Acta Universitatis Apulensis No. 49/2017
ISSN: 1582-5329 pp. 79-92
http://www.uab.ro/auajournal / doi: 10.17114/j.aua.2017.49.07
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ABSTRACT. In the present paper we define and investigate a family of complex-
valued harmonic convex univalent functions defined by extended multiplier Dizok-
Srivastava operator, we obtain the basic properties such as coefficient condition,
distortion bounds, extreme points, inclusion result and integral operator.

2010 Mathematics Subject Classification: 30C45.

Keywords: Harmonic function, Multiplier, Dziok- Srivastava operator, extreme
points.

1. INTRODUCTION

A continuous function f = w + iv is a complex valued harmonic function in a
simply connected complex domain D C C' if both u and v are real harmonic in
D. Tt was shown by Clunie and Sheil-Small [5] that such harmonic function can be
represented by f = h + g, where h and g are analytic in D. Also, a necessary and

sufficient condition for f to be locally univalent and sense preserving in D is that
’h/(z)’ > ‘g/(z) , (see also, [7,8] , [13] and [14]).

Denote by Sy the class of functions f that are harmonic univalent and sense-
preserving in the open unit disc U = {z € C : |z| < 1} for which f(0) = h(0) =

f.(0) =1 =0. Then for f = h+ g € Sy we may express the analytic functions h
and g as

h(z)=z+Y apz® | gz) =) bez" || <L (1.1)
k=2 k=1

Clunie and Shell-Small [5] investigated the class Sy as well as its geometric sub-
classes and obtained some coefficient bounds.
For complex parameters

a1, ... Qg and 617"'765 (ﬁ] gé Z(; = {0?_1a_27}a] = 1a27""5)7
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we now define the generalized hypergeometric function ¢Fi (o, ..., ag; By, ..., B; 2) by
(see, for example, [15, p. 30])

. . N > (al)k...(aq)k Zj
qFS(ah "'706117617 "'75572) - kZ:O (/Bl)k(/gs)k . k! (12)
(¢<s+1;¢,s e Ng=NU{0},N={1,2,..};z € U),

where (0), is the Pochhammer symbol defined, in terms of the Gamma function T,
by

CT@+vy) (1 (v =0;0 € C\{0}),
(0), = 1) { 60 —1)...0+v—1) (ve N;0eC). (13)

Corresponding to the function

h(o, ..., oq; By ooy B 2) = 2 gFs(oa, ...y ag; By, .., Bes 2), (1.4)

which is defined by the following Hadamard product (or convolution):

H(ai,...,aq; 81, .., B 2) f(2) = h(ou, ..., aq; By, -, By 2) * ¢(2). (1.5)
We observe that

o) = 4+ letees
=2 S
= z+ ZFk(al)akzk, (1.6)
k=2
h
where F (a ): ozl)k_l...(aq)k_l
Y (B k1 (B (D
If, for convenience, we write
H,s(a1) = H(o, ..., 045 B, ooy B)- (1.7)

We defined the extended multiplier Dizok-Srivastava operator D}’ as follows:

DY f(2) = f(2)* Hys(on),
51 (f(2) 5 Hyuln))
D4 f(z) = (Z (H(lz),:l_z (al))> (A>0;¢>0),
> %

DY} f(z) = Dae(Dy7"f(2),
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and (in general)

DYE*f(z) = Dae(D3 " f(2)) (n€N). (1.8)

Then from (1.6) and (1.8), we see that

[ee)
D;L:?Sf(z) =z+ Z (I)k’,n(ab )‘aé)akzk (’I’L € NO)’ (19)
k=2

where (1A D]
+1+ -
1 ] I'k(aq). (1.10)

By specializing the parameters g, s, a1, 81, ¢ and A, we obtain the following op-
erators studied by various authors:

(i) For ¢ = 2,s =1 and a = as = ; = 1, we have D?’?’lf(z) =1I"(\0)f(2)
(see Catas [3]); ’

