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NUMERICAL SOLUTION OF NONLINEAR ORDINARY
DIFFERENTIAL EQUATIONS USING ALPERT MULTIWAVELETS

H. HoMEI, B.N. SARAY, M. LAKESTANI

ABSTRACT. A numerical technique is presented for the solution of onlinear or-
dinary differential equations. This method uses Alpert multiwavelet system. The
orthonormality and high vanishing moment properties of this system result in effi-
cient and accurate solutions. Finally, numerical results for some test problems with
known solutions are presented and the absolute errors are compared with the errors
resulting from B-spline bases and Flatlet multiwavelet.
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1. INTRODUCTION

Recently, scalar wavelets are used widely which are generated by one scaling function.
But, one can imagine a situation when there is more than one scaling function. This
leads to the multiwavelets. Multiwavelets are revealed to possess several advantages
with respect to scalar wavelets. The reason of their success is due to the fact that,
unlike scalar wavelets, multiwavelets can be constructed with several simultaneous
properties, such as orthogonality, symmetry, high-order vanishing moments and the
simple structure, etc. Multiwavelets are useful both in theory and in applications
such as signal and image processing [9, 10, 8], numerical solution of ODE, PDE and
IE [2, 1,4, 5, 3, 6, 7]. Sparse representation of differential and integral operators due
to moments of the simple functions is another property of multiwavelets [5, 11, 1].
The use of operator modelling converts differential equations to systems of algebraic
equations. Alpert multiwavelet system with multiplicity r consists of a pair of r
multiscaling functions and a corresponding pair of » multiwavelets.

In this paper, we use Alpert multiwavelets with multiplicity . Also we derive
an algorithm to compute the operational matrix of the integral for solving ordinary
differential equations of the general form

y' (@) = f(z,y(x), x€[0,1], (1)

19



H. Homei, B.N. Saray, M. Lakestani — Solution of nonlinear ODEs ...

y(0) =y, y(1)=u. (2)

Here f, is a known function, yy and y; are given real numbers and y is the unknown
function to be found.

The existence of solution of Equation 1 with Neumann boundary conditions is
studied in [12] using the quasi-linearization method. Also wavelet method is used
by many papers [13, 14]. For this purpose, different approaches such as the finite-
element method, boundary element method, Galerkin and collocation methods are
used. In this work, the functions are approximated by Alpert multiwavelets. Then
these multiwavelets are used to obtain the coefficients of the expansions.

2. ALPERT MULTIWAVELET SYSTEMS
2.1. Multiresolution analysis

For functions ¢™ € L?(R), m = 0,...,7—1, let a reference subspace or sample space
Vo be generated as the L?-closure of the linear span of the integer translates of ¢™,
namely:

Vo =closp2 (o™ (. — k) 1 ke Z), m=0,...,7r—1,

and consider other subspace
V}:closL2<q§;’:‘k:keZ>, je€Zm=0,...,r—1,
where %zgﬂ)m(?az—k),j,kezsz,...,r—l.

Definition 1. [16]: Functions ¢™ € L*(R), is said to generate a multiresolution
analysis (MRA) if they generate a nested sequence of closed subspaces Vj that satisfy

iy --cVaicWwcwc---,
i1)  closyze (UjeZ VJ> = L*(R),
iii) (Njez Vi =0, (3)

iv) f@) €V > fla+279) € V; > f(20) € Vi,
v)  A{d™(. — k) }kez, form a Riesz basis of Vp.

If ™ generate an MRA, then ¢™ are called scaling functions. In case the differ-
ent integer translate of @™ are orthogonal and where is with respect to the standard

inner product < f,g >= ffooo f(x)g(z)dz for two functions in L?(R)), denoted by

™ (. —k)Lo™(. fl;:) form % 1m, k # k, the scaling functions are called an orthogonal
scaling functions.
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As the subspaces V; are nested, there exist complementary orthogonal subspaces
W; such that

Vin=V,Ppw;, ez

here and in the following € denotes orthogonal sums.
This give rise to an orthogonal decomposition of L?(R), namely:

=Ppw;.
JjEZ

Definition 2. [16]: Functions 1™ € L*(R) are called wavelets, if they generate the
complementary orthogonal subspaces W; of an MRA, i.e.,

W;j =closp: <y, k€ Z >, jeZm=0,...,r—1,

where @bm *¢m(2jx—k) JkeZ.
1If, forj;éj,m;émandk#sz<2]/2wm 27/2¢ L >= 5 5kk<5mm

then wm are called orthonormal wavelets.

