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CERTAIN NON-LINEAR DIFFERENTIAL POLYNOMIALS
SHARING A NON-ZERO POLYNOMIAL WITH FINITE WEIGHT

A. BANERJEE AND S. MAJUMDER

ABSTRACT. In this paper we shall stress on the generalization of the specific
type of differential polynomials as used in [14] and [15]. Actually we use the notion
of weighted sharing to study different relationship of meromorphic functions when
the generalized non-linear differential polynomials, used in the paper share a non-
zero polynomial. Two examples are provided to show that certain conditions used
in the paper are the best possible when the differential polynomial takes the special
form.
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1. INTRODUCTION, DEFINITIONS AND RESULTS

Observations: In this paper, by meromorphic functions we shall always mean mero-
morphic functions in the complex plane. We adopt the standard notations in the
Nevanlinna theory of meromorphic functions as explained in [7], [18] and [19]. It will
be convenient to let £ denote any set of positive real numbers of finite linear mea-
sure, not necessarily the same at each occurrence. For a non-constant meromorphic
function h, we denote by T'(r, h) the Nevanlinna characteristic of h and by S(r,h)
any quantity satisfying S(r,h) = of{T(r,h)}(r — oo, & E).

For two arbitrary meromorphic functions f; and g¢;, we denote by T(r) =
max{T'(r, f1),T(r,¢1)} and S(r) = o(T(r)),(r — oo,r ¢ E). Let f and g be two
non-constant meromorphic functions. For a € C U {co} we say that f and g share
the value a CM (counting multiplicities) if f —a and g —a have the same set of zeros
with the same multiplicities and we say that f and g share the value a IM (ignoring
multiplicities) if we do not consider the multiplicities.

Next we recall the following definition.
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Definition 1. [9] For a € C U {oco} we denote by N(r,a;f |= 1) the counting
function of simple a points of f. For a positive integer p we denote by N(r,a; f |< p)
the counting function of those a-points of f (counted with multiplicities) whose
multiplicities are not greater than p. By N(r,a; f |< p) we denote the corresponding
reduced counting function.

In an analogous manner we define N(r,a; f |> p) and N(r,a; f |> p).

We put
. . N(raf)
O(a, f) =1 —lgriip T )
and
N(r,a; f |< k)

O (a, f) =1 —-limsup ——F————2,
wle D) == B G )
where a is a value in the extended complex plane.
In 1959, Hayman [6] proved the following result.

Theorem A. Let f be a transcendental entire function, and let n(> 1) be an
integer. Then f"f’ = 1 has infinitely many zeros.

Fang and Fang [5] found the uniqueness theorem of more generalized expression
corresponding to the above result in the following manner.

Theorem B. Let f and g be two non-constant entire functions, and let n(> 8) be
an integer. If f*(f —1)f" and ¢"(g — 1)¢’ share 1 CM, then f = g.

In 2002, Fang [4] first investigated the value sharing of certain non-linear differ-
ential polynomials which are the k-th derivative of some linear expression. Fang’s
result is given below.

Theorem C. Let f and g be two non-constant entire functions, and let n, k be
two positive integers with n > 2k + 8. If [f*(f — 1)]*) and [¢"(g — 1)]*®) share 1
CM, then f =g.

Lin and Yi [13] extended Theorem B for meromorphic functions in the following
manner.

Theorem D. Let f and g be two non-constant meromorphic functions with ©(oo, f)
2/(n+ 1), and let n(> 12) be an integer. If f*(f —1)f and ¢"(g—1)g’ share 1 CM,
then f =g.
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In the same way, in 2008, Zhang [20] extended Theorem C to meromorphic
function and obtained the following result.

Theorem E. Suppose that f is a transcendental meromorphic function with finite
number of poles, g is a transcendental entire function, and let n, & be two positive
integers with n > 2k+6. If (f*(f —1))*) and (¢"(g—1))® share 1 CM, then f = g.

We now give the following definition introduced by I. Lahiri [8], known as
weighted sharing of values, which is a scaling between CM and IM sharing.

Definition 2. Let k be a nonnegative integer or infinity. For a € C U {oco} we
denote by Ej(a; f) the set of all a-points of f where an a-point of multiplicity m is
counted m times if m < k and k+1 times if m > k. If Ex(a; f) = Ex(a;g), we say
that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k, then zy is
an a-point of f with multiplicity m(< k) if and only if it is an a-point of g with
multiplicity m(< k) and zp is an a-point of f with multiplicity m(> k) if and only if
it is an a-point of g with multiplicity n(> k), where m is not necessarily equal to n.

We write f, g share (a,k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k) then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a, )
respectively.

Recently Xu-Yi-Cao [16] and Li [12] employed weighted sharing of values to
obtain some results concerning the value sharing of differential polynomials of the
form [h"(h — 1)]*) (h = f, g) and uniqueness of the corresponding meromorphic
functions. In 2011, in the same direction as mentioned earlier, the present first
author [2] proved the following results first one of which improves Theorem E.

Theorem F. Let f and g be two transcendental meromorphic functions and n(> 1),
k(> 1), (> 0) be three integers such that O(oco, f) + O(cc,g) > 4/n. Suppose for
two nonzero constants a and b [f"(af +b)]*®) and [¢"(ag +b)]*®) share (1,1). If 1 > 2
andn > 3k+9orifl=1andn >4k+10orif I =0and n > 9k + 18, then f = g or
[f™(af + 0)]®)[g™(ag + b)]*) = 1. The possibility [f™(af + b)]*) [g"(ag + b)]*) =1
does not occur for £ = 1.

Theorem G. Let f and g be two transcendental entire functions, and let n(>
1), k(> 1), I(> 0) be three integers. Suppose for two nonzero constants a and b
[f™(af +b)]* and [¢"(ag+ b)]*) share (1,1). If ] > 2 and n > 2k+6 or if = 1 and
n>>5k/24+Torif Il =0and n > 5k + 12, then f = g.