(i) D;L:S’lf(z) = DVf(z) (see Al-Oboudi [1]) and Dlnjg’lf(z) = D"f(z) (see
Salagean [12]);

(iii)Dg:g’s (2) = Hy (1) (see Dziok and Srivastava [6]).
We modified the extended multiplier Dizok-Srivastava operator of the harmonic
function f = h 4+ g given by (1.1) as

(bk,n(alu )\7€) - |:

DS f(z) = DP4h(z) + (—1)" Dl g(z), (1.11)
where
o
D;\lﬂgvsh(z) =z 4+ Z (I)k,n(al, A, g)akzk:,
k=2
and

(0@
DYEog(z) = pnlar, A\, O)bg.
k=1

Also let S denote the subclass of Sy consisting of functions f = h + g such that
the functions h and g are of the form

h(z)=2=) 2" g(z) = (=" Y |bwl 2 [ba] < L. (1.12)
k=2 k=1

We introduce here a new subclass G ((a1, A, £),y) of function of the form (1.1) using
the extended multiplier Dizok-Srivastava operator of harmonic univalent functions .
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Let G ((a1, A, £),y) denote the subfamily of convex harmonic functions f € Sy
of the form f = h 4 g such that

o 2 (DT R(2)) (= 1)n22(DT 82 g(2)) +(—1)n22 (D82 g(2))”
Red 1+ (14 €W 2.4 2.0 2.0 > . (1.13
e{ (1+€%) AP h(z)) —(— ) oD 2 9(2)) 2. (1.13)

(0<~y <L eR)

Finally, consider the subclass G%((a1, A, £),7) of G ((an, A, £),7) for h and g of the
form (1.12) .

We note that: o

(i) Putting A = £ = n = 0 then G%((a1,0,0),7) = Gu(la1,B,],7) (see Chan-
drashekar et al. [4]);

(ii) Putting ¢ = 2,s = 1,1 = ag = f; = 1, and A\ = £ = n = 0 then
G%((1,0,0),7) = HCV (k,7) (see Kim et al. [19, k = 1]).

In this paper, we obtain a sufficient coefficient condition for functions f =h+g
to be in the class G ((au1, A, £), v) and show that this coefficient condition also is nec-
essary for functions belonging to the class G ((a1, A, £),7). Also distortion bound
,extreme points for functions in the class G ((a1, A, £),) and certain inclusion re-
sults and integral operator are obtained.

2. COEFFICIENT CONDITION FOR THE CLASS G%((a1, A, £),7)

Unless otherwise mentioned, we assume throughou this paper that 0 <~y < 1 and ¢ is
real and @y, (o, A, ¢) is given by (1.10). We begin with a sufficient condition for
functions in the class G% (a1, A, £),7).

Theorem 1. Let f = h+ g be such that h and g are given by (1.1). If

Zk(% L2 g + 2 by ) Dy, A, 0) < (2.1)

Then f S GTIEI((O(L)HE)?/V)‘

Proof. When the condition (2.1) holds for the coefficients of f = h 4 g it is shown
that the inequality (1.13) is satisfied. Write the left side of inequality (1.13) as

2(DYTh(2)) + (1+ ™) 22DV h(2)) "+

(1+26) (1" =(DFF 9 () + (1 +e¥) (12050 | AG)
ADL Y h(2)) = (=1)m2(DY ] g(2) Bz)
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Since Re (w) >~ if and only if |1 — v + w| > |1 + v — w]|, it suffices to show that
[A(2) + (1 =) B(2)] = [A(z) = (1 +7)B(2)[ > 0. (2.2)
Substituting for A(z) and B(z) the appropriate in (2.2), we get
[A(2) + (1 =7)B(2) = [A(2) = (1 +7)B(2)]

