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Abstract: In the present article, we analyse unsteady laminar boundary layer flow of nanofluids Cu-water and Ag-water past a stretching plate with suction and convective surface
boundary condition in the presence of thermal radiation. The flow which has been considered
here is of Skiadis type. A closed form solution has been obtained for convective heat transfer
under the given conditions. The main aim of our study is to analyse the following:
(a) effect of radiation parameter on the convective heat transfer,
(b) the effect of volume fraction of nano-sized particles of Cu in Cu-water and Ag in
ag-water, nano-fluids,
(c) effect of suction parameter on the convective heat transfer, and
(d) the time dependence of temperature field.
Keywords: Nano-fluids, boundary layer flow, Heat Transfer, Radiation flux, and Nusselt
number.
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Introduction

The numerous applications of the boundary layer flow past a stretching sheet fascinate the
scholars to do researches in several variants. In particular, anonymously the possible applications
of boundary layer flow past a stretching sheet are in aerodynamic, extrusion of plastic sheets,
formation of boundary layer along liquid film in condensation process, the cooling of metallic
plate in a cooling bath, drawing of polymer yarn in textile industry and manufacturing the glass
sheet in glass industry. L.J. Crane [11], supposed to be the initiator of the study of boundary
layer flow due to a stretching surface in an ambient fluid. He gave the closed form solution to the
steady boundary layer flow over stretching sheet which moves in its own plane with a velocity
varying linearly with the distance from the slit. Since then several authors have studied various
aspects of this problem. Carragher and Crane [12], investigated the heat transfer for the flow
over a continuous stretching surface. The temperature field in the flow over a stretching surface
subject to a uniform heat flux was studied by Dutta et al. [14], Garubka and Bobba [16], while
Elbashbeshy [15], considered the case of a stretching surface with a variable surface [17], studied
the heat and mass transfer for the boundary layer flow over a stretching sheet by introducing
suction/blowing on the stretching surface. The effects of power law surface temperature and
power law surface heat flux on the heat transfer characteristics of a continuous stretching surface
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with suction and blowing were investigated by Chen and Char [13]. Magyari and Keller [23],
obtained analytical solutions for the case when the sheet is permeable and also for the case when
the velocity and temperature of the sheet varies exponentially with the distance along the sheet.
Liao and Pop, have studied the problem of a steady boundary layer flow due to a stretching
sheet using the Homotopy Analysis Method (HAM) proposed by Liao [22], and obtained analytic
solutions of the flow characteristics. There are number of researchers who follow the pioneer
classical work of Skadis [11], F.K. Tsou et al. [31] and L.J. Crane [11]. Later, the researchers
like N. Ahmad [2], N. Ahmad and K. Ahmad [3, 4], D. Kelly, K. Vijravelu and L. Andrews
[20], N. Ahmad and K. Marwah [5], M. Sidhdheshr [30], M. Subhas Abel, P.G. Siddheshwar,
M.N Mahantesh [1], and N. Ahmad and M. Mishra [6] have solved unsteady fluid flow past a
stretching sheet with various variants.
The study of convective transport of nano-fluids came into force, because of the increasing
momentousness of nano-fluids. The circular motion that occurs in a fluids of a non uniform
temperature owing to the variation of its density and the action of gravity in the fluid is poor or in
other word, the convective heat transfer rate in fluids (water, ethylene, oil, glycol mixture) is poor
subsequently the thermal conductivity of these fluids plays an important role on heat transfer
coefficient between the medium and the surface. Hence, a number of methods were propounded
to make better the thermal conductivity of these fluids by propagating nano-particles materials
in the liquids. Chol [10], Introduced the new and innovative technique where he used a mixture
of nano-particles and the base fluids so that he developed a advanced heat transfer fluids.
Nano-fluid is a liquid suspension of ultra fine particles less than 50 nm. In his experimental
observation, he showed that even small change in volumetric fraction of nano-particles influences
the thermal conductivity of nano-fluid increased by 10-50% so that a remarkable improvement in
the convective heat transfer coefficient takes place. Masusa et al. [24], observed that nano-fluid
acted as thermal conductivity enhancer and hence nano-fluids can be used in advanced nuclear
system.
In the present article, we discuss the unsteady boundary layer flow of nano-fluid Cu-water and
Ag-water over a stretching plate and heat transfer with suction and convective surface boundary
condition. A closed form solution has been obtained. Our focus is to read the effect of different
parameters like radiation parameter N , suction parameter v0 , and volume fraction ϕ on the heat
transfer.