Observing the above results it is quiet natural to ask the following questions.
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Question 1. Is it possible in any way to remove the second conclusion of Theorem
F?

Question 2. What can be said if one replace the sharing value 1 by a nonzero
polynomial in Theorems F and G?

In the direction of the first question Xia-Xu [15] obtained the following results.

Theorem H. Let f and g be two transcendental meromorphic functions such that
[f™(f — 1)™)®) and [¢"(g — 1)™]®), share (1,00), where n, k, m, be three positive

integers. If m > k and n > 3k +m + 8, and ©(c0, f) > m% or O(c0,g) >
2m(n+m)

rrm)2—1i2 then either f = g or f and g satisfy the algebraic equation R(f,g) = 0,
where R(wy,ws) = wi(w; — 1)™ — wh (wy — 1)™.

Theorem I. Let f and g be two transcendental meromorphic functions such that
[f™(f — 1)™)®) and [¢g"(g — 1)™]®), share (1,00), where n, k, m, be three positive
integers. If m < k and n > 3k +m + 8, and

2m(n +m)

O(co, f) + @[k/m}(l;f) >1+ (n+m)2 — 4k2

or
2m(n +m)

(n 4+ m)? — 4k?

O(00;9) + Oymy(1,9) > 1+
then the conclusion of Theorem H holds.

Very recently, Sahoo and Seikh [14] further improved above two theorems in the
following manner.

Theorem J. Let f and g be two transcendental meromorphic functions, n(> 1),
k(> 1), m(> 1) and (> 0) be four integers such that ©(co, f) + O(c0,g) > 4/n
and « # 0,00 be a small function of f and g. Suppose for two nonzero constants a
and b, [f™(af + b)™]* and [¢"(ag + b)™]*) share (a,1). If m > k and i) [ > 2 and
n > max{2k +3m,3k +m+ 8} or if ii) { = 1 and n > max{2k + 3m, 4k +3m/2+ 9}
or if iii) { = 0 and n > max{2k+3m, 9k +4m+14}, then either f = tg for a constant
t such that t¢ = 1, where d = gcd{n+m,...,n+m —i,....,n+1,n}, am_; # 0 for
some i = 0,1,...,m or f and g satisfy the algebraic equation R(f,g) = 0, where
R(wi,w2) = wi(aw; + b)™ — wh(aws + b)™.

Theorem K. Let f and g be two transcendental meromorphic functions, n(> 1),
k(> 1), m(> 1) and I(> 0) be four integers such that O (oo, f) 4+ ©(c0,g) > 4/n and
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a # 0,00 be a small function of f and g. Suppose for two nonzero constants a and
b, [f™(af +b)™]®) and [¢"(ag + b)™]®) share (a,1). If m <k,

2m(n +m)

0003 f) + Oppym)) (00 +0) > L+ T

or
2m(n +m)

(n+m)? — 4k?
and one of i) { > 2, n>3k+m+8orii)l=1,n>4k+3m/2+9oriii) l =0 and
n > 9k + 4m + 14, is satisfied, then the conclusion of Theorem J is satisfied.

G(Ooag) + @[k/m])(oa ag + b) >1+

In the proof of Theorem 1, Case 3 [15] and Lemma 2.8 of [14] the authors have
assumed that f and g will have poles and so both are true for non-entire meromorphic
functions, but it is not clear whether the same is true for entire functions. In this
paper we shall not only consider this case but also extend, improve and generalize
the results of [14] and [15].

Throughout this paper, we always use Q(w) to denote an arbitrary polynomial
of degree n as follows,

1

Qw)=aw"+ap 1" " +...+ay=ap(w— cdl)dl (w— cd2)d2 cei(w = cds)ds,(l.l)

where a;(i = 0,1,...,n — 1), ap # 0 and cq,(j = 1,2,...,s) are distinct finite
complex numbers; di,ds,...,ds, s > 2, n and k are all positives integers with

ZS: di =n.
=1

Let
d = max{dy,ds, . ..,ds},

such that
d> gﬁﬁ {dy,da,...,d;}, wherer =s— 1.
i=1,...,r
We set an arbitrary non-zero polynomial P(wq) by

S
P(wy) = ay, H(wl—l—cd—cdi)di = bmwinjtbm_lw’l”*l+. .Fbg, (1.2)
=1
di#d
where a, = by, w1 =w —cqgand m =n —d.
Obviously

Qw) = wa(wl). (1.3)
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T
Let P(wi) = by, [] (w1 — )%, where a; = cq, — cq, i = 1,2,...,7 be the distinct
i=1
zeros of P(wy).
Following theorems are the main results of the paper.

Theorem 1. Let f and g be two transcendental meromorphic functions such that
Ji=f—ca g1=g—cqand [Q(N)]*) — P and [Q(9)]¥) — Py share (0,1), where Py

is a non-zero polynomial. If d; < k, for i =1,2,...,r,
[ ! 2mn
O(o0, f) + Z O/, (ca;s f) > 1+ n24k52] (1.4)
L i=1
or _
4 2mn
O(00,9) + Z@[k/di])(cdﬂg) >1+ n2—4k:2] (1.5)
L i=1

and one of the following conditions is satisfied
(a) I>2and d>3k+m+38;
(b) I=1and d>4k+ 22 +9;
(c) l=0and d> 9k +4m + 14,
then one of the following two conclusions hold

(I1) f1(2) = tg1(2) for a constant t such that ¢ = 1, where | = ged(d +m, ..., d +
m—ri,...,d), am—; # 0 for some i =0,1,2,...,m;

where R(wi,w2) =

Ly +ap), except

(I2) f1 and g7 satisfy the algebraic equation R(f1,91) =
WH AW + G W 4 ag) — wE (AW W
for P(w) = ajw + az and ©(oc0; f) + O(00; g) > 5.

