) _G(%y)r
+a([z,v],y) + a([z, y],v)) (gb(r)d) (r) = (¢ (r)" +o(r)¢ (1)) ) ( a(y,y)  aly,y) )

+ (allz 0. v) + alu, [z,0])) (6() — 66 (1))
Since ad(z) is skew-adjoint for every z € g we have
gy([2, ul,v) + gy(u, [2,v]) + 2Cy([2, ], u, v) = 0.
Now, we consider the function

P(t) = Bad(exp(tz))y(Ad(exp(tz))u, Ad(exp(tz)v)).

Taking the derivative with respect to ¢, we see that ¢’ (¢t) = 0 therefor ¥(t) = ¢(0),
Vt € R. Since G is connected we have

gy(ua ’U) = gAd(g)y(Ad(g)ua Ad(Q)”)? Vg € G.

Using the formula F(y) = /gy(y,y), we have F(Ad(g)u) = F(u) for all g € G,
u € g. Therefore
F((Rg-1)su) = F(u), VgeG,ucg.

O
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