> (27 |2l = Y K2k — 1)@ (ar A Olag] [2[*

k=2
=D k(2k +7)@p (a1, X, )b [2*
k=1
—y |zl = > k(2k — 2 = ) g nlar, A, 0)]ag| 2"
k=2
= k(2k + 2+ 9) g (a1, A, 0)|be] 2]
k=1
1= 3700 K220 (o, A, €) g
> (2-7) 0o 7.2kt14y
— Zk:l k71,7 ¢k7n(a1, )\,E)’bk‘
> 0

by inequality (2.1), which implies that f € Gu((aq, A, £),7).
Now we obtain the necessary and sufficient condition for the function f =h+g

be such that h and g are given by (1.12) to be in G7,.
Theorem 2. Let f = h+ g be such that h and g are given by (1.12). Then

f € Gf?[hfl((al’)\ae)vry) Zf and Only Zf

>k (B ap] + 2 b ) (a1, A, 0) <2, (2.3)
k=1

Proof. Since G ((a1, A, €),7) € G%((a1,A,0),v), we only need to prove the nec-

essary part of the theorem. Assume that f € G%((a1,),£),7), then by virtue of

(1.11) to (1.13), we obtain

Re {(1 ) (14 ity PR R R (DR () (DR () } >0.

2Dy h(z) —(=1)"=(Dy " g(=2))

The above inequality is equivalent to

. ook [k(1+eY) —y — ] @ p(an, A, 0)|ag|2*
HED)" 3 k(R e™) 4y + ] Rrplas, A 0)|bg 2"

Re
z— Zzozz k@k,n(al, A, K)\ak\zk + (—1)” ZZO:1 k@k,n(al, A, €)\bk\z’“
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(1—=7) =20,k [k + e“”) -7 - eiw] Dy (a1, A, 0)|ag|zF 1
—(=1)" S0 K [k(1+ €™) 4+ + €] By (0, A, £) by |25
L= 302y k®p (o, A 0)ag| 2R =1 + (= 1) D02 kP (a, A, €)]bg[27 1

= Re

> 0.

This condition must hold for all values of z € U and for real v, so that on taking
z=r <1 and ¥ = 0, the above inequality reduces to

(1—~)— Yo k(2k —1—7) O p(a, M, 0)|ag|rF1
- Ezozl k(2k +1+ fY) (I)k‘,n(alv )\7 €)|bk‘7ﬂk71 >0 (2 4)
1= 300 5 kP (01, N, ) |ag|rF =1L + 3002 | kp p(ar, A, O)[by|rh—1 = '
Letting » — 1~ through real values, we obtain the (2.3). This completes the proof
of Theorem 2.

3. DISTORTION BOUNDS

The following theorem gives the distortion bounds for the functions G% (a1, A, £),7),
which yields a covering for this class .

Theorem 3. Let f € G ((a1, A, £),7). Then for |bi| < ;—1 we have

FOI< 0+ I+ g { G0 - Il =<,

and

11> 0=l - s { G~ Gl el =r <1

The results are sharp.

Proof. Let f € G%((a1,\,£),v). Taking the absolute value of f, we have
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FE < @ ol + ) (lax] + bx])r*

k=2

(L4 [bu )+ (k| + [be])r?

<
k=2
1—7 33— 9
<
< <1+|b1|>r+(3_7)@2“&1’“)%(1 aul + 222 ] ) @ A O
(1-7) o, (2k—1—7
< A
> (1+ |b1|)’l"+ (3_,}/) (I)27n(a1’)\7£) ];zk 1 — 5 |ak|
2k +1
+ ity |bk|> <I>k,n(cu1,)\,£)7“2
I—v
(1-7) 1 3+
< 2(q1_
=~ (1 + |b1|)7"+ (3_7) (I)Q’n(ozl,)vf) B 1 1_ |b1|
1 (1-9) (3+7) )2
< (14 |b))r+ - bl ) r
< et gy (g - g
and
1f(2)] = (= [bal)r = > (lak] + [b])r*
=2
> (1= [bal)r = (lak| + [bk])r?
k=2
1—v o~ (3 —7 3—7 9
> (1- - o7 S b)) @
2 (I=leur (3-’?)@2,71(&1,)\,5)2(1—'y|ak|+1—'y|bk|) knlan, X O
(1-19) 2k —1 -1~
> A
= (1+|b1|) (3 7)(1)2”(&17)\6 Zk 177 |ak|
2k +1
+ % |bk|> Dy (a1, A, O)r?
(1-9) 1 3+7
> — — 4
= A== g g2 1=y Yl
1 (1-7) (3+7) >2
> (14 |bi|)r — — bil ) r
> b g (G - g ™
Remark 1.