0,
m—
2

Theorem 2. Let f and g be two transcendental meromorphic functions such that
fi=f—cqy 1 =9g—cq,n(>1), k(> 1), m(> 1) and I(> 0) be four integers.
Let P(z) be defined as in Theorem 1. Suppose that [Q(f)]*) — P, and [Q(g)]*®) —

Py share (0,1), where P; is a non-zero polynomial. If d; > k, for i = 1,2,...,r,
min{O(oco; f),O(c0;9)} > 1 + nQQTﬁCQ — r and the conditions (a), (b) and (c) of

Theorem 1 is satisfied then conclusion of Theorem 1 holds.

Remark 1. The following examples show that the condition ©(co, f)+6(cc, g) > 4
in Theorem 1 is sharp when m =1, ¢4 =0, P(z) =z —1 and d > 3k + 9(k < 2).
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o?(e* 1)
e*—a

Example 1. Let f = = hfjil and g = h1 hd+1’ where h = , o = exp( 27”)
and d(> 3k 4+ 9) is an integer.

Clearly

=1 =g%g-1).

Note that T'(r, f) = dT'(r,h) + O(1), T(r,g) = dT'(r,h) + O(1) and T'(r,h) =
T(r,e?*)+0(1). Next we see that h # «, a? and so for any complex number v # «, o,
we have N(r,v;h) ~ T(r,h). Also we note that h = 1 is not a pole and zero of f

and g. Hence

O(co, f) = B(o0,9) = 5.

On the other hand we have

h — h—1
d _
f—l_hm, 9-1=1qaT
Note that
Ny (r,0; h%)
k)
O (1 =1-1
o /) S G h) + O(1)
and
N ; hd
O (1,9) = 1 —limsup (T, oo; )—1

r—so0 AT (r,h) + O(1)

Clearly both (1.4), (1.5) hold and ©(o0, f) + ©(c0, g) = 4, but f(2) # g(2).
a(ae®—1)

o 271 )

Example 2. Let f and g be as in Example 1, where h =
and d > 3k + 9(k < 2) is an integer.

, o= exp(

However the following question is still open :

Question 3. Keeping all other conditions intact, are Theorems 1 and 2 true for
rational functions also ?

Though the standard definitions and notations of the value distribution theory
are available in [7], we explain some definitions and notations which are used in the

paper.

Definition 3. [8] Let k£ be a positive integer or infinity. We denote by Ng(r, a; f)
the counting function of a-points of f, where an a-point of multiplicity m is counted
m times if m < k and k times if m > k. Then

Ni(rya; f) = N(rya; f) + N(r,a; f |[>2)+ ...+ N(r,a; f |> k).
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Definition 4. Let a,b € C U {oo}. Let p be a positive integer. We denote by
N(rya;f | >plg=>5) (N(rya;f|>p| g+#b)) the reduced counting function of
those a-points of f with multiplicities > p, which are the b-points (not the b-points)
of g.

Definition 5. {cf.[1], 2} Let f and g be two non-constant meromorphic functions
such that f and g share the value 1 IM. Let zy be a 1-point of f with multiplicity p,
a 1-point of g with multiplicity q. We denote by Np(r,1; f) the counting function of
those 1-points of f and g where p > q, by NB (r,1; f) the counting function of those
1-points of f and g wherep = q =1 and by Ng(r, 1; f) the counting function of those
1-points of f and g where p = q > 2, each point in these counting functions is counted
only once. In the same way we can define N(r,1;g), Né)(r, 1;9), Ng(r, 1;9).

Definition 6. {cf.[1/, 2} Let k be a positive integer. Let f and g be two non-
constant meromorphic functions such that f and g share the value 1 IM. Let zy be
a 1-point of f with multiplicity p, o 1-point of g with multiplicity q. We denote by
Nysp (r,1;9) the reduced counting function of those 1-points of f and g such that

p>q=k. Ngsi (1,1; f) is defined analogously.

Definition 7. [8] Let f, g share a value a IM. We denote by N.(r,a;f,g) the
reduced counting function of those a-points of f whose multiplicities differ from the
multiplicities of the corresponding a-points of g.

Clearly N.(r,a; f,g) = N.(r,a; g, f) and Nu(r,a; f, g) = Nr(r,a; f)+N1(r,a;9).

Definition 8. Let a,b1,b,...,0, € C U {oo}. We denote by N(r,a;f | g #
bi,b2,...,by) the counting function of those a-points of f, counted according to
multiplicity, which are not the b;-points of g for i =1,2,... q.

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel. Let F
and G be two non-constant meromorphic functions defined in C. We shall denote
by H the following function:

F/l 2F/ G/l ZG/
H= (" -2 ) (% - == )
(i) (&6o1)
Lemma 1. [17] Let f be a transcendental meromorphic function, and let P,(f) be
a differential polynomial in f of the form

Po(f) = anf™(2) + an_1f" 1 2) + ...+ a1 f(2) + ao,
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where ap,(# 0), an—1, ..., a1, ap are complex numbers. Then
T(r, Py(f)) =nT(r, f) + O(1).

Lemma 2. [21] Let f be a non-constant meromorphic function, and p, k be positive
integers. Then

Ny (10: £ ®) < T (1 f0) = Do ) + Ny, 03 £) + (0, ),

Ny (r.0: /) < KN (r, 003 £) + Npis(r,0: £) + S(r, f):

Lemma 3. [11] If N(r,0; f(*) | f # 0) denote the counting function of those zeros
of f*) which are not the zeros of f, where a zero of f*) is counted according to its
multiplicity, then

N(r,0; f®) | f #0) < kN(r,00; f) + N(r,0; f |< k) + kN (r,0; f |> k) + S(r, f).