2

Mathematical Formulation

Considering two dimensional boundary layer flow over a stretching sheet, we assume a coordinate
system where x-axis is along the stretching sheet and y-axis is normal to the surface of the sheet
in positive direction. The Figure-1 shows the geometry of the problem where the continuous
bx
stretching surface is governed by U (x) = 1−at
, where a and b are constants and t < a1 .
The problems are as follows:
I. Boundary Layer Flow problem:
The governing equations for steady boundary layer flow of nano-fluids Cu-water and Agwater past a stretching plate are:

(a) Continuity Equation:
∂u ∂v
+
= 0,
∂x ∂y

(1)
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Figure 1:
(b) Momentum Equation:
µnf ∂ 2 u
∂u
∂u
∂u
+u
+v
=
,
∂t
∂x
∂y
ρnf ∂y 2

(2)

where u and v are the velocity components along x and y axes, respectively. µnf and
ρnf are dynamic viscosity and density of nano-fluids, respectively.
The appropriate boundary conditions for flow problem are:
u(x, 0) = U (x) =

bx
,
1 − at

v(x, 0) = −v0 ,

(3)

and
y → ∞,

u = 0,

(4)

where v0 is the initial strength of the suction.
Now, we introduce dimensionless variables as follows:
x̄ =

x
,
h

ȳ =

y
,
h

ū =

uh
,
νnf

and
v̄ =

vh
,
νnf

t̄ =

tυnf
,
h2

where h is characteristic length, υnf is the kinematic viscosity of the nano-fluids. Using
the dimensionless variables in the equations (1), (2), (3), 4 and following N. Ahmad and
Ranivs [7], we get the velocity distribution as follows:
u=

b0
xe−ry ,
1 − a0 t

v=−


b0
1 − e−ry − c0 v0 ,
r(1 − a0 t)

where
r=
b0 =

bh2
,
υnf

q
c0 v0 + c20 v02 +

4(a0 +b0 )
1−a0 t

2
a0 =

ah2
,
υnf

c0 =

,

h
.
υnf

(5)
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II. Heat Transfer Problem:
The energy equation with convective surface boundary condition is given by
u

1
∂qr
∂T
∂T
∂2T
+v
= αnf 2 −
∂x
∂y
∂y
ρcp nf ∂y

(6)

with following relevant boundary conditions:
−knf

y = 0,


∂T
= hf Tp − T∞ ,
∂y

(7)

and
y → ∞,

T → T∞ ,

(8)

where knf is the thermal conductivity of the nano-fluid, αnf is thermal diffusivity of the
nano-fluid, qr is the radiative heat flux, Tp is temperature of the plate and T∞ is ambient
fluid temperature, i.e., the temperature of the fluid far away from the plate, hf is heat
transfer coefficient. Referring Rosseland, S and Siegel R, Howell JR [28, 18], the radiative
heat flux may be considered as follows:
qr = −

4σ ∗ ∂T 4
,
3k ∗ ∂y

(9)

where σ ∗ and k ∗ are the Stefan-Bltzmann constant and the mean absorption coefficient,
respectively. Here we use the approximation as it is being used by Battler [8], Pal [27],
Mukhopadhya and layek [26], Ishak [19] and very recently by N. Ahmad and Ravins [7] as
3
4
T 4 ≈ 4T∞
T − 3T∞
.

(10)

Using the above equations (9) and (10) together with dimensionless variables in the equation 6, we have


3
∂T
∂T
1
16σ ∗ T∞
∂2T
u
+v
=
αnf +
,
(11)
∂x
∂y
υnf
3K ∗ (ρcp )nf ∂y 2
where bar has been suspended for our convenience.
∞
We now define the dimensionless temperature T by θ(η) = TTp−T
−T∞ and assume that η = ry.
Substituting u and v from equation (5) into (11), we get


K0 b0 (P r)nf
(P r)nf K0 c0 v0 0
00
−η
θ +
(1 − e ) +
θ = 0,
(12)
r2 (1 − a0 t)
r

and the boundary conditions (7) and (8) reduce to the following:
0

θ (0) = −

2hf
knf r

θ → 0,

and

as

η → ∞,

ν

3N
3N +4

where (P r)nf = αnf
is the Prandlt number of nano-fluid, K0 =
nf
the radiation parameter.

(13)
with N =

knf k∗
3 ,
4σ ∗ T∞

A solution of the equation (12) together with boundary conditions (13) is
θ(η) = γβ −α γ(α, βe−η ),

(14)

where
2hf
γ=
e
knf r

4(P r)nf K0 b0
(1−a0 t)r 2


,

β=e

−

4(P r)nf K0 b0
(1−a0 t)r 2


,
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α=e
and γ(a, x) =

Rx
0

2(P r)nf K0 c0 v0
4(P r)nf K0 b0
+
r
(1−a0 t)r 2


,

e−t ta−1 dt is the incomplete gamma function.

The effective density of nano-fluid is given by
ρnf = (1 − ϕ)ρf + ϕρs ,

(15)

where ϕ is the volume of solid nano-particles in carrier fluid. Thus, the Thermal diffusivity
of the nano-fluid becomes
αnf =

knf
,
(ρcp )nf

(16)

where the heat capacitance of the nano-fluid is taken as follows:
(ρcp )nf = (1 − ϕ)ρcpf + ϕρcps .

