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HYPERGRAPH RAMSEY NUMBERS INVOLVING PATHS

M. BUDDEN, J. HILLER, A. RAPP

ABSTRACT. In this paper, we consider hypergraph Ramsey numbers for ¢-tight
r-uniform paths and r-uniform stars. When the tightness of a path agrees with
the cardinality of the center of a star, we give unconditional upper bounds and
conditional lower bounds for the associated Ramsey number. Our techniques are
sufficiently broad as to allow analogous results when the stars are replaced with
certain tripartite hypergraphs. In particular, when n = 2 (mod m—1), we provide an
exact evaluation of R(P,, K111 —e€), where K7 1,1 — e is the complete tripartite
graph missing the single edge between the two partite sets having cardinality 1. We
conclude by considering the Ramsey numbers for disjoint copies of paths and stars
and the problem of obtaining similar results when the tightness of the path is not
equal to the cardinality of the center of the star.
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1. INTRODUCTION

In 1974, Parsons [6] considered Ramsey numbers of the form R(P,,, K ), defined to
be the minimum p € N such that every red/blue coloring of the edges in the complete
graph K, contains a red path on m vertices or a blue star on n+ 1 vertices. Explicit
values were determined for all m and n, some using direct methods and others by
recurrence. The motivation behind the present paper is to consider the analogous
problem in the setting of r-uniform hypergraphs; our work builds upon recent work
of Jackowska [4] who has looked at the Ramsey Numbers for paths in the context
of 3-uniform hypergraphs. Before we proceed to coloring hyperedges, we turn our
attention to the technical definitions of the objects under consideration.

For r > 2, an r-uniform hypergraph H = (V(H), E(H)) is defined to consist of
a nonempty set V(H) of vertices and a set E(H) of different unordered r-tuples of
distinct vertices. The elements in E(H) are called hyperedges (or r-edges) and are of
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Figure 1: The paths P3(,51)17 P2(,51)1> and Pl(i)l.

the form zqxg - - - x,, where x1,x9,...,x, are distinct vertices in V(H). The degree

(r)

of a vertex is the number of hyperedges it is contained in. We use the notation K"
to denote the complete r-uniform hypergraph on p vertices in which every subset of
r vertices forms a hyperedge.

A t-tight r-uniform path on m > r vertices (1 < t < r), denoted Pt(;,)” is a
sequence of distinct vertices v; — v — - -+ — v, that form a connected r-uniform
hypergraph with vertex set

V(P = {v1, 02, ., v}

and hyperedge set
E(P)) = {et e, e}
such that for 1 <14 <k,

€ = V(r—t)(i—1)+1V(r—t)(i—1)+2 """ V(r—t)(i—1)+r

and m =1+ (r —t)(k — 1). Essentially, Pt(;zl is a connected r-uniform hypergraph
that can be formed hyperedge-by-hyperedge, with each new hyperedge including
exactly t vertices from the previous hyperedge (with as many vertices as possible
coming from the collection of vertices that have not been included in the previous
hyperedges). For example, see Figure 1. When ¢ > £, there exists some vertices in

Pt(;% that have degree 3 or more. Otherwise, all vertices have degree at most 2.

The star Sy) is the r-uniform hypergraph with vertex set given by the disjoint

n

union V(S(T)) = C UU, where

t.n

C ={vi,ve,...v} and U = {uj,ug,...,up—¢t},
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Figure 2: The star Sg(f).

and hyperedge set consisting of all hyperedges that include all ¢ vertices in C' along

r)

with r — t vertices from U. For example, see Figure 2. The size of St(ﬂ is given by

( Z:: > and the set C' is called the center of 515(72
If Hy and Hj are r-uniform hypergraphs, then the Ramsey number R(H1, Ha; )
is defined to be the least p € N such that every red/blue coloring of the hyperedges

of the complete r-uniform hypergraph KZ()T) of order p contains a red subhypergraph
isomorphic to H; or a blue subhypergraph isomorphic to Hs. It will be useful to
observe that

R(K{"), Ha;r) = | Hy| (1)

since any red/blue coloring of a complete hypergraph contains a red K,ET) precisely

when there is some red hyperedge. If all hyperedges are blue, then |Hj| vertices are
required to have a blue subhypergraph isomorphic to Ho.