Lemma 4. [7, 18] Let f be a transcendental meromorphic function, and let a;(2),
az(z) be two distinct meromorphic functions such that 7'(r,a;(z)) = S(r, f), i=1,2.
Then

T(Taf) SN(T‘,OO;f)+W(’F,a1;f)+N(T,a2;f)+5(7“,f).

Lemma 5. Let f and g be two non-constant transcendental meromorphic functions;
n, k, m be three positive integers. If d; > k and min{©(oco; f), ©(c0; g)}

> 14 et — rorif d; <k and (1.4) or (1.5) holds, then

QUMNM(Q(g)™) £ p?,

where p, is a non-zero polynomial.
Proof. Set fi1 = f —cq, g1 = g — cq. If possible, let

@QUNM(QaN™ =p?, (2.1)
ie.,

(STP(f1))(g7P(g1)) = p*.

First suppose that f and g both are transcendental entire functions and so are
f1 and g1. From above, it is clear that the zeros of f1 (g1) will be neutralized by the
zeros of p and so they will be finite in numbers, it follows that fi(z) = p.e®, where
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« is a non-constant entire function and p, is a polynomial. Then by induction we
get

(alfldJrl)(k) = ti(a,a O/la cee 7a(k)ap*7p;<7 v apik))e(d+i)av (22)
where t;(o/, o, ..., a® p, p.,... ,p&k)) (i =0,1,...,m) are differential polynomials
in o, o, ..., a®™ and p,,p.,... ,pik). Obviously

ti(O/,Ck//, o 7a(k)7p*7p;7 o 7p>(kk)) 5—'5 0

for i = 0,1,2,...,m, since otherwise by (2.2), f1 and so f would reduce to a poly-
nomial, which is not the case. From (2.1) and (2.2) we obtain

N(r, 05 tne™?) 4 . 4 t) < N(r,0;p%) = S(r, f1). (2.3)
Since « is an entire function, we know T'(r,a)) = S(r, f1) for j = 1,2,...,k.

Hence T'(r,t;) = S(r, f1) for i =0,1,2,...,m.
So from (2.3), Lemmas 1 and 3 we obtain

mT(r, f1)

T(r tme™* + ...+ t1e*) + S(r, f1)

N(7,0;tme™ + ...+ t1e*) + N(r,0;te™* + ...+ t1e® +to) + S(r, f1)
N(r,0; el D 44 t1) + S(r, f1)

(m —1)T(r, f)+ S(r, f1),

VARRVANNVAN

which is a contradiction.

Next suppose both f and g and so fi; and g; are non entire transcendental
meromorphic functions.

Let di > k, for i = 1,2,...,r. Let z1 & {z : p(z) = 0} be a zero of f; with
multiplicity ¢1(> 1). Then it follows from (2.1) that z; is a pole of g; of order
q1(> 1)(say). So we have

dt| — k= (d+m)q + k. (2.4)

From (2.4) we get mq1 + 2k = d(t1 — q1) > d, e, ¢1 > d;mzk‘. Thus (2.4) yields
dt; = (d +m)q + 2k, and so

d+m — 2k
—

p1 >

Let z9 & {z : p(z) = 0} be a zero of order s; of the factor fi — «; of P(f1) and it is
also a zero of P(f1) of order ta. So ty = s;d;. Since d; > k, from (2.3) it follows that

136



A. Banerjee and S. Majumder — Certain non-linear differential polynomials ...

if 2 is a pole of g1 of order ga(> 1), then we have to — k = s;d; — k = (d+m)q2 + k,
ie.,

Sizw’

fori=1,2,...,7.
Using the second fundamental theorem of Nevanlinna and lemma 1 we get

rI(r,f) = rT(r, f1)+0O()

< N(r,00; f1) + N(r,0; i) + > N(r,cu5 1) + S(r, 1)

=1

< N(r,o0; f)+ T(r, f1) + S(r, f1)

m - dl
d+m—2k+;d+m+2k
m n m
d+m—2k d+m-+2k

< N(T,OO;fH[ }T<r,f>+s<r,f>. (2.5)

In a similar way we can obtain

— m m

< ; . (2.
1Tg) < Nlrooig)+ | s o )+ 5000, 20
Adding (2.5) and (2.6) we get

r{T(r, /) +T(r.9)}

< (1-0(00 /) + s + T f)
H1L= O(001) + s )T (rg) + 50 )+ S(rg). (27)

Since £ > 0 and min{O(oo; f),O(c0;g)} > 1+ 22, — r we have from (2.7),

n2—4k2

2
[r+@(00;f)_1_7%+5] T(r, f)

+ [r+ O(c0;g9) — 1 — % +5} T(r,g) < S(r, f)+S(r,9), (2.8)

which gives a contradiction.
Next suppose d; < k fori =1,2,...,r. Let z3 & {z : p(z) = 0} be a zero of order
si > [d%] +1,4=1,2,...,r of the factor f; — «; of P(f1). Then it is also a zero of
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(fEP(f1))® of multiplicity s;d; — k(> 1). It follows from (2.1) that 23 is a pole of
g1 of order g3(> 1), such that

(d+m)gs +2k _ d+m+2k
d; - d; ’

S; =

fori=1,2,...,7.
Using the second fundamental theorem of Nevanlinna and lemma 1 we get

rT(r, ) =rT(r, f1) + O(1)

N(r,00; f1) + N(r,0; f1) + > N(r,ai; f1 [< ([k/di])

<
=1
+ > N(ryai; f1|> [k/di] + 1) + S(r, f1)
=1
< N D)4 | g | N )4 N rca f 12 [1/ai)
i=1
+ZWN(ﬁCd¢;f’Z[k/di]+1)+5(7“af)- (2.9)
=1

(2.9) yields,

2mn

000, )+ D Oy (e /) = 1= —— 5

=1

T(r,f) < S(r, ),

which is a contradiction to (1.4). In the same way we can deduce a contradiction to
(1.5) .