Putting ¢ = 2,s = 1,1 = a3 = 7 = 1, and A = ¢ = n = 0 we improve the
results obtained by Kim et al. [9,with &k = 1].
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- 6P2 (a1, 0)—1—(2P2 n(a1,A\,0)—1
Corollary 1. Let f € G ((au, A, £),7), then for |by] < 3(2‘1)227”((0317/\72)_1)5(2%2751(;17/\7)@4317)7

the set

(I) n , , — 1 — 2@ n 9 ) — 1
{w:|w<6 on(a1, A, 0) (2Psn(an A 6) — 1)y
2 (3 — ’)/) (I)Z,n(ah A, 6)
32020 (a1, A 0) = 1) = 2Pan(a1, A 6) + 1)y |bl’}
2(3 1) P2n(a1,A.0)

is included in f(U).

4. EXTREME POINTS AND INCLUSION RESULTS

We determine the extreme points of closed convex hulls of the class G7((a1, A, £),7),
denoted by clcoG% ((a1, A, €), 7).

Theorem 4. Let f = h+ g be such that h and g are given by (1.12). Then f €
clcoG% (a1, M\, €),7y) if and only if f can be expressed as

f(z) = i [Xkhi(2) + Yigr(2)] (4.1)
where
hi(z) = =z,
(=) = 2 per Ty —({y;gz,n(al,/\,ﬁ)yﬂ (k=22),
gr(z) =2+ (S e j{y)_g;in(al, )\,E)zk (k=2),
X >0, >0, i[XkJrYk] —1.
o

In particular, the extreme points of the class G%((a1, A, £),v) are {hy} and {g),} respectively.
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Proof. First, we note that for f as in the theorem above, we may write

f) = 3 [Xuhi(2) + Yige(2)

k=1
o0 s 1-
= ;[Xk+yk szQk_l_( );Zn(oq,)\g)X k
nzlek-i-l-i-’Y) gzn(ala“)Yka
= z—iAkzk+ ZBk
where
Ag = (1-7) X, and By = ) Y-

k<2k -1 - ’y) @k,n(al, )\,5) k‘(Qk +1+ 7) @kyn(al, )\’ﬁ)

Therefore

By,

L k(2k —1—7) ®pp(or, N L > k(2k+1 P (1, N, 0
Z ( Y) Prn(o )Ak+z (2k + 1+ 7) @ppnlar )
P (1—7) P (1—7)

= 1_X1§17

and hence f(z) € clcoGT ((a1, A, £),7).
Conversely, suppose that f(z) € clcoG% (a1, A, £),7). Setting

k:(2k —1- "}/) q)k,n(ah )‘76)

K= (1-7)

A (k> 2)

and
k(?k +1+ ’y) @kyn(al, )\,ﬁ)

" i)
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where Y7 [X; + Y] = 1. Then

flz) = z—ZAkz + ( Z Ay, B, >0
=1
_ S (1-7) k
- kZQk:Qk—l— ) Drnlan, N0k
= 20) —k
Y.
+Zk2k+1+7)‘1’kn(a1;/\€) :

= 2+ (h(z) —2)Xx + Z(Qk(z) -
k=1

k=2

I
M8

(Xghi(2) + Yigr(2))

bl
||
N

as required. This complete the proof.

Now we show that G%((a1, A, £),7) is closed under convex combinations of its
members.

Theorem 5. The family G% (a1, A, £),7) is closed under convex combinations.