In the next section, we consider the Ramsey numbers R(Pt(;)l,St(Q;r), giving
a general upper bound in Theorem 1 and a conditional lower bound in Theorem
2. Section 3 then shifts the focus to analogous results involving certain tripartite

hypergraphs that contain the stars under consideration. In Section 4, we consider
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Ramsey numbers for disjoint copies of the desired hypergraphs and we conclude in
Section 5 with the problem of determining Ramsey numbers when the tightness of
the given path is not equal to the central cardinality of the given star.

2. RAMSEY NUMBERS FOR PATHS VS. STARS

In a method of proof similar to that used by Burr in [2] for tree-star Ramsey num-
bers, and the authors’ previous paper [1] (see Theorem 2.2) for hypergraph tree-star

Ramsey numbers, we offer the following upper bound for R(P(T) 5. T).

tmo ~Mtno

Theorem 1. Forr>2 and 1 <t<r,

R(P(T) S(r)'r) <m-+n-—r.

t,mr ~Mtno

Proof. We proceed by weak induction on the number & of hyperedges in Pt(:,)L When
k=1 m=r, and Pt(;) consists of just a single hyperedge (ie., it is isomorphic to
Kf,r)). From (1), it follows that

R(P(T) s, r)=n.

t,r »~Mtno

Now assume that the theorem is true for paths with k£ hyperedges:

R, ogeery Stmir) S (r=t)(k = 1) +n—r=n+(r—t)(k—1).

Consider a red/blue coloring of the hyperedges in K ()

nt(r—tyk BY the inductive

or a blue St(v;g In the latter case, we are

hypothesis, there exists a red Pt(:)Jr(r_ £)(k—1)
done. In the former case, let

V1 =02 = = Upg(r—t)(k—1)

be the sequence of distinct vertices that make up the red pr There are

tirt (r—t) (k—1)"
n+(r—tk—(r+@r—-t)(k—1)=n—t

vertices in the K (r) that are not in the red P(r) the set of which we

(r—t)k+n tr+(r—t)(k—1)’
denote by U = {uy,ua,...,u,—+}. Now consider all hyperedges in the 2-coloring of
K ((:)_ ktn that contain all of the ¢ vertices

Urg(r—t)(k=1)—(t=1)» Ur+(r—t)(k—=1)—(t—=1)+1> -+ Uri(r—t)(k—1)
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and any r — t vertices chosen from U. If any such hyperedge is red, it can be used

to extend the red Pt(;)Jr(r_t)(k_l) to form a red Pt(,:)ju(r— k- Otherwise, they are all
blue and we have a blue St(:f

We will now use a constructive approach similar to that used by Parsons (see
Theorem 1 of [6]), to obtain the following theorem for paths.

Theorem 2. Ifn =7 (mod m — 1), then

RP" STy = mtn—r

1,m>~1,n

Proof. Theorem 1 provides the upper bound, so it remains to be shown that

R(P(T) S(T)'r) >m+4+n—r.

1m>~1n

Write n — r = k(m — 1) and consider k + 1 copies of KT(;)_l Color the hyperedges
(r)

contained entirely within a copy of K,,” ;| red and all interconnecting hyperedges

blue. Clearly, no red Pl(z)l exists. As for the largest blue star with ¢ = 1, only

r — 1 vertices can come from the copy of KT(:;)_l that the center vertex is contained
in (including the center vertex itself). All other vertices may be included. Thus, the
largest blue star with ¢t = 1 has order r — 1 4+ k(m — 1) = n — 1. It follows that

SY)L;T) >k+1)(m—-1)4+1=m+n-—r,
completing the proof of the theorem.

After proving the previous theorem, one might be tempted to conjecture that
the upper bound given in Theorem 1 is always tight. However, this is not the case
as can be quickly verified by noting that every 2-coloring of the hyperedges in K ig)
results in either a red P2(,34) or a blue Séiz. It follows that R(PQ(Z), Séii; 3) =4, not 5,
which is the upper bound implied by Theorem 1.