(17)

Due to Brinkman [9], the effective dynamic viscosity of the nano-fluid becomes
µnf =

µf
.
(1 − ϕ)2.5

(18)

Now, the thermal conductivity calculated by Maxwell [25] out to be as

knf = kf

3


ks + 2kf − 2ϕ(kf − ks )
.
ks + 2kf + ϕ(kf − ks )

(19)

Skin Friction & Nusselt Number

In this section, we define both skin friction and Nusselt number. Then we calculate Nusselt
number for Cu-water and Ag-water for different values of volume fraction ϕ (see Table-1).
Skin Friction: The wall shear stress at the stretching plate is given by
τp = −µnf

µf b0 xr
∂u
=
.
∂y y=0 2(1 − ϕ)2.5 (1 − a0 t)

Thus, the Skin friction becomes
Cf =
where Re =

υf
uh

τp
rRe
=
,
2
ρf u h
2(1 − ϕ)2.5

(20)

is Reynolds number.

Nusselt Number: The coefficient of convectional heat transfer is called Nusselt number Nu and
it is defined and calculated as
Nu = −

∂T
∂y y=0

Tp − T∞

=

hf
.
knf

(21)
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ϕ

N u(Cu - water)

N u(Ag - water)

0.0

21.37030995

21.37030995

0.1

16.0481002

16.04678311

0.2

12.24162966

12.23960335

Table 1: Nusselt number for Cu-water and Ag-water for different values of volume fraction ϕ

Figure 2:
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Discussion and Results

The nano-fluids Cu-water and Ag-water have been considered for unsteady boundary layer flow
past a stretching plate with suction and heat transfer with convective surface boundary condition
to read the radiation effect. The exact solution to this problem has been obtained. Skin
friction and the Nusselt number have also been derived. The effect of Radiation parameter N ,
suction parameter v0 , time t dependence and the volume fraction ϕ of nano-sized particles have
been studied on temperature field through graphs. We summarize the results in the following
paragraphs:
I. In Figure 2, we have shown the temperature profile θ for volume fraction ϕ = 0 and ϕ = 0.1
keeping time t = 0.1 and suction on the stretching plate v0 = 0.3, fixed. We see that as
N increases, temperature field decreases in both the cases ϕ = 0.0 and ϕ = 0.1. Further,
we notice that temperature field is maximum for radiation N = 1, i.e., the intensity of
radiation contributes to increase the temperature profile but when the radiation intensity
increases, the rate of heat transfer increases, in turn temperature profile decreases.

II. In Figure 3, we study the trend of temperature field θ keeping radiation and suction
parameter fixed as N = 10 and v0 = 0.1. For volume fraction ϕ = 0.0 and ϕ = 0.1, we
observe that as time increases, the temperature field increases within the boundary layer.
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Figure 3:
It has been observed too that for ϕ = 0.1 the value of temperature field is more than
respective values for temperature field for ϕ = 0.0. Hence, the presence of nano-particles
changes thermal conductivity of nano-fluid.

Figure 4:

III. The temperature profile θ in Figure 4 have been drawn for fixed volume fraction ϕ = 0.1
and the suction parameter v0 = 0.3. In both the cases for radiation N = 1 and N = 10,
the temperature field increases when t increases. Temperature field for N = 10, is lower
than the value of temperature field for N = 1 due to the faster heat transfer rate for
N = 10.
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Figure 5:
IV. In Figure 5, we take ϕ = 0.1 and t = 0.3 fixed so that the effect of suction parameter may
be read for two values of radiation parameter N . It is noticed that as suction parameter
increases, the value of temperature profile θ decreases. This phenomenon supports the
cooling process in heating process.

Figure 6: Skin friction Cf versus time t for different values of suction parameter v0 with fixed
volume friction ϕ = 0.1.
V. Figure 6 is the graph of skin friction Cf versus time t for different values of suction
parameter v0 . We observe that as time progresses, skin friction increases. Also as v0
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increases, the skin friction increases because the magnitude of shear stress increases due
to increase in suction parameter

Figure 7: Skin fraction Cf versus volume fraction ϕ of nano-particle for different time t with
suction parameter v0 = 0.2.
VI. The Figure 7 shows the dependence of skin friction on volume fraction parameter ϕ. As
the volume fraction ϕ increases, the solid particles ratio increases in the nano-fluid. Hence
skin friction Cf increases. Also suction parameter v0 increases, the skin friction increases.
Therefore suction parameter v0 and volume fraction ϕ both act as the enhancer of skin
friction Cf .
VII. The Nusselt number is independent of time. While knf is function of volume fraction
parameter. So, as ϕ increases, Nusselt number (Nu) decreases for Cu-water and Ag-water
nano-fluids (see Table-1).

5

Conclusion

We conclude the following:
(a) A closed form solution has been obtained to the unsteady boundary layer flow of nanofluids Cu-water and ag-water past a stretching plate and heat transfer with suction and
convective surface boundary condition.
(b) With the help of above graphs, we discuss the effect of various parameters on temperature
profile.
(c) As t, the time and v0 , suction on the surface of stretching plate increases, the skin friction
increases.
(d) Looking at Table-1, we observe that the Nusselt number is independent of time but it is
influenced by volume fraction parameter ϕ.
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