Proof. For i =1,2,3, ..., suppose that f; € G%((a1, , £),7), where

—Z—Zalkz + ( Zblkz

Then, by inequality (2.3)

e}

k‘(2/€ —1-— 'y) ék,n(@la )\, E)
> 1-7) i g +
= (1—~
> k(2k+1 B (ar, N

(1-7)

=0
0

<

o0
For > t; = 1;0 < t; <1, the convex linear combination of f; may be written as
i=1

gtifi(z):z—z:(Ztazk)z (- Z(ztm)

k=2 k=1
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Using the inequality (4.2), we obtain

L k(2k — 1 — ) Ppp(ar, N ) [
> e %Ztmk)

k=2 =1
> 2k:—i—1+’y ) ®pnlar, A 0) (Z )
Z tz i.k
P —7)
b < 2l<:—1— ) Bpnlar, A, £)
— (1-7)
e 1+’}/ @kn(al,)\ 6)
+Z —7) buk
=1

IN

o
> ti=1,
=1

and therefore Y- t; fi(z) € G ((a1, A, £), 7).
i=1

Theorem 6. For 0 < 6 < v < 1,let f(z) € GH((a1,\,0),7) and F(z) €

G% ((a1,A,0),6). Then

f(Z) * F(Z) € g?i((alv A7£)77) - §T}LI((CE1, A7€)75)

Proof. Let f(z) =2 — Y apz® — Y bpz* € G (e, A, £),7) and
k=2 k=2
—z—ZAkz + ( ZP? G (a1, N, 0),6).
k=1

Then -
f(Z)*F( —Z—i-zakAkZ —|— Z Bkgk.
k=1

k=2

We note that |Ax] <1 and |Bg| < 1. Now we have
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k(2k — 1 — 0)®p (1, A, £) a1 Ag] + i k(2K + 14 8)®p n(1, A, 0)

WE

bk | | Byl
k=2 (1-9) k=1 (1-9)
= E(2k —1 — )Pk (a1, A, 0) > E(2k + 14 6)Pg (a1, A\, 0)
< K 3
k=2 k=1
< 7 axl + ’ bl < 1,

using Theorem 2 since f € G ((a1,A,¢),7) and 0 < <~ < 1. This proves that
f(z) x F(z) € G (a1, A, ), ).

5. INTEGRAL OPERATOR

Now, we examine a closure property of the class G ((a1, A, £),~) under the gener-
alized Bernardi-Libera- Livingston integral operator L.(f) which is defined by (see
[2], [10] and [11])

L(f) = 1 /0 el d (e> 1),

zC

Theorem 7. Let f € G%((a1,\,0),v). Then L.(f(2)) € G ((a1, N, €),7)

Proof. From the representation of L.(f(z)), it follows that

c+1 [* . —
L) = S [ et + sl
1 z oo z oo
- Ct / et (t - Zakt”> dt — (—1)"/ te-1 (Z akt"> dt
z 0 =2 0 k=1
= z-— ZAka + (_1)n Z Bkzk
k=2 k=1
where
A — c+ 1a ) _ct+1
e ® P exnt
Therefore,
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—y,ct1 ct1l
j{:k;<2k 1y 04_nwakD_%2k1{77(C ka> D (01, A, L)

< Yk (B0 + B ) Byaan, )
k=1
< 2(1—7).

Since f € G%((a1, A, £),7), therefore by Theorem 2, L.(f(2)) € G%((a1, A, £),7).

Remark 2. (i) By specializing the parameters g, s, a1, 81,n,¢ and A, we can ob-
tain new results for the subclass of analytic univalent functions mantionent in the
introduction,

(73) Putting A = ¢ = n = 0 in our results we obtain the results obtained by
Chandrashekar et al. [4],

(797)Putting ¢ = 2,s = 1,1 = as = f; =1, and A = ¢ = n = 0 in our results we
obtain the results obtained by Kim et al. [9, with k£ = 1].
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