Lemma 6. Let f and g be two non-constant meromorphic functions such that
4
@(OO, f) + 9(0079) > 57
where n(> 3) is an integer. Then

f"(af +b) =g"(ag +0)
implies f = g, where a, b are two nonzero constants.

Proof. We omit the proof since it can be carried out in the line of Lemma 6 [10].
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Lemma 7. Let f and g be two non-constant meromorphic functions. Let Q(z) be
defined as in Theorem 1 and let f1 = f — ¢q, g1 = g — ¢q where d > 3k +m. If

[QUNI® = [Q(9)]W, then fIP(f1) = giP(g1).

Proof. We have [Q(f)]™ = [Q(¢)]®) implies [f{P(f1)]*) = [¢{P(91)]*.
When k > 2, integrating we get

AP = [gf Pg)] ) + B

If possible suppose ;1 # 0.
Now in view of Lemma 2 for p = 1 and using the second fundamental theorem we
get

(d+m)T(r, f1)

T(r, [f{P(f1)] %) = N(r, 0; [fLP(f1)] %) + Ni(r, 0; fEP(f1)) + S(r, f1)
N(r,0; [f{P(f1)]* 1) + N(r, 00; f1) + N(r, Be—r: [f1P(£1)] D)

=N (r,0; [/ P(f1)]* V) + Ni(r, 05 f{P(f1)) + S(r, f1)

N(r,00; f1) + N(r, 0; [g{P(g0)]* V) + EN(r, 05 f1) + N(r,0; P(1)) + S(r, 1)
(k+m+1) T(r, f1) + (k — 1)N(r,00; g1) + Ni(r, 0; gf P(g1)) + S(r, f1)
(k+m+1)T(r, f1) + (k= 1)N(r,00;g1) + kN(r,0;91) + N(r,0; P(g1))
+S(r, f1)

(k+m+1)T(r, f1) + 2k +m —1)T(r,g1) + S(r, f1) + S(r, 91)

(3k +2m)T(r) + S(r).

IAIAIA IN A

VANVAN

Similarly we get
(d+m)T(r,q1) < Bk+2m)T(r)+ S(r).
Combining these we get
(d—m — 3k) T(r) < S(r),
which is a contradiction since d > 3k + m.

Therefore 8,1 = 0 and so [fP(f1)]*V) = [¢¢P(g1)]*~ V. Repeating k — 1 times,
we obtain

FP(f1) = g1 P(g1) + Bo.

If kK =1, clearly integrating once we obtain the above. If possible suppose By # 0.
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Now using the second fundamental theorem we get

(d+m)T(r, f1)

N(r,0 f{ P(f1)) + N(r, 00; f{P(f1)) + N(r, Bo: [{ P(f1))
N(r,0; f1) +mT(r, f1) + N(r,00; f1) + N(r,0; g{ P(1))
(m+2) T(r, f1) + N(r,0;91) + m T(r, g1) + S(r, f1)
(m+2)T(r, f1) + (m+1) T(r,g1) + S(r, f1) + S(r, g1)
(34 2m) T'(r) + S(r).

VAN VAN VAN VAN VA

Similarly we get
(d+m)T(r,g1) < (2m+3)T(r) + 5(r).
Combining these we get
(d—=m=3)T(r) <S(r),

which is a contradiction since d > 3 + m.
Therefore Sy = 0 and so

‘P(f1) = giP(g1).
This completes the proof of the Lemma.

Lemma 8. Let f, g be two non-constant meromorphic functions such that f; =

(k) (k)
f—cqand g1 = g—cq. Let F = [fiipgl)} i .G = [gfpsjgll)} , where P;(z) be a non-zero

polynomial, d(> 1), k(> 1), m(> 0) be positive integers such that d > 3k +m + 3
and P(z) be defined as in Theorem 1. Suppose d; > k and min{©(co; f), O(c0; g)} >

1+ m% —rord; <k and (1.4) or (1.5) holds. If H = 0 then one of the

following two cases hold

(I) fi(z) = tgi(2) for a constant ¢ such that t! = 1, where | = ged(d +m, ..., d +
m—1i,...,d), am—; # 0 for some i =1,2,...,m;

(I) f1 and g; satisfy the algebraic equation R(f1,91) = 0, where R(wi,ws) =
Wi (amw + am— 1w1”_1 +...4ap) — wg(amMQ + Ay 1w§”_1 +...4+ap), except

for Py(z) = a1z + as and@(oo f)+6(c0;g) > 2

Proof. Since H = 0, on integration we get

1 _bG+a-b
F-1— G-1 "

(2.10)
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where a, b are constants and a # 0. We now consider the following cases.
Case 1. Let b# 0 and a # b.
If b = —1, then from (2.10) we have

—a

F=————.
G—-—a-—-1

Therefore
N(r,a+1;G) = N(r,00; F) = N(r,0; f).

So in view of Lemma 2 and the second fundamental theorem we get

(d+m) T(r,q1)

T(r,G) + Niya(r,0; 97 P(91)) — N(r,0; G)

N(r,00;G) + N(r,0;G) + N(r,a + 1;G) + Niy1(r, 05 97 P(g1))

—~N(r,0;G) + S(r,g1)

(r, 005 g1) + Niya(r, 05 97 P(g1)) + N(r, 00; f1) + S(r, g1)

(r,00; f1) + N(r,00;91) + Niy1(r, 05 9) + Niey1(r, 0; P(g1)) + S(r, 91)
N(r,00; f1) + N(r,00; g1) + (k + 1)N(r,0; g1) + T(r, P(g1)) + S(r, g1)
T(r,f1)+(k+m+2)T(r,g1) + S(r, f1) + S(r, g1).

Without loss of generality, we suppose that there exists a set I with infinite measure

such that T'(r, f1) < T(r,q1) for r € I.
So for r € I we have

VARVA

N
N

VAN VAN VAN VAN

(d — k- 3)T(T7 gl) < S(Ta gl)a

which is a contradiction since d > k + 3.
If b # —1, from (2.10) we obtain that

1 —a
F-(1+-)= ——.
SR ETe R
So
_ (b — a) __ _
N(r, =——:G) = N(r,00; F) = N(r, 00; i) + S(r, f1).
Using Lemma 2 and the same argument as used in the case when b = —1 we can

get a contradiction.
Case 2. Let b # 0 and a = b.
If b = —1, then from (2.10) we have

FG = P},
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that is
PPl g™ = P,

which is impossible in view of Lemma 5.

If b # —1, from (2.10) we have
l pr— L
F~ (1+b)G-1

Therefore

1
— @) = N(r,0; F).
5 @) = N0 F)

So in view of Lemma 2 and the second fundamental theorem we get

N(r,

(d+m) T(r,q1)
T(r,G) + Njt1(r,0; g P(g1)) — N(r,0;G) + S(r, 1)

N(r,00;G) + N(r,0;G) + N( i G) + Niy1(r, 05 g1 P(g1))

IN

IN

1
r
"1+0b
_N(Ta 07 G) + S(Tv gl)

N(r,00;91) + (k+1)N(r,0;91) +T(r, P(q1)) + N(r,0; F) + S(r, g1)

N(r,00;91) + (k+1)N(r,0;91) + T(r, P(g1)) + (k + 1)N(r,0; f1) + T(r, P(f1))
+kN(r,00; f1) + S(r, f1) + S(r, g1)
(k4+m+2)T(r,g1) + (2k +m + )T (r, f1) + S(r, f1) + S(r, 91)-

IN A

IN

So for r € I we have
(d—3k—m—3)T(r,q1) < S(r,91),

which is a contradiction since d > 3k +m + 3.
Case 3. Let b = 0. From (2.10) we obtain

G+a—-1
—

F

(2.11)

If @ # 1 then from (2.11) we obtain

N(r,1—a;G) = N(r,0; F).

We can similarly deduce a contradiction as in Case 2. Therefore a = 1 and from
(2.11) we obtain

F =G,
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ie
AP0 = [giP(g0)] ™.
Noting that d > 3k +m + 3 > 3k + m by Lemma 6 we have

FIP(f1) = 91 P(g1). (2.12)
Let h = %. If h is a constant, putting f1 = g1h in (2.12) we get

Amg (A 1) + a1 gL (AL 1) L+ aggd(hd - 1) =0,

which implies k! = 1, where | = ged(d + m,...,d + m —i,....d + 1,d), apm_; # 0
for some i = 0,1,...,m. Thus f; = tg; for a constant ¢ such that ¢/ = 1, | =
ged(d+my...;d+m —i,...,d+1,d), apm—; # 0 for some i =0,1,...,m.

If h is not a constant, then from (2.12) we can say that f; and g; satisfy the
algebraic equation R(f1,g1) = 0, where R(wi,ws) = wH(amwl® + am_1w 4. .. +
ap) — wg(amwgl + am_lwg"‘_l + ...+ ap). In particular when Pj(z) = a1z + a2 and
©(c0; f) + ©(c0;g) > 2 then by Lemma 6 we get from (2.12) that f; = g1, ie.,
f=g.

Lemma 9. [1] If f, g be two non-constant meromorphic functions such that they
share (1,1). Then

PR - —_ 2 PR
INL(r, 15 f) + 2N0(r, 1;9) + Noa(r, 1; f) — N yoa(r, 1;9)

< N(Tv 1,9) - N(Tv 179)
Lemma 10. [3] Let f, g share (1,1). Then
_ 1— 1— 1 /
Nf>2(T,1;g) < iN(rvoaf) + §N(T,Oo,f) - iNO(T7Oaf ) +S(T7f)7
where Ny(r,0; f/) is the counting function of those zeros of f which are not the

zeros of f(f —1).

Lemma 11. [3] Let f and g be two non-constant meromorphic functions sharing
(1,0). Then

Niu(r,1; f) + 2Np(r, 1;g) + Noa(r, 15 f) — Nysi(r,159) = Ngsi(r, 15 f)

< N(r,1;9) = N(r,19).
Lemma 12. [3] Let f, g share (1,0). Then
Nip(r, 1) < N(r,0; f) + N(r,00, f) + S(r, f)
Lemma 13. [3] Let f, g share (1,0). Then
(i) Nysa(r,139) < N(r,0; f) + N(r,00; f) = No(r, 0; /) + S(r, f)

<N
(i) Ngs1(r,1; f) < N(r,0;9) + N(r,00;9) — No(r,0;¢') + S(r, g).
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3. PROOFS OF THE THEOREMS

Proof of Theorem 1. Let F = [f{P(f1)]®) /P, and G = [¢{P(g1)]*®)/P,. Tt fol-
lows that F' and G share (1,1) except the zeros of P;.

Case 1 Let H # 0.

Subcase 1.1 > 1.

From the definition of H it can be easily calculated that the possible poles of H
occur at (i) multiple zeros of F' and G, (ii) those 1 points of F' and G whose multi-
plicities are different, (iii) poles of F and G, (iv) zeros of F'(G") which are not the
zeros of F(F —1)(G(G —1)).

Since H has only simple poles we get

N(r,o00; H) (3.1)
< N(r,00; fi) + N(r,00;1) + Nu(r, 1; F,G) + N(r,0; F| > 2) + N(r,0;G| > 2)
+N0(r7 0; F,) + NO(Ta 0; G/)7
where No(r,0; F') is the reduced counting function of those zeros of F' which are
not the zeros of F(F — 1) and No(r,0; G') is similarly defined.

