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ABSTRACT. The main aim of this paper is to study the strong convergence of
finite-step iteration scheme for a finite family of generalized asymptotically quasi-
nonexpansive mappings in the framework of CAT(0) spaces. The said iteration
scheme includes modified Mann and Ishikawa iterations, the three-step iteration
scheme of Xu and Noor and the scheme of Khan, Domlo and Fukhar-ud-din as
special cases in Banach spaces. Our results extend and generalize many known
results from the previous work given in the existing literature.
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1. INTRODUCTION AND PRELIMINARIES

Let T be a self map on a nonempty subset K of a metric space (X, d). Denote the
set of fixed points of T' by F(T) = {z € K : T(z) = z}. We say that a mapping
T: K — K is said to be:

(1) asymptotically nonexpansive [2] if there exists a sequence {u,} C [0, 00) with
lim,, o0 U, = 0 such that

ATz, T"y) < (1+u)d(z,y), (1)
for all x,y € K and n > 1;

(2) asymptotically quasi-nonexpansive if F(T') # () and there exists a sequence
{un} C [0,00) with lim,,,~ u, = 0 such that

d(T"z,p) < (14 un)d(z,p), (2)
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forallz € K,pe F(T) and n > 1,

(3) generalized asymptotically quasi-nonexpansive [3] if F'(T') # () and there exist
two sequences of real numbers {u,, } and {s,} with lim,_,o u,, = 0 = lim,,_, s, such
that

d(T"z,p) < (1+up)d(z,p)+ sn, (3)
forallz € K,pe€ F(T) and n > 1,
(4) uniformly L-Lipschitzian if there exists a constant L > 0 such that
d(T"x, T"y) < Ld(z,y), (4)
for all z,y € K and n > 1;

(5) semi-compact if for any bounded sequence {z,} in K with d(z,,Tz,) — 0
as n — oo, there is a convergent subsequence of {x,}.

If in definition (3), s, = 0 for all n > 1, then T becomes asymptotically quasi-
nonexpansive, and hence the class of generalized asymptotically quasi-nonexpansive
maps includes the class of asymptotically quasi-nonexpansive maps.

Let {z,} be a sequence in a metric space (X, d) and let K be a nonempty subset
of X. We say that the sequence {x,} is:

(6) of monotone type (A) with respect to K if for each p € K, there exist two
sequences {a,} and {b,} of nonnegative real numbers such that » °,a, < oo,
Y02 1 by < o0 and

d($n+1,P) < (1 + an)d(mn7p) + by, (5)

(7) of monotone type (B) with respect to K if for each p € K, there exist two
sequences {a,} and {b,} of nonnegative real numbers such that Y 7, a, < oo,
>0 1 by < oo and

d(xpt1, K) < (14 an)d(xn, K) + by, (6)

(see also [34]).
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From the above definitions, it is clear that a sequence of monotone type (A) is a
sequence of monotone type (B) but the converse does not hold in general.

The purpose of this paper is to extend Khan-Domlo-Fukhar-ud-din’s [4] results
to a special kind of metric space, namely, C AT'(0) space.

CAT(0)space. A metric space X is a CAT(0) space if it is geodesically con-
nected and if every geodesic triangle in X is at least as ’thin’ as its comparison
triangle in the Euclidean plane. It is well known that any complete, simply con-
nected Riemannian manifold having non-positive sectional curvature is a CAT(0)
space. Other examples include Pre-Hilbert spaces (see [16]), R-trees (see [26]), Eu-
clidean buildings (see [17]), the complex Hilbert ball with a hyperbolic metric (see
[23]), and many others. For a thorough discussion of these spaces and of the funda-
mental role they play in geometry, we refer the reader to Bridson and Haefliger [16].

Fixed point theory in CAT(0) spaces was first studied by Kirk (see [27, 28]).
He showed that every nonexpansive (single-valued) mapping defined on a bounded
closed convex subset of a complete CAT(0) space always has a fixed point. Since
then, the fixed point theory for single-valued and multi-valued mappings in CAT(0)
spaces has been rapidly developed, and many papers have appeared (see, e.g., [15],
[19]-[22], [24], [29]-[33] and the references therein). It is worth mentioning that the
results in CAT(0) spaces can be applied to any CAT (k) space with k£ < 0 since any
CAT (k) space is a CAT(K') space for every k' > k (see,e.g., [16]).