While Parsons [6] was able to determine upper bounds for all path-star Ramsey
numbers, the methods we have employed in this section do not work for arbitrary
values of . So, in the next section, we change directions to see how our methods may
be modified to hypergraph Ramsey numbers involving paths and certain tripartite
hypergraphs.
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Figure 3: The tripartite hypergraph H((s,?,s-

3. RAMSEY NUMBERS FOR PATHS vS. SOME TRIPARTITE HYPERGRAPHS

In the proof of Theorem 1, the inductive step considered the hyperedges containing
the last ¢ vertices in Pt(;)jt(r—t)(k—l) (a t-tight path on k hyperedges) along with r —¢
other vertices not contained in the path. If any such hyperedge is red, we are able
to lengthen the red path by one hyperedge. Otherwise, all such hyperedges are blue
and we obtain the desired star. Observing that a similar argument can be made for
the other end of the path t(;)Jr(T_ B(k—1)> We are able to strengthen this result from
stars to certain tripartite hypergraphs with a few minor assumptions.

We say that an r-uniform hypergraph H is tripartite if V' (H) can be partitioned
into partite sets Vp, V5, and V3 such that no hyperedge contains vertices from only
one V;. Such hypergraphs are weakly 3-colorable by assigning vertices colors based
upon which partite set they reside in. The particular tripartite hypergraph that we
will focus on is denoted H&?C, where 1 <t < r and r—t < c. Its vertex set V(Ht(:)c)
can be partitioned into partite sets V1, Vo, and V3 having cardinalities |V;| =t = | V3|
and |V3| = ¢. The hyperedge set E (Ht(?c) consists of all hyperedges that include all
t vertices in V7, along with all subsets of r — ¢ vertices from V3, and hyperedges that
include all ¢ vertices from V5, along with all subsets of » — ¢ vertices from V3.
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(r)

The hypergraph Ht;,c contains exactly 2 < . i . > hyperedges and it can be

observed that Ht(?c contains a subhypergraph isomorphic to St(;)ﬂ. For example,

Figure 3 shows the hypergraph Hgﬁ)73 and it can be noted that Sgg) is a subhyper-

(r) )

graph. Thus, any coloring which avoids a Stj; ¢ in a given color also avoids an Ht(zc
in the same color. From (1), it follows that

R(P(T) Ht(?nft) =n+t.

t,r o

For larger paths, it becomes necessary to restrict to the cases in which 1 <¢ < 3.
As the base case of our next theorem, we will need the fact that
(2)

r—t?

R(Pt(,g) Ht(;?n_t) <n-—t+r whenever 1<t<

N3

To see this, consider a red/blue coloring of Kff_)t 4 If all hyperedges are blue, then
)

there is certainly a blue Ht(;,nft. Otherwise, let e = viva - - - v, be a red hyperedge.
There are n — t other vertices, the set of which we denote V3. Let

V1 = {1)1,1)2, - ,Ut} and VQ = {Ur—t+1avr—t+27 oo ,UT}

and observe that they are disjoint because of our assumption. Consider the hyper-
edges that include all vertices in V; and and r — ¢ vertices from V3. If any such
hyperedge is red, we obtain a red PQ(:)_t. Otherwise they are all blue. Also, consider
the hyperedges that include all vertices from V5 and any r —t vertices fr)orn V5. The

same observation holds and we find that we either produce a red PQ(:Lt or a blue
Ht(?n_t While we may view stars as subhypergraphs of the tripartite hypergraphs
we are considering, it is worth noting that Theorem 1 is not a consequence of the
following theorem due to the necessary assumptions on t.

Theorem 3. Forr>2, m>r,and1 <t <3,

R(P(T) Ht(:f?n—t; r)<m+n-—r.

t,m>

Proof. As in the proof of Theorem 1, we proceed by weak induction on k > 2, the
number of hyperedges in Pt(;,)r Equation (2) provides us with the base case and the

assumption 1 <t < % guarantees the existence of two disjoint sets of ¢ vertices that

can be used to form the partite sets V3 and V5 in Ht(?nft Now assume that the
theorem is true for paths having k hyperedges:

ety Hi i) <7 (k= 1)(r =) +n—7 = (k= 1)(r — 1) +n.
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Consider a red/blue coloring of the hyperedges in K (r) From the inductive

k(r—t)+n*
or a blue Ht(:)