Now we define Alpert scaling functions and its corresponding multiwavelets ac-
cording to above MRA.

2.2. Construction of Scaling Functions

Suppose P, is the Legendre polynomial of order r and r is any fixed nonnegative
integer number and let 7, for £ = 0, ..., r—1 denote the roots of P,.. The interpolating
scaling functions (ISF') are given by [4, 6, 3]

iy t)_{ \/ZLko(%—l) te0,1]

otherwise

Where wg, kK =0,...,r — 1 are the Gauss-Legendre quadrature weights

2
B (15) Pr_1(73)

Wk =

and Lg(t), k =0,...,r — 1 are the lagrange interpolating polynomials [6]

Ly(t) = ﬁ (:k__::)

i=0,ik
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that they have characterized by Kronecker property Ly (7;) = d;; where
1 i=k
%_{Oi#k

We can expand any polynomial g of degree less than r with the function ¢, ..., ¢" 1
that they formed an orthonormal basis on [0,1)

r—1
g(t) = drd"(t)
k=0

where the coefficients are given by

dj, = %g(ﬁg), k=0,...,7m—1

and
Tk4—1

Tk—2.

Let d)’}l(t), k=0,...,r—1,1=0,..,2/ — 1 be obtained form ¢*(¢) by dilation and
translation

S(t) = 207264 2t 1) @

where J is any fixed nonnegative integer number.
Note that we have the following orthonormality relation

1 ,
/0 o ()6 (8)dt = 6,0,

k:,l%:O,...,r—l
,i=0,..,2" -1

2.3. Construction of Wavelets

The two-scale relations for the r-th order Alpert multiwavelets are in the form [2]:

r—1 r—1
Vi (z) = Z hij ¢ (2x) + Z hirij1d’ (22 —1). (5)
j=0 J=0

As we have 272 unknown coefficients {h} in (5), we use the following 2r(r — 1)
vanishing moment conditions and 2r orthonormal conditions to determine them.
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1. Vanishing moments
1 . .
/ Y (z)x? =0, fori=0,1,....mr—1j=0,1,...,i+r— 1. (6)
0

2. Orthonormality
1 . .
/ P ()Y (x) = 6; 4, fori,j=0,1,...,r—1. (7)
0

2.4. Two scale relations

The representation of two scale relations is proposed for scaling functions and

wavelets as
r—1

¢"(x) = Zgg+1,j+1¢j(2$) + 9i+1,j+1¢j(233 - 1),
§=0

r—1

W (z) = Z B9 (22) + hjy jaa @ (22 = 1).
=0

By using the function ¢*(x) and ¢*(z) for k = 0,...,7 — 1, we construct the filter
coeflicients géy ; and ht ., 1 =0,1. In these representation of two scale relation, four

z’j’
matrices (r X r) is used to show the filter coefficients gf’j and hé’j, [=0,1as

0 0 7 1 1

gin - Y91r i 0 Yir

G'=1 LG = A

0 0 1

g G | G G
0 0 7 1 1

hiy - Ry, hiy - Dy

Wy Y ML

The matrices G° and G! consist of the filter coefficients of two scale relation for
scaling functions and their components are given by following equations

9ok = VIR (), (8)

9 i = VIS (). (9)

These equations are obtained by using the interpolating property of scaling functions.
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In general, the two scale relation for the neighbour scales J and J+1 is given by
the following matrix form

O} (x) =GPy (2), (10)

where Gy define the transform matrix between two neighbour scales for scaling
functions and is getting by

0 - G r2J r2J+1

where @' (x) consist of 727 bases for VI and G = [G°G']. We note that the filter
coefficients of two scale relation for wavelets is constructed in subsection 2.3.
Hence the wavelet transform matrix [15, 5] between ¥’; and @} is obtained as

U =T;97, (12)

where T is a (727, r27) matrix which are obtained by the following scheme. Suppose
that H = [H°H'] and

H .. 0

0 - H r2J r2J+1

By using these matrices, we get

[ %(G()XGlX...XGJ_l)
2%(ffoXGYl X...XGJ_l)

2J¥_1(H1><G2><...><GJ,1)

32 (Hj—2 x Gj_1)
sHy 4

2.5. Function Approximation

It can be verified that V; @ W; = V41, thus we can write V; = Vo @ (@{;&Wi) and
we have two kind of basis sets for J € N
T

() = [%0(2), 0 5" @) |+ 85 oy (@), by @] (15)
() = [5,0@), - 050" @), i o (@), -, 55" (@)1 (16)
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T
—1
s ’1/}971,0('%)7 BRI 37170(33)‘7 s 7¢9_172171_1(x)a s 71/}J 1 21 1 1( )
Now any function f(z) on [0,1] can be approximated using scaling functions as

r—127-1

~Pf= Z Z C§,1¢§,z($) = CT‘I)Z}(QT)? (17)

k=0 [=0

and the corresponding wavelet functions as

r—1 J—12/-1
f(z) = Prf = Z c§000,0(x) + Z Z L) o = DTW(x),  (18)
k=0 =0 1=0
where
k ! k fas k
o= [ r@d@ar= [ rdar (19)
1
and ;
_ _ J
=gy =027 -1

These coefficients may be computed using Gauss-Legendre quadrature [6, 3].

ck =277/2, /%f(?‘](%k +0), k=0,.r—1,1=0,..,27 —1.  (20)

Lemma 1. Suppose that the function f : [0,1] — R is r times continuously differ-
entiable. Then Pjf approximates f with mean error bounded as follow [2]:

—JT 2 T
1P5f = fll <2777 sup |f0) ()],
" z€f0,1]

By using Eq. (12), the elements of matrix D in Eq. (18) are obtained as
=o' (21)

Where D and C are (m x 1) vectors with m = 727 given by

0 r (0] T 0 0 r T
D: 0070,...,0070’61070,..., 070"dj—1707 dJ 10’ J 12] 115 J_1’2J,1_1 5
(22)
0 T 0 T T
C =[S oo Erolde s 1o o 1] (23)
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2.6. The Operational Matrix of Integration

The integral of vectors ¥’;(x) and " () can be expressed as

/0 W ()t ~ T, (x), (24)

/0 "o (4)dt ~ 1,0 (x), (25)

where Iy and I, are (N x N) operational matrices of integration for Alpert scaling
functions and multiwavelets respectively. The matrix I, can be obtained by the
following process.

Using Eq. (25) we have

r—127-1

/0 (1 Z Z [1y] Ir+(k+1) l'r+(k'+1)¢ﬂ'( ), (26)

=0 I'=0
k=0,---,r—1, 1=0,---,27 — 1.
Now we use Eq. (20) to obtain

7‘] Tk’ +l ) k
] tr+ (1) 0+ (k' +1), 2 ¢ (t)dt (27)

_J Wk;’ Tk/-i-l

=27 o, (t)dt

To find the entries of matrix I, we assume the followmg three cases.
Case 1: I' <1
The support of qﬁjl is [L] iJ] and 277 (70 +1') < 2% Thus we get

Llir+(e+1),0r+(k'+1) = 0. (28)

Case 2: ' =1
Changing the variable 27t — [ = 7,2 we have

0 [wr
Ll tr+ (k1) 00+ (k' +1) 1\ / &5,(t)

These coefficients may be computed using the Gauss-Legendre quadrature as

Wt Wi’
Lo ir (k1) r (k1) = 27 \/ i Z Yok (P i) (29)
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Case 3: ' > |
Again the support of ¢¥, is [2%, l;—}] and 27/ (7 + 1) > QZ—IJ > 1+ l;—} Thus we
obtain

Llirt (e1) (1) = 272 5

1
—92% %k 0 qsk(t)dt:Q—J,/% “’7’“ (30)

Now we use these three cases to obtain the operational matrix of integration as

M P .. .. P P
M P --- P P

Iy—27 A
M P

- M-

where M and P are r x r matrices which can be obtained by the following equations:

r—1
W . Wg! A
(M1 41 = TT,C,Z 5 oF(Fwti), kK =0,1,...,r—1,
i=0
Wi W'
[Plrt1p41 = S\ 2 kK=0,1,...,r —1.