Let (X, d) be a metric space. A geodesic path joining x € X to y € X (or, more
briefly, a geodesic from x to y) is a map ¢ from a closed interval [0,/] C R to X such
that ¢(0) = z, ¢(l) = y and let d(c(t), e(t')) = [t —¢/| for all ¢, ¢' € [0,1]. In particular,
c is an isometry, and d(z,y) = [. The image « of ¢ is called a geodesic (or metric)
segment joining x and y. We say X is (i) a geodesic space if any two points of X
are joined by a geodesic and (ii) uniquely geodesic if there is exactly one geodesic
joining = and y for each z,y € X, which we will denote by [z, y], called the segment
joining x to y.

A geodesic triangle A(x1,x2,23) in a geodesic metric space (X, d) consists of
three points in X (the vertices of A) and a geodesic segment between each pair of ver-
tices (the edges of ). A comparison triangle for the geodesic triangle A(x1, x2, x3)
in (X,d) is a triangle A(z1,z2,73) := A(T1,72,73) in R? such that dg:(77,7;) =
d(z;,z;) for i,j € {1,2,3}. Such a triangle always exists (see [16]).
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A geodesic metric space is said to be a CAT'(0) space if all geodesic triangles of
appropriate size satisfy the following C' AT'(0) comparison axiom.

Let A be a geodesic triangle in X, and let A C R? be a comparison triangle
for A. Then A is said to satisfy the CAT(0) inequality if for all z,y € A and all
comparison points T,7 € A,

d(xvy) < dR2(§7@)' (7)

Complete CAT'(0) spaces are often called Hadamard spaces (see [13]). If z,y1, y2
are points of a CAT(0) space and yp is the midpoint of the segment [y1,y2] which
we will denote by (y1 @ y2)/2, then the C AT(0) inequality implies

Y1 D 1 1 1
d2<$, ! 5 yz) < §d2($,y1) + §d2($,y2) - 1d2(y1,y2)~ (8)

The inequality (8) is the (CN) inequality of Bruhat and Tits [18]. The above
inequality was extended in [21] as

P(z,ar® (1 —a)y) < ad(z,2)+ (1 —a)d*(z,y)
—a(l - a)d*(z,y) (9)

for any o € [0,1] and z,y, 2z € X.

Let us recall that a geodesic metric space is a CAT(0) space if and only if
it satisfies the (CN) inequality (see [[16], p.163]). Moreover, if X is a CAT(0)
metric space and x,y € X, then for any a € [0, 1], there exists a unique point
ar @ (1 — a)y € [z, y] such that

dz,ar @ (1 —a)y) < ad(z,z)+ (1 —a)d(z,y), (10)

for any z € X and [z,y] = {az® (1 —a)y : a € [0,1]}.

In view of the above inequality, CAT(0) spaces have Takahashi’s [14] convex
structure W(z,y,a) = axr & (1 — a)y. A subset K of a CAT(0) space X is convex
if for any =,y € K, we have [z,y] C K.

Various iteration processes have been studied for an asymptotically nonexpansive
mapping 7' (and their generalizations asymptotically quasi-nonexpansive map etc.)
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on a convex subset K of a normed space E. Schu [9] considered the following
modified Mann iteration

{.%'1 € K, (11)

Tnt1 = (1 —an)xn + apnTay, n > 1,

where {a;,} is a real sequence in the interval (0, 1).

Fukhar-ud-din and Khan [1] have studied the modified Ishikawa iteration:

r1 € K,
Tnt+1 = (1 — ap(1))Tn + a0y T"Yn, (12)
yn = (1 — Oén(g))l'n + Ozn(Q)Tnl'n, n>1,

where 0 < (1), a2y < 1, such that {a,)} is bounded away from 0 and 1 and
{ay(2)} is bounded away from 1.

Xu and Noor [11] introduced and studied a three-step iteration scheme. Khan
et al. [4] have defined a general iteration scheme for a finite family of maps which
extend the scheme of Khan and Takahashi [5] and the three-step iteration scheme
of Xu and Noor [11] simultaneously, as follows:

Throughout this paper, we will use I = {1,2,...,r}, where r > 1. Suppose
that a;, € [0,1], n > 1 and i € I. Let {T; : ¢ € I} be a family of asymptotically
quasi-nonexpansive self-maps of K. Let x; € K. The scheme introduced in [4] is

Tn+l = (1 - arn)xn + O‘rnTrny(r—l)ny
Yor—1)n = (1- O‘(r—l)n)xn + O‘(r—l)nTvzz—ly(r—Q)m
(13)
Yon = (1 - a2n)$n + O‘QnTényln,

Yin = (1 — c1n)zp + a1 T @p, n > 1.