hypothesis, there exists a red p ‘n—t- In the former case,

t,r+(k—1)(r—t)
suppose the red path is given by

V1 = V2 = Upry(k—1)(r—t)
and let
Vi ={vi,ve,..., v}
and
Vo = {Ur—i-(r—t)(k—l)—(t—l)a Urp(r—t)(k—1)—(t—1)415 - -+> vr+(r—t)(k—l)}-

r

Then V; and Va2 each have cardinality ¢ and are disjoint since 1 < ¢ < 5. There
exists
k(r—t)+n—(r+(k—-1)(r—-t)=n—t

vertices not contained in the red path and we refer to the set of such vertices as

V3. If any hyperedge containing all of the vertices in V; (or all of the vertices in V3)
along with any subset of r — ¢ vertices from V3 is red, we obtain a red Pt(:)Jrk(T_ "
Otherwise, they are all blue, and we obtain a blue H, (;?n_t.

This general theorem leads us to the following result for graphs. We use the
usual notation K, . to denote the complete tripartite graph having partite sets
with cardinalities a, b, and c.

Theorem 4. If n =2 (mod m — 1), m > 2, and n > 2 then
R(Pm, Kl,l,nfl — 6) =m+4+n—2,

where K11 ,—1 — € is the complete tripartite graph missing a single edge between the
two partite sets of cardinality 1.

Proof. The upper bound is immediate from Theorem 3, thus it suffices to show that
this bound is tight. By Theorem 2, it follows that

R(Pm, Klvnfl) >m-4+n—2,

and since S, is a subgraph of K1 1,-1 — e, we obtain the necessary lower bound,
proving equality.
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4. MurLTIPLE D1SJOINT COPIES OF PATHS AND STARS/TRIPARTITE
HYPERGRAPHS

The following lemma was originally proved by Burr, Erdds, and Spencer in [3] in
the context of graphs. However, their proof is identical for any uniformity (see the
proof in [5] for example), and so we omit it here.

Lemma 5. Let F,U and H be r-uniform hypergraphs with |V (U)| = u and |V (H)| =
h. Then if a,b > 1 the following two inequalities hold:

1. R(F,U U H) < max{R(F,U) + h, R(F, H)},
2. R(aU,bH) < R(U,H) + (a — )u + (b — 1)h.

Combining Theorem 3 with Lemma 5, we obtain the following immediate corol-
lary.

Corollary 6. Forr > 2 and a,b > 1, we have

R(aP(r) bs("); r) < am+bn—r.

t,m> t,n?

Furthermore, if we assume that 1 <t < &, then

R(aP(T)

t,m>

th(;) r) <am+bn—r+ (b— 1)t

,mn—tr

Finally, we will improve this upper bound slightly in the special case where a = 1
and b = 2 in the following theorem.

Theorem 7. Ifm>r>2and1 <t < %, then

R(Pt(:q)17 25’152;7") <m+2n—r—t.
Proof. Once again, we proceed by induction on k, the number of hyperedges in Pﬁ;)l.
When m = r, equation (1) implies that

() 9alr). .\ _

R(Pt,'r 72‘S’t,nﬂ T) - Qn? (3)
which does not agree with the bound given in the statement of the theorem. Hence,
we must assume that m > r (ie., k > 1). For k =2, m = 2r — ¢, and we consider a
red /blue coloring of the hyperedges in giQn_T_t =K 1Er+)2n—2t' With the assumption
1 <t < §, we have at least 2n vertices and can apply (3), from which there exists
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a red Pt(;) or a blue 25152. Assume the former case and denote the single red
edge by ujug - - - u,. Besides these vertices, there are 2(n — t) other vertices, which
we partition into two disjoint sets U; and Us that each have cardinality n — t.
Consider the hyperedges that include wuq,uo,...,u; along with all of the vertices

in Uy. If any such hyperedge is red, we obtain a red Pt(g)r_t Otherwise, all such

hyperedges are blue and we obtain a blue St( ") Apply this same logic to the vertices

Up—t41, Up—t42, - - -, Up along with all of the vertices in Us. If any such hyperedge is
red, we obtain a red Pt(g)r ;- Otherwise, they are all blue and we obtain a blue St(
that is disjoint from the other blue star. This handles our base case (k =2). Now
suppose the theorem is true for a given k£ > 2:

R(P(T) S(T)

tr+(k—1)(r—t)? “Ptn> r) < (k—1)r +2n — kt.