Let zp be a simple zero of F' — 1 but Pi(z9) # 0. Then z¢ is a simple zero of G — 1
and a zero of H. So

N(r,1;F|=1) < N(r,0; H) < N(r,o0; H) + S(r, f1) + S(r, 91). (3.2)

While [ > 2, using (3.1) and (3.2) we get

N(r,1; F) (3.3)
< N(r,;F|=1)+N(r,1;F| > 2)
< N(r,00; f) + N(r,00;9) + N(r,0; F| > 2) + N(r,0; G| > 2) + N.(r, 1; F, G)

( F +
+N(r, 1; F| > 2) + No(r,0; F') + No(r,0; G ) + S(r, 1) + S(r, g1)-
Now in view of Lemma 3 we get

0o(r,0;G") + N(r,1;F |> 2) + Nu(r,1; F, G) (3.4)
o(r,0:G)+ N(r,1;F| > 2)+ N(r, 1, F| > 3)

o(r,0;G) + N(r,1;G| > 2) + N(r,1;G| > 3)

o(T,O;G/) +N(r,1;G) - N(r, 1;G)

N(r,0; G | G#0) < N(r,0;G) + N(r,00;9) + S(r,91).

|
= =2l =] =

VARVAN

Hence using (3.3), (3.4), Lemmas 1 and 2 we get from second fundamental theorem
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that

(d+m)T(r, f1) (3.5)
T(r,F) + Niya(r, 0; f{P(f1)) — Na(r,0; F) + S(r, f1)

N(r,0;F) + N(r,00; F) + N(r,1; F) 4+ Nyp2(r,0; f{ P(f1)) = Na(r,0; F)
—N()(’I“,O;F/)

2 N(r,00, f1) + N(r,00;g1) + N(r,0; F) + Niso(r, 0; fLP(f1)) + N(r,0; F| > 2)
+N(r,0;G| > 2) 4+ N(r,1; F| > 2) + N.(r,1; F,G) + No(r,0;G') — No(r,0; F)
+S(r, f1) + S(r,91)

2 {N(r,00; f1) + N(r,00;g1)} + Nis2(r, 0; [ P(f1)) + Na(r,0; G)

+S(r, f1) + S(r, 91)

2 {N(r,00; f1) + N(r,00; g1)} + Niya2(r, 0; f{P(f1)) + k N(r,00; g1)

+Nia(r,0; g7 P(g1)) + S(r, f1) + S(r, g1)

2 {N(r,00; fi) + N(r,00;g1)} + (k +2) N(r,0; f1) + T(r, P(f1))

+(k+2) N(r,0;91) + T(r, P(91)) + k N(r,00; g1) + S(r, f1) + S(r, g1)
(k+m+4)T(r, f1) + 2k +m +4)T(r,g1) + S(r, f1) + S(r, 91)

(3k+2m +8)T(r) + S(r).

IA IAIA

IN IA

IN

IAIA

In a similar way we can obtain
(d+m) T(r,g1) < 3k +2m +8) T(r) + S(r). (3.6)
Combining (3.5) and (3.6) we see that
(d+m)T(r) < (Bk+2m+8)T(r)+ S(r),
ie
(d—3k—m—8)T(r) < S(r). (3.7)

Since d > 3k +m + 8, (3.7) leads to a contradiction.
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While | = 1, using Lemmas 3, 9, 10, (3.1) and (3.2) we get

IA A

IN IN IN
N Ww 4+ N w4+ N w

IN

IN

N(r,1; F) (3.8)
N(r,1;F| =1) + N(r,1; F) + Np(r,1;G) + N (r, 1; F)

N(r,o0; f)+ N(r,00;9) + N(r,0; F| > 2) + N(r,0; G| > 2) + N.(r,1; F,G)
+Nr(r,1; F)+ Np(r,1;G) —l—N%(r, 1; F) + No(r,0; F,) + No(r,0; G/)
+S(r, f)+ S(r,g)

N(r,00; f) + N(r,00;9) + N(r,0; F| > 2) + N(r,0; G| > 2) + 2N (r,1; F)
+2N (1, 1;G) +Wg(r, 1; F) +N0(T,0;Fl) +N0(7‘,0;G/) + S(r, f)+ S(r,g)
N(r,00; f) + N(r,00;9) + N(r,0; F| > 2) + N(r,0; G| > 2) + Np»a(r, 1;G)
+N(r,1;G) = N(r,1;G) + No(r,0: F') + No(r,0; G ) + S(r, f) + S(r, g)
N(r,00; f) + N(r,00;9) + N(r,0; F| > 2) + % N(r,0;F)+ N(r,0;G| > 2)
N(r,1;G) = N(r,1;G) + No(r,0;G") + No(r,0; F') + S(r, f) + S(r, g)
N(r,00; f) + N(r,00;9) + N(r,0; F| > 2)+%N(T,O;F)+N(T,O;G‘ >2)
N(r,0;G'|G # 0) + No(r,0; F ) + S(r, f) + S(r, 9)

N(r,00; f) + 2N (r, 00:9) + N(r, 0: F| > 2) + £ N(r,0; F) + N, 0 C)

+No(r,0; ') + S(r, f) + S(r, g).
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Hence using (3.8), Lemmas 1 and 2 we get from second fundamental theorem that

IN IN IN A

IN

IN

<

<

(d+m)T(r, f1) (3.9)
T(r, F) + Nyp2(r, 0; f{P(f1)) — No(r,0; F) + S(r, f1)

N(r,0;F) 4+ N(r,00; F) + N(r,1; F) + Njio(r,0; fLP(f1)) — No(r,0; F)

—No(r,0; F)

g N(r,00, f1) +2N(r,00; g1) + Na(r,0; F) + %W(n 0; F') + Niya(r, 0; /L P(f1))
+No(r,0; G) — Na(r,0; F) 4+ S(r, f1) + S(r, 91)

DN (r, 001 1) + 2N (1,003 92) + Nig(r, 0: F{P(A))) + SN (0 F) 4 Nafr,05G)
+S(r, f1) + S(r, 91)

gﬁ(r, 003 f1) + 2N (1,001 1) + Nieya(r, 05 f{ P(f1)) + k N(r, 00 g1)

N (098 Plov)) + 5 (N (r, 005 f1) + N (05 fEP(F)))

+S(r, f1) + S(r,91)

R N0t fi) + (k4 2N (r.0ci0n) + 222 Nr0: 1) + 2 T PUP)
+(k+2) N(r,0;91) + T(r, P(g1)) + S(r, f1) + S(r, 91)

(2% +5+ %m) T(r, f1) + (2k +m + OT(r, g1) + S(r, 1) + S(r, 1)

(4k + 57m +9)T(r)+ S(r).

In a similar way we can obtain

(d+m) T(r,g1) < (4 + %m +O)T(r) + S(r). (3.10)

Combining (3.9) and (3.10) we see that

l.e

(d+m) T(r) < (4k + %m +9) T(r) + S(r),

(d— 4k — =2 = 9) T(r) < S(r). (3.11)

Since d > 4k + 20* 4+ 9, (3.11) leads to a contradiction.
Subcase 1.2 [ = 0. Here (3.2) changes to

Np (r,1;F |=1) < N(r,0; H) < N(r,00; H) + S(r, F) + S(r, G). (3.12)
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Using Lemmas 3, 11, 12, 153, (3.1) and (3.12) we get

IN A

IN

IN

IN IN

IN

N(r,1;F) (3.13)
N}E)(r,l;F)—i—NL(r,l;F)—&—NL(T,l;G)—i—Ng(r,l;F)

N(r,00; f) + N(r,00;9) + N(r,0; F| > 2) + N(r,0;G| > 2) + N«(r, 1; F, G)
+NL(7“,1;F)+WL(1",1;G)—l—Ng(r,l;F)jLNO(r,O;F,)—l-No(r,O;G/)
+8(r, ) +5(r, 9)

N(r,00; f) + N(r, 003 9) + N(r,0; F| > 2) + N(r,0; G| > 2) + 2N (1, 1; F)
FONL(r 1, G) + No(r,1; F) + No(r, 0, F') + No(r,0;G) + S(r, f) + S(r, g)
N(r,00; f) + N(r,00;9) + N(r,0; F| > 2) + N(r,0;G| > 2) + Np=1(r, 1;G)
+Ngs1(r, 1; F) + Np(r,1; F) + N(r, 1;G) — N(r,l,G)—l—No(r,O,F)
+No(r,0:G) + S(r, f) + S(r, g)

3 N(r,00; f) 4+ 2N(r,00; g) + Na(r,0; F) + N(r,0; F) + No(r,0; G)
+N(r,1;G) = N(r,1;G) + No(r,0;G') + No(r,0; F') + S(r, ) + S(r, 9)

3 N(r,00; f) 4+ 2N(r,00; g) + Na(r,0; F) + N(r,0; F) + No(r,0; G)

+N(r,0;G'|G # 0) + No(r,0; F') + S(r, f) + S(r, 9)

3N (r,00; f) + 3N(r,00; ) + Nao(r,0; F) + N(r,0; F) + Na(r,0; G)
+N(r,0;G) + No(r,0; F ) + S(r, f) + S(r, g).
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Hence using (3.13), Lemmas 1 and 2 we get from second fundamental theorem that

(d+m)T(r, f1) (3.14)

< T(r, F) + Nya(r, 0; f{P(f1)) = Na(r,0; F) + S(r, f1)

< N(r,0;F) + N(r,00; F) + N(r,1; F) 4+ Niya(r,0; f{ P(f1)) = Na(r,0; F)
—No(r,0; F)

< AN(r,00, f1) + 3N(r,00; g1) + Na(r,0; F) + 2N (r,0; F) + Niyo(r, 0; fLP(f1))
+No(r,0;G) + N(r,0;G) — Na(r,0; F) + S(r, f1) + S(r, 91)

< 4AN(r,00; f1) + 3N (r,00: g1) + Niga(r, 05 f{ P(f1)) + 2N (r,0; F) 4+ Na(r, 0; G)
+N(r,0;G) + S(r, fi) + S(r, g1)

< 4AN(r,00; f1) + 3N (r, 00 g1) + Niga(r, 0; [ P(f1)) + 2kN (7, 00; f1)
+2Ne41 (1, 05 /1 P(f1))
+k N(r, 005 g1) + Niga(r, 0; g P(g1)) + kN (r, 003 g1) + Nypa1(r, 05 g1 P(g1))
+S(r, f1) +S(r,91)

< (2k+4) N(r,o00; f1) + (2k + 3)N(r,00; g1) + (3k + 4)N(r,0; f1) + 3T (r, P(f1))
+(2k +3) N(r,0;g1) + 2T(r, P(g1)) + S(r, f1) + S(r, g1)

< (Bk+3m+8)T(r, f1) + (4k +2m +6)T(r,g1) + S(r, f1) + S(r, 1)

< (9k+5m+14)T(r) + S(r).

In a similar way we can obtain
(d4+m) T(r,g1) < (9k+5m + 14)T(r) + S(r). (3.15)
Combining (3.14) and (3.15) we see that
(d+m) T(r) < (9k+5m+14) T'(r) + S(r),
ie.,
(d—9k —4m — 14)T(r) < S(r). (3.16)

Since d > 9k + 4m + 14, (3.16) leads to a contradiction.
Case 2. Let H = 0. Then noting that here d; < k and either (1.4) or (1.4) is
satisfied, the theorem follows from Lemma 8.

Proof of Theorem 2. We omit the proof since the same can be carried out in the
line of proof of Theorem 1.
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