Very recently, inspired by the scheme (13) and the work in [4], Xiao et al. [10]
have introduced (r + 1)-step iteration scheme with error term and studied its strong
convergence under weaker boundary conditions.

The existence of fixed (common fixed) points of one (or two maps or family of
maps) is not known in many situations. So the approximation of fixed points (com-
mon fixed) of one or more nonexpansive, asymptotically nonexpansive, asymptoti-
cally quasi-nonexpansive maps by various iterations have been extensively studied
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in Banach spaces, convex metric spaces and CAT(0) spaces (see [1], [3]-[11], [12],
[15], [20]-[21], [24]-[25], [29], [32]-[33]).

We now translate the scheme (13) from the normed space setting to the more
general setup of CAT(0) space as follows:

xr1 € K, Tpyl = Un(r).%n, n > 1, (14)

where
( Un(o) = I, the identity map,

UnyT = (1 = ap1))z © a1 Upo)T,

Un(rfl)x =(1- an(rfl))x @ O‘n(rfl)TzlflUn(rfﬂxv

\ Un(r)x = (1 - O‘n(r))x ©® O‘n(r)T;LUn(r—l)x> n =1,
where 0 < a,(; < 1 for each 7 € I.

In a CAT(0) space, the scheme (14) provides analogues of:

(i) the scheme (11) if r =1 and T = T}

(ii) the scheme (12) if r =2 and T} = T> =T and

(iii) the Xu and Noor [11] iteration scheme if r =3, 71 =T, = T3 =T.

In this paper, we establish strong convergence theorems for the iteration scheme
(14) to converge to common fixed point of a finite family of generalized asymptoti-
cally quasi-nonexpansive mappings in the framework of C AT (0) spaces. Our result
extends as well as refines the corresponding results of [1], [3]-[11], [24] and many

others.
We need the following useful lemmas to prove our convergence results.

Lemma 1. (See [31]) Let X be a CAT(0) space.

(i) For z, y € X and t € [0, 1], there exists a unique point z € [z, y] such that
d(w, 2) = td(z,y) and d(y, 2) = (1—t)d(z, y). (4)

We use the notation (1 — t)x @ ty for the unique point z satisfying (A).
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(ii) For z,y € X and t € [0, 1], we have

Lemma 2. (See [4]) Let {pn}, {an}, {rn} be three sequences of nonnegative real
numbers satisfying the following conditions:

o oo
Pnt+1 < (1+Qn)pn+rm n >0, ZQn < 00, Zrn < Q.
n=0 n=0

Then
(i) imy, 00 Py, €xists.

(ii) In addition, if iminf, o p, = 0, then lim, o pp = 0.

2. MAIN RESULTS

In this section, we prove strong convergence theorems of finite-step iteration scheme
(14) for a finite family of generalized asymptotically quasi-nonexpansive mappings
in the framework of CAT(0) spaces.

Theorem 3. Let X be a complete CAT(0) space and let K be a nonempty closed
convez subset of X. Let {T; : i € I} be a finite family of generalized asymptoti-
cally quasi-nonexpansive self-maps on K with sequences {un}, {sn@)} C [0,00) for
each i € I, respectively, such that > o7, Up(;) < 00 and Yoy Sp(i) < 00. Assume
that F = N_F(T;) is closed. Let {z,} be the general iteration scheme defined
by (14). Then the sequence {x,} is of monotone type (A) and monotone type (B)
with respect to F'. Moreover, {x,} converges strongly to a point in F if and only if
liminf,, o d(2n, F') = 0, where d(z, F) = infp,ep{d(z,p)}.

Proof. The necessity is obvious and so it is omitted. Now, we prove the sufficiency.
For any p € F, from (3), (14) and Lemma 2.1(ii), we have

d(Un)Tn,p) = d((1 — an@))®n ® o110, p)
< (I —apm))d (wmp) + a1y d(17' T, p)
< (1= an@))d(@n, p) + an)y[(1 + ty1))d(Tn, ) + sp(1)]
< (14 upa))d(@n, p) + anysn()
= (1+ un(l )d(xn,p) + A1), (15)
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where A, (1) = a,1)Sp(1), since by assumption Yoy Sp(1) < 00, it follows that
Z;ozl An(l) < 0.

Again from (3), (14), Lemma 2.1(ii) and using (15), we obtain

d(Up@)Tn,p) = d((1 = ap2))n @ an@)T3 Up)Tn, p)
< (1= ane)d(@n, p) + an@)d(T5' U1y Tn, p)
< (1= an@)d(@n, p) + an@)[(1 + tp@2))d(Un1)Tn, P) + Sn(2)]
< (1= an@))d(zn, p) + an2) (1 + un@))d(Un1)Tn, P) + Qn(2)Sn(2)
< (1= an@)d(@n, ) + ang) (1 + tn2) [(1 4 up))d(@n, p) + An))

)
< (T g 1)) (14 Un(2))d(Tn, ) + a2y (1 + up2)) An1) + n2)sn(2)
+ Un(2) F Un(1)Un(2))d(Zn, D) + p(2) (1 + Un(2)) An(1)

Il
_
+
IS

3

)
—|—Oén(2)8 (2
)

)
< (I +tp@))d(@n, p) + Ane), (16)

where t,,(2) = (1) + Un(2) T Un(1)Un(2) a0 Ay (2) = p(2) (14 Un2)) Ap(1) + On(2)Sn(2)s
since by assumptions Y7 a1y < 00, Y07 Upg) < 00, ZOO Sn(2) < 00 and

> omey Apr) < 00, it follows that Y0 | t,5) < oo and Y 22 Aym) < 0.

Further using (3), (14), Lemma 2.1(ii) and (17), we obtain

d(Up@)Tn,p) = d((1 = ap3))Tn © ay3) 15 Up@2)Tn, p)

< (1= ap@))d(@n, p) + anE)d(13Uy2) 0, p)

< (1= an@)d(@n, p) + ap@)[(1 + tn3))d(Upn@)Tn, ) + Sne3)l

< (1= an)d(@n, p) + an@) (1 + ty3))d(Un2)Tn, P) + n3)Sn(3)

< (1= an))d(@n, p) + ap@) (1 + un@))[(1 + o)) d(@n, p) + Ap)
T (3)Sn(3)

< (I un)) (1 + b)) d(@n, p) + ) (1 + Unz)) Anga) + Qn(3)Sn(3)

= (L4 @) + ta@ T Un@)tn(@)d(@n, p) + @) (1 + tn(3) An)
0 (3)Sn(3)

< (14 tn(g))d(xn,p) + An)s (17)

where t,,(3) = Up(3) + tn(2) + Un3)tn2) and Ayz) = a3y (1 + Un3)) An2) + On(3)Sn(3),
since by assumptions Y >° u,g) < oo, ZZO 1oy < 00, Z;’O 15n@3) < oo and
> meq Ang2) < 00, it follows that 37 | £,,3) < 0o and Y7 | A3y < oo. Continuing
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the above process, using (3), (14) and Lemma 2.1(ii), we get

d(rpt1,p) = d((1 = an@))Tn © ap) I Up(p—1)Tn, D)

< (1= an@)d(@n, p) + Ay d(17 Uy (r—1)Tn, )

< (1= an@)d(@n, p) + anr)[(1 + tn(r)) d(Unr—1)Tn: P) + Sn(r)]

< (1= ape)d(@n, p) + an) (1 + () A(Up(r—1)Tn, P) + () Snr)

< (1= ane)d(@n, p) + ape) (1 + @) [(1+ the—1))d(Zn, p) + Ape—1))
TQn(r)Sn(r)

< (X F U)X+ tpr-1)) (@0, P) + Q) (L + Un(e)) An(r—1) + Q) Sn(r)

= (14 unpr) + tne—1) T Un(r)tn—1))d(Tn, P) + ey (14 tpny) Ap e
() Sn(r)

< (I +tue))d(@n, p) + Angr), (18)

where tn(r) = (1 +un(r) +tn(r71) +un(r)tn(r71)) and An(r) = an(r)(l +un(7‘))An(r71) +
QU (1) Sn(r), Since by assumptions Y 07 | ) < 00, Y07 ty(ro1) < 00, D07 Sp(p) <
oo and Y07 | Ayr_q) < 00, it follows that Y7 | ¢,y < oo and Y 2 A,y < 00
Now, from (18), we get

d(-rnJrl,p) < (1 + tn(r))d(wmp) + An(r)a (19)

d($n+1a F) < (1 + tn(r))d(xn7 F) + An('r)' (20)

These inequalities, respectively, prove that {x,} is a sequence of monotone type (A)
and monotone type (B) with respect to F.

Now, we prove that {x,} converges strongly to a point in F if and only if
liminf, o d(zy, F) = 0.

If x, —» p € F, then lim,_,o d(x,,p) = 0. Since 0 < d(zp, F) < d(zp,p), we
have liminf,,_,o d(zy, F) = 0.

Conversely, suppose that liminf,, . d(z,, F)) = 0. Applying Lemma 2.1 in equa-
tion (19), we have that lim,,_,o d(zy, F') exists. Further, by hypothesis lim inf,,_,,
d(xn, F) = 0, we conclude that lim,,_,o d(zy, F') = 0. Next, we show that {x,} is a
Cauchy sequence.
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Since 1 4+ z < e® for x > 0, therefore from (18), we have

d<xn+m7p) < (1 + tn+m—1(r))d(xn+m—17p) + An+m—1(r)
< etn+m_l(r)d(35n+m—lvp) + An+m71(r)
< elntm=1(r) [etn+7rL72(r)d($n+mf2ap) + An-{—m—?(r)]
+An+m—1(7‘)
< e{tn+m—1(r)+tn+m—2(7‘)}d(In+m_27 p)
+€tn+m_1(” [An+m72(7') + An+m71(7‘)}
<
n+m—1 n+m—1 ntm-l
< {e kan tk<r>}d(xmp) + {ezk:”“ t’“”)}( Z Ak(r))
k=n
et et n+m—1
< {ezk:n t’f(”}d(xn,p) + {e h=n tk(r)}( > Ak(r))- (21
k=n
Let M = eXitn (). Then 0 < M < oo and
n+m—1
A@npmp) < Md(wa,p)+M( D Aygy), (22)
k=n

for the natural numbers m,n and p € F. Since lim,_ o d(xy,, F) = 0, therefore
for any £ > 0, there exists a natural number ngy such that d(z,, F) < ¢/8M and
St 1A (r) < €/4M for all n > ng. So, we can find p* € F such that d(z,,,p*) <
e/4AM. Hence7 for all n > ng and m > 1, we have

d(xn—i-mv xn) < d(xn—i—mup*) + d(l'nvp*)

< Md<xnoyp*) +M Z Ak(r)

k=ng

—i—Md(an,p*) +M Z Ak(r)

k—no
= 2M( wnmp Z Ak(r)
k=ng
< M(——+-) == (23)

AM ~ 4AM

This proves that {x,} is a Cauchy sequence. Thus, the completeness of X implies
that {z,} must be convergent. Assume that lim, , z, = z. Since K is closed,
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therefore z € K. Next, we show that z € F. Now, the following two inequalities:

d(z,p) < d(z,z,)+d(zn,p), VpeF, n>1,

d(z,z,) < d(z,p)+d(zn,p), YpeEF, n>1,
give
—d(z,xyp) <d(z,F) —d(zn, F) < d(z,zy), n > 1. (24)
That is,
|d(z, F) —d(xn, F)| < d(z,z,), n>1. (25)

As limy, 00 , = z and lim,,—, o d(xy,, F)) = 0, we conclude that z € F, that is, {z,}
converges strongly to a point in F'. This completes the proof.

We deduce some results from Theorem 3 as follows.

Corollary 4. Let X be a complete CAT(0) space and let K be a nonempty closed
convez subset of X. Let {T; :i € 1} be a finite family of generalized asymptotically
quasi-nonexpansive self-maps on K with sequences {uy )}, {5n3:)} C [0,00) for each
i € I, respectively, such that Y )°  upqy < 00 and Y 7 s,y < 00. Assume that
F =nNI_,F(T;) is closed. Let {xy,} be the general iteration scheme defined by (14).
Then the sequence {x,} converges strongly to a point p in F if and only there exists
some subsequence {y,} of {xn} which converges to a point p € F.

Corollary 5. Let X be a complete CAT(0) space and let K be a nonempty closed
convez subset of X. Let {T; : i € I} be a finite family of asymptotically quasi-
nonezxpansive self-maps on K with sequences {u, )} C [0,00) for each i € I such
that Y702 | upy < 0o. Assume that F = N;_ F(T;) is closed. Let {xy} be the general
iteration scheme defined by (14). Then the sequence {x,} converges strongly to a
point in F if and only if liminf,,_, . d(z,, F)) = 0.