Now consider a red/blue coloring of the hyperedges in Ky, 9, (k+1);- By the induc-

tive hypothesis, there exists a red P, ” + (e 1% ) or a blue 25’15,72. Assume the former

case and denote the vertices in the red pat
V1 — V2 = = Upg(k=1)(r—t)-
There exists

kr+2n—(k+1)t—(r+ k-1 —1t)=2(n—1)

vertices not contained in this path, which we partition into two disjoint sets V; and
V5. Now we proceed as in the base case and consider the hyperedges formed using
v1, V2, ..., v along with all of the vertices in Vi and the hyperedges formed using

Ur i (k—1)(r—t)—(t—1)» Ur+(k—1)(r—t)—(t—2)> * + * » Ur4-(k—1)(r—t)

along with all of the vertices in Va. If any such hyperedge is red, we obtain a red
path having k41 hyperedges. Otherwise, all such hyperedges are blue and we obtain
two disjoint blue stars on n vertices.

5. PATHS AND STARS HAVING UNEQUAL TIGHTNESS AND CENTER CARDINALITY

The techniques that we have used throughout this paper have all required that the
tightness of the path under consideration be the same as the number of vertices
contained in the center of the desired stars (or the cardinalities of two partite sets in
certain tripartite hypergraphs). This leaves open the question of what can be done
for Ramsey numbers involving “mismatched” values of . That is, our techniques do
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not apply to Ramsey numbers involving paths and stars in which the tightness of
the given path does not agree with the center cardinality of the star. We offer the
following two theorems describing such cases.

Theorem 8. Letr > 2 and n > r. Then

R(Pl(;)r_l, st i) <2n—1.

r—1,n>

Proof. Let k = 2n — 2(r — 1) — 1 (note that k is odd). Consider an arbitrary

red/blue coloring of the hyperedges in Ké:lrkd. Partition the vertex set into the
disjoint union of three sets, A, B, and C, such that |A| =r —1 = |B| and |C| =k,
where k > 1 is assumed to be odd. Let

A={ry,22,...,0,1} and B={y1,y2,...,¥r1}

First, we consider the hyperedges that include all of the vertices in A and a single
vertex from C. Denote the set of such hyperedges by E4 and define Fp analogously.
If E4 and Ep each contain at least % red hyperedges, then by the pigeonhole
principle, there exist some z € C' such that the hyperedges

r122- - Tp_12z and  Y1yo - Yr_12

are both red, forming a red Pl(gr_l. Otherwise, at least one of E4 and Eg contains
at most % red hyperedges (without loss of generality, assume it is E4). Then Ey4

contains at least k—;l blue hyperedges, which form a blue Sir_)l 1 kL Solving for
; =
nn=r—1+ %, gives the desired result.

Theorem 9. Letr >3 and n > r. Then

R(P1(T3)T72v S(T)'T) <n+2(r-—1).

2.n

Proof. Consider a red/blue coloring of the hyperedges in K (r) that lacks a red

n+2(r—1)
Pl(gr—z- If this coloring lacks a blue Sg,;)w then there must be some red hyperedge
el = z1x2---x,. Removing the vertices in e; results in a red/blue coloring of

K(T) (r)

nir_o, Which must also contain a red hyperedge ez = y1y2-- -y, if a blue S2,n is

avoided. Thus, the original red/blue coloring of K7(122(7‘—1) contains nonadjacent red

hyperedges e; and ez. Now consider the hyperedges that include z; and y; along

with 7 — 2 vertices from the n — 2 not included in e; or es. If any one of these
hyperedges is red, then we can form a red Pl(gr_g using e; and es. Otherwise, all
such hyperedges are blue and we obtain a blue Sg:)
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Of course, the methods employed in the previous proofs do not readily extend
to other tightnesses and center cardinalities. Thus, we conclude by encouraging the
reader to consider the problem of determining upper and lower bounds for

m Mto,n)

(or more generally, R(P(T) a" ;7)) when t1 # to.

t1,mo “Tig,ta,n—t2)
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