Using Egs. (12), (24) and (25) we get
/ U(t)dt =Ty [ @ (t)dt = Ty19%(x) = TyI,T; 0 (z), (31)
0 0

comparing Eqs. (24) and (31) we get

Iy =TyI,T; " (32)

3. DESCRIPTION OF NUMERICAL METHOD

In this section, we solve nonlinear ordinary differential equation of the form in (1)
with conditions (2), by using Alpert multiwavelets.
For this purpose, Let me to suppose that

y'(x) = Y10, (z), (33)
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by integrating from both sides of Eq.(33) and by using (24) we get

Y (z) -y (0)=YT /0 ' Uy(t)dt = YT 1,0 5(z). (34)

By using first condition of (2), we obtain
Y (@) = YT Ie W () + yo. (35)

Again by integrating from both sides of Eq. (35), we get

y(x) = y(0) = YTIZW(z) + yor, (36)
suppose that
y(0) = a,
thus we get
y(t) = YTIi\I/J(x) + yox + (37)

Now by using Eq. (37), we let
(@) = fz,y(@)). (38)
We expand yox, o and z(z) by using interpolating scaling functions as
yor = AT®;(x), a=BTd,(x), z2(z)=2T0;). (39)

We use again Eq. (12) to convert the vectors A, B and Z to the wavelet space. Thus
we have

yor = ATT; ', (2), a=BT'T;'V,(z), z(z)=2Z"T;"V,(x). (40)
Applying (33),(37) and (40) in (1), we get
VI, (2) = 217710 5 (2). (41)
Multiplying (41) By ¥ (#) and integrating from 0 to 1, we have
vI —zTr;t =o. (42)

Now we have N algebraic equations with N + 1 unknowns for vector Y and «. But
one of the conditions in Eq. (2) remained without using. We use Eq. (35) and
second condition of (2) to obtain the N + 1th equation. Thus we can solve this
system of equations and we obtain unknown members.

28



H. Homei, B.N. Saray, M. Lakestani — Solution of nonlinear ODEs ...

4. TEST PROBLEMS

In this section we give some computational results of numerical experiments with
methods based on preceding section, to support our theoretical discussion. To show
the efficiency of the present method for our problems in comparison with the exact
solution, we report absolute values of errors of the solution at a selection of chosen
points. From the tables, we can observe the convergence of numerical solutions as J
and r are increased. Furthermore, the main advantages of the method are its sim-
plicity and small computations costs which result from the sparsity of the associated
matrices and also small number of the coefficients of wavelet representations.

Example 1. Consider the following equation [17, 11]
y'(2) = (42® = 2)y(z),

y'(0) =0,

The analytical solution is given in [17, 11] as

(43)

u(z,t) = e,

Table 1 consist absolute values of errors of example 1 forn = 1,2. Also we show that
the methods represented in this paper AWGM (Alpert Multiwavelet Galerkin method)
is the better than the method used in [17, 11]. Also the error function for r = 4,
J =2 is shown in Figure 1.

Table 1. Absolute values of error for Example 1.

AWGM AWGM AWGM [11] [11]

t r=4, J=8 r=5J=2 r=5J=3 r=5J=2 r=6,J=3
0.0 139x10% 408x10°% 1.13x1077 24x10~% 20x1077
0.1 1.01x107% 374x107% 1.05x1077 24x107* 42x1071°
0.2 174%x1078% 353x107% 951x10"% 23x10~* 2.0 x 1077
0.3 458%x107% 3.15x107% 1.06x10"7 22x10~* 3.9x 1077
0.4 431x1077 277x107% 849x107% 20x10~* 58x 107"
0.5 271x1077 275x107% 936x10"% 1.8x107* 3.5x10°7
0.6 161x1077 278x10% 783x10® 1.7x107* 7.3x1078
0.7 358x1077 236x107% 576x107% 1.7x107* 74x10°8
0.8 383x1077 1.89x10% 592x10"% 1.6x10~* 7.8 x 1078
0.9 297x1077 154x107% 469x10"% 15x10™* 7.8 x 1078
1.0 1.19x107% 1.12x1076 3.72x10"% 15x107* 79x10°8

Example 2. The nonlinear problem, [13]

y"(x)

= —2y(z)*,
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Figure 1: The error function for Example 1, for r =5, J = 2.

(44)

has the exact solution y(x) = 1/(x+1). The absolute values of error in some points
are shown in Table 2.

Table 2. Absolute values of error for Example 2.

AWGM AWGM [11] [13]

t r=4,J=2 r=5J=2 r=6,J=2 B-spline wavelet
0.0 332x107° 191x10% 19x10°F 5.6 x 1079
0.1 980x107% 493x107" 1.9x10°6 2.6 x107°
0.2 117x107° 3.00x1077 2.0x1076 1.7 x 107°
0.3 284x10% 149x1077 2.2x10°9 1.6 x 107°
0.4 425x107% 274x107" 2.6 x 1076 1.4 x 107°
0.5 637x107% 1.71x1077 4.0x 1076 1.2 x 107°
0.6 3.88x107% 538x107% 4.3x10°6 1.0 x 107°
0.7 957x1077 9.70x107% 3.9x10°6 7.2%x 1076
0.8 254x107% 1.68x107" 3.7x1076 5.3 x 1076
0.9 456x107% 2.09x10"7 3.5x10° 5.5 x 1076
1.0 710x107% 298x1077 34x10° 1.6 x 10~

Example 3. Consider the following nonlinear problem, [11]

y//(CC) _ _6—2y(m)

)
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Figure 2: The error function for Example 3, for r = 3, J = 3.

The exact solution is y(x) = In (z + 1). The absolute values of error in some points
are shown in Table 3. Figure 2, shows the error function for r =3, J = 3.

Table 3. Absolute values of error for Example 3.

AWGM AWGM AWGM [11] [11]

t r=4,J=2 r=4,J=3 r=5J=2 r=4J=3 r=5J=2
0.0 1.09%x10° 797x1077 362x10"7 88x10°° 6.6 x 1076
0.1 438x107% 1.73x1077 487x10"% 88x107° 7.7x10°6
0.2 153x107% 209x1077 234x107'2 89x107° 89x10°6
0.8 665x1077 190x1077 1.03x1077 93x107°> 1.0x107°
0.4 316x1076 412x107% 138x1077 96x10"° 1.1x107°
0.5 386x107% 1.13x1077 1.11x1077 1.1x107° 1.9 x 107°
0.6 314x107% 7.89x10% 7.74x10"% 1.2x107* 1.9 x 1075
0.7 1.98x107% 173x1077 924x10°% 1.1x107* 18x10°°
0.8 256x107% 179x1077 1.16x1077 1.1x10"* 1.7x10°°
0.9 347x107% 145x1077 130x1077 1.1x107% 1.7x107°
1.0 460x107% 245x10~7 1.62x10~7 1.1 x10~* 1.6 x 107°

Example 4. The problem, [11]
y'(z) =2 — 4y(=),

y(0) =0, y/(1) =sin(2). (46)

has the exact solution y(x) = sin (2x). The absolute values of error in some points
are shown in Table 4.
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Table 4. Absolute values of error for Example 4.

AWGM AWGM AWGM [11] [11]

t r=4,J=2 r=4J=3 r=5J=2 r=4J=3 r=7,J=1
0.0 210x10% 6.63x1078 228 x 107 2.8x10°° 47 %1077
0.2 258x107° 875x1077 1.06x10"7 26x10"° 43x10°7
0.4 110x107% 1.15x107% 351 x107% 20x10"®> 32x107"
0.6 561x107% 649x1077 1.88x1077 45x107®> 1.5x107"
0.8 2.04x107% 3.04x107% 791x10"% 48x107° 1.9 x 10~8
1.0 504%x107% 159x 1077 549x1077 42x107° 1.6 x 1077

Acknowledgements. In this paper we presented the numerical schemes for
solving the nonlinear differential equations. This technique is based on the Alpert
multiwavelets and Galerkin method. The numerical results given in the previous
section demonstrate the accuracy of these schemes. The obtained results showed
that this technique can solve the problem effectively. We believe that this method
may be applied to more complicated problems. This will hopefully be taken up
in our future studies. Also the numerical test problems illustrate that this type of
multiwavelets is better than other types.
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