Proof. The proof of Corollary 5 follows from Theorem 3 with s, ;) = 0 for each ¢ € I
and for all n > 1. This completes the proof.

Corollary 6. Let X be a Banach space and let K be a nonempty closed convex subset
of X. Let {T; : i € I} be a finite family of asymptotically quasi-nonexpansive self-
maps on K with sequences {uy;} C [0,00) for eachi € I such that Sy Up (i) < 00.
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Assume that F = N_F(T;) is closed. Let {x,} be the general iteration scheme
defined by (14). Then the sequence {x,} is of monotone type (A) and monotone
type (B) with respect to F'. Moreover, {z,} converges strongly to a point in F if and
only if liminf,,_ o d(zy, F) = 0.

Proof. The proof of Corollary 6 follows from Corollary 5 by setting Az @ (1 — )y =
Az + (1 — A)y. This completes the proof.

Theorem 7. Let X be a complete CAT(0) space and let K be a nonempty closed
convez subset of X. Let {T; : i € I} be a finite family of uniformly L-Lipschitzian
and generalized asymptotically quasi-nonexpansive self-maps on K with sequences
{un@iy}s {8n@)} C [0,00) for each i € I, respectively, such that Y22 | un;) < 0o and
> me1 Sn() < 00. Assume that F = 0j_F(T;) # 0. Let {x,} be the general iteration
scheme defined by (14) with 0 < § < apy < 1 -6 for some 6 € (0, %) Then the
sequence {x,} converges to p € F provided lim, o0 d(xp, Tix,) = 0, for each i € T
and one member of the family {T; : i € I} is semi-compact.

Proof. Without loss of generality, we assume that T3 is semi-compact. Then, there
exists a subsequence {xn;} of {x,} such that z,,;, — ¢ € K. Hence, for any i € I,
we have

d(Q7 Tz ) d(q7 .T}n]-) + d(‘rnj i Tlxn]) + d(Tlx’rL] ’ TZQ)

<
< (1 + L)d(q, .%'nj) + d(xn]'7Tixnj) — 0.

Thus ¢ € F. By Lemma 2 and Theorem 3, z,, — ¢. This shows that {z, } converges
to a point in F. This completes the proof.

Theorem 8. Let X be a complete CAT(0) space and let K be a nonempty closed
convex subset of X. Let {T; : i € I} be a finite family of uniformly L-Lipschitzian
and generalized asymptotically quasi-nonerpansive self-maps on K with sequences
{tn@i }> {sn@)} C [0,00) for each i € I, respectively, such that Y )7 ;) < 00
and Y07 sp(y < 00. Assume that F = (_ F(T;) # 0. Let {x,} be the general
iteration scheme defined by (14) with 0 < § < apiy < 1 =3 for some 6 € (0, %)
Suppose that the mappings {T; : i € I} for each i € I satisfy the following conditions:

(i) imy, 00 d(zp, Tizyn) = 0 for each i € I;

(ii) there exists a constant A > 0 such that d(xy, Tizy) > Ad(zy, F) for each
i €1 and for allm > 1.

Then {x,} converges strongly to a point in F.
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Proof. From conditions (i) and (ii), we have lim,, o d(x,, F)) = 0, it follows as in
the proof of Theorem 3, that {x,} must converges strongly to a point in F. This
completes the proof.

Remark 1. (1) The approzimation result about
(i) modified Mann iterations in [9] in Hilbert spaces,
(ii) modified Ishikawa iterations in Banach spaces [1, 5, 6], and

(iii) the three-step iteration scheme in uniformly convexr Banach spaces from
[4, 8, 11] are immediate consequences of our results.

(2) Our results also extend the results of Khan et al. [24] to the case of more
general class of asymptotically quasi-nonexpansive mappings consider in this paper.

(3) Theorem 7 generalizes Theorem 3.2 of Xiao et al. [10] in the setup of CAT(0)
spaces.

(4) Our results also generalize the results of [3] in the setup of CAT(0) spaces.

Remark 2. Any CAT(k) space is a CAT(K') space for every k' > k (see [16],
p.165), therefore the results in this paper can be applied to any CAT(k) space with
k <0.
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