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LIE ALGEBRA BUNDLES OF FINITE TYPE
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ABSTRACT. In this paper, we study some homotopic properties of Lie algebra
bundles over a compact Hausdorff space. Further we give a bijection between Lie
algebra bundles of finite type over a general topological space and finitely generated
projective Lie rings over the ring of continuous functions on the base space.
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1. INTRODUCTION

A weak Lie algebra bundle is a vector bundle ¢ = (§,p, X), together with a
morphism 0 : £ @ £ — £ which induces Lie algebra structure on each fibre &,.

A Lie algebra bundle is a vector bundle £ = (£, p, X) in which each fibre is
Lie algebra and for each x in X there exist an open neighborhood U of z in X,
a Lie algebra L and a homeomorphism ® : U x L — p~1(U) such that restriction
®, : x x L — p~1(x) is Lie algebra isomorphism.

A subalgebra bundle of a Lie algebra bundle is a vector subbundle in which each
fibre is a subalgebra. Further if each fibre is an ideal then it is called an ideal bundle.

A morphism ¢ : £ — ¢ of Lie algebra bundles £ and ¢ over the same base space
X is continuous and for each x in X, ¢, : & — (, is a Lie algebra homomorphism.
A morphism ¢ is an isomorphism if ¢ is bijective and ¢! is continuous.

Conventions: All the underlying vector spaces of the fibres are finite dimen-
sional over a field of characteristic zero. All our bundles and subbundles are over
the compact Hausdorff space unless otherwise stated.
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2. HOMOTOPIC PROPERTIES OF LIE ALGEBRA BUNDLES

In [6], we defined the pullback of a Lie algebra bundle to be

Definition 1. Let & be a Lie algebra bundle over X and f :Y — X is a continuous
map, then we define pullback of & to be f*(§) = (£*,p*,Y), where & = {(y,u) €
Y x &) f(y) = p(u)}.

We also have obtained the following results.

Lemma 1. Let £ be a Lie algebra bundle over a topological space X, and let g : Y —
X be a continuous map. Then, the induced bundle g*(§) is a Lie algebra bundle over
Y.

Lemma 2. Let Y be closed subspace of a compact space X, and & is a Lie algebra
bundle over X. Then any section s : Y — €|y can be extended to X .

Lemma 3. Let Y be a closed subspace of a compact space X, and let & and n are Lie
algebra bundles over X. If f : &ly — nly is an isomorphism, then there exists an
open set U containing Y and an extension f : &|y — n|y which is an isomorphism.

Lemma 4. LetY be a compact Hausdorff space, f; : Y — X (0 <t < 1) a homotopy
and let & be a Lie algebra bundle over X. Then f5(§) = fi(§).

Now we proceed to obtain few more results in this direction.

Lemma 5. Given a pair of continuous maps Z i> Y % X and a Lie algebra bundle
& = (& p, X) there is an isomorphism of Lie algebra bundles between f*(g*(§)) and
(g0 f)*(&) over Z.

Proof. We have

(g0 f)" (&) ={(zu) € Z x&] g(f(2)) = p(u)}

and

f(g7(8) {(z,0) € Zxg"(&) | f(2) = q(v)}

{(z,(y,0)) € Zx (Y x &) [ g(y) = p(v), f(2) = y}
= {2 (f(@),v) [ 9(f(2)) = p(v)}.

The map (z,u) — (z,(f(2),u)) is a Lie algebra bundle isomorphism from (g o

F)7(€) to f*(g"(€))-

Let Lie(X) denote the isomorphism class of Lie algebra bundles over X.
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Lemma 6. If f : X — Y is a homotopy equivalence, then f*: Lie(Y) — Lie(X) is
bijective. If X 1is contractible, every Lie algebra bundle over X is trivial bundle.

Proof. Consider a Lie algebra bundle £ over X and 7 a Lie algebra bundle over Y.

Let g be the homotopic inverse of f, then there exist a homotopy H : X xI — X
such that H|x. g = go f and H|x.qy = Idx. Then by Lemma (4) we have
Hi(€) = Hf(§), ie, (go f)*(§) =&, and so f* o ¢g*(§) = £ Similary we can have
a homotopy G : Y x I — Y such that Gly.qoy = fog and Gly g1y = Idy, with
Gi(n) = Gi(n), i.e, (fog)*(n) =n, and so g* o f*(n) =n. Thus f* has two sided
inverse and hence f* is bijective.

For the second part we have the space X is contractible, so we have a homotopy
H : X x I — X such that H|x,(0y = Idx and H|x.{1} = o (a constant map).
Since H§(§) = H{(§), but Hi(§) = £ and

Hik(g) = U €x0
zeX
= X X &,

Thus any Lie algebra bundle over a contractible space X is a trivial bundle.

Lemma 7. If £ is a Lie algebra bundle over X x I, and 7 : X x I — X x {0} is the
projection, & is isomorphic to 7™ (&|xx0)-

Proof. Define a homotopy H : (X xI)x I — X xI by H(x,s,t) = (x,st). Then
H|X><I><{0} = m and H|X><I><{1} = Idxxy. Thus

T (€lxx0) = Ho(§) = Hi(§) = ¢

Definition 2. If Y is a closed subspace of a compact space X and & is a Lie al-
gebra bundle over X and o : €|y — Y x L is an isomorphism, then we call o is a
trivialization of & overY .

Lemma 8. A trivialization a of a Lie algebra bundle € over Y C X defines a Lie
algebra bundle £/a over X /Y. The isomorphism class of £/« depends only on the
homotopy class c.

Proof. Step 1: To define the Lie algebra bundle £/« over X/Y, let us consider the
projection 7 : Y x L — L and we define an equivalence relation on &|y as follows,
for any e,e’ € £/Y by e ~ € if and only if Ta(e) = ma(e’). We extend this relation
to&/X —Y by e~ ¢ if and only if e = ¢'. Let ¢/a denote the set of all equivalence
classes induced by this equivalence relation with the quotient topology.
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Since X/Y is obtained by considering Y as a single point {Y'}. We need to verify
the local triviality at the base point {Y'} of X/Y.

As « is a trivialization of £ over Y, o : €|y — Y X L is an isomorphism. Since
X is a compact Hausdorff and Y is a closed subspace of X, there exist an open
set U containing Y and an isomorphism « : {|y — U x L. Then it will induce an
isomorphism

&/a)lu), = (Uly) x L,

which will give the local triviality at Y. Thus {/a is an Lie algebra bundle over
X/Y.

Step 2: Suppose ag and a7 are homotopic trivializations of £ over Y. Then there
exist a homotopy trivialization 8 of £ x I over Y x I C X x I such that

a0 = Blyxqoy : € X Iy xqoy = Y x {0} x L

and
a1 = Blyxqy 1 EX Iyxqy = Y x {1} x L.
Now consider f : (X/Y) x I — (X x I)/(Y x I) be canonical map. Since
B is a trivialization of & x I over Y x I, £ x I/f is a Lie algebra bundle over
(X x I)/(Y x I). Thus f*(¢ x I)/B is a Lie algebra bundle over (X/Y) x I whose
restriction to (X/Y) x {0} is £/ and (X/Y) x {1} is {/a;. Since o and «; are
homotopic trivialization it follows that

§/ag =E/aq

Consider &; be Lie algebra bundle over X; for i = 1,2. Let X = X;J X5 and
A=X1NXe2 If o:&]a — &|a is an isomorphism then we can construct the Lie
algebra bundle £ = & UQD & over X.

We identify the element e; € &1]a4 with ¢(e;) € &|a. The topological space
& U@ &y is the quotient of the disjoint union of & and & with the equivalence
relation which identifies e; € &1|4 with ¢(e1) € &2|4. Then

GlUe=0 U vl |J @ull &),

reX1—A reXo—A zeA

where £, = {e ~ p(e)| e € &1}

To check the local triviality of &1 [, &2

The local triviality for points in X; — A and X5 — A follows from that of & and
& respectively. So we need to check the local triviality at the points of A.
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Let a € A, and V; be closed neighbourhood of a in X7 over which & is trivial.
Then we have an isomorphism

Y1 : &1y, = Vi x L.
Restricting this isomorphism to A, we have
Ut &vina = (VinA) x L.
Let 1%4 = (¢fl o 90_1)|VmA. Then
3 s Galvina = (ViNA) x L

is an isomorphism. Since V1N A is closed in X5 there exists an open set V5 containing
Vi N A such that ¥4 extends to an isomorphism

@ZJQ : €2|V2 — Vé x L.
Then 1 and 1 together with defines an isomorphism

=1 Ja s & J&lvio, = ViUV x L,
¢ ¢
given by

_ ¢1(6)7 ifecér,zelV—A
Me)_{ Pa(e), ifecyxelVa—A

V(e p(e)) = { i(e) =wa(ple)), ifecézecd
which gives the local triviality of £ U, &2

Lemma 9. The isomorphism class of &1 Uso &9 depends only on the homotopy class
of the isomorphism ¢ : 1|4 — &2]a.

Proof. A homotopy of isomorphisms ¢ : 1|4 — &2]4 is defined as an isomorphism
U 81 |axr — 2] axT

where I = [0,1] and 7 : X x [ — X is the projection map. Define a homotopy
fi: X = X xIby fi(x) = (x,t) for all ¢t in I. Let denote

o &1la — &2la

the isomorphism induced from ¥ by f;. Then
aUe=rEaJr ).
et ®

Since f;’s are homotopic we obtain

&1 U§2 =6 U§2-
%20} P1
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3. LIE ALGEBRA BUNDLES AND PROJECTIVE MODULES

J.P. Serre [7] has shown that there is a one to one correspondence between algebraic
vector bundles over an affine variety and finitely generated projective modules over
its co-ordinate ring. Richard G. Swan [8] has shown that a similar correspondence
exists between topological vector bundles over a compact Hausdorff space X and
finitely generated projective modules over the ring of continuous real valued func-
tions on X. Later Goodearl [3] observed that the equivalence holds in the more
general case of paracompact Hausdorff space X if one restricts to the bundle of fi-
nite type (i.e. there exists a finite open covering T of X such that the restriction of
the bundle to each U € T is trivial ).

In 1986, L.N. Vaserstein [9] has extended this result with an appropriate defini-
tion of vector bundles of finite type to an arbitrary topological space X.

Definition 3. A wvector bundle over an arbitrary space X is of finite type if there
is a finite partition S of 1 on X ( that is a finite set S of nonnegative continuous
functions on X whose sum is 1 ) such that the restriction of bundle to the set
{z € X|f(z) # 0} is trivial for each f in S.

Example 1. Any vector bundle over a compact Hausdorff space X is of finite type

Now we proceed to give a bijection between Lie algebra bundles of finite type
over a general topological space X and finitely generated projective Lie rings over
the ring of continuous functions on X.

Definition 4. A module P over a ring R is said to be a Lie ring if there exists a
bilinear mapping [ , |: P x P — P such that

1. [u,u] =0 for all u € P, with Ch(R) # 2,
2. [u, [v,w]] + v, [w, u]] + [w, [u,v]] =0 for all u,v,w in P.

Remark 1. Let us observe that the set of all sections of £ denoted by T'(§) is a Lie
ring, where & = (§,p, X, 0) is a Lie algebra bundle.

Given two sections S1,S : X — £ we define [S1,52] : X — £ by [S1,S2](s) =
0s(S1(s), S2(s)) for all s € X. The mapping [S1,52] : X — &£ is continuous since it
is the following composition X 5185, EBE LN &. Since 0 is the Lie algebra structure
on each fibre will satisfies the condition (i), (ii). Therefore I'(§) forms a Lie ring
over C(X).

Theorem 10. For every Lie ring P which is also finitely generated projective
C(X)—module, there is a Lie algebra bundle of finite type over X with I'(§) = P.
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Proof. Since P is a finitely generated projective module over C(X), P is isomorphic
to the column space of a square hermitian idempotent matrix e = e? = e* over C(X)
[9]. Every finitely generated projective module P over C(X) gives an vector bundle
¢ over X whose fibre at z is just e(z)F.

In [9] L.N.Vaserstein gave a general version of the proof which we will present
here.

& = Uex e(@)FY is locally trivial.

Let z, y € X and call g(z,y) = e(x)e(y) + (I —e(z))(I —e(y)), where I denotes
the identity. Since e(z), e(y) are idempotent, we can have

e(z)g(z,y) = e(z)e(y) = g(x,y)e(y).

Now fix z, since g(z,x) = I, there is an open neighbourhood U of x such that
g(z,y) is invertible for every y € U.
For any y € U we have e(y) = g(z,y)~
isomorphism

Le(z)g(x,y). So over U we get vector bundle

U xe(z)FN 2 ¢ly; (1,0) =% (y, g(x,y) ")

We now show that & = [J,cy e(z)F" is vector bundle of finite type.
Let consider the set Y = {p € M,,(F)| p = p* = p*} which is compact. Therefore
there is a finite partition of unity fi, fa, -, fn such that |p — q| < % whenever

fi(p)fi(q) # 0 for some 1.
The matrix e above can be considered as a continuous map X — Y, the f;oe

make up a finite partition of unity on X.

Now we will show that £ is trivial on every U; = {z € X|f; o e(x) # 0}.

For any x, y € X we consider as above g(z,y) = e(x)e(y) + (I —e(x))(I —e(y))
with e(z)g(z,y) = g(z,y)e(y). Also

g(@,y) = e(@e(y)+ (I —e(@))I —e(y))
= 2e(z)e(y) +1 —e(z) —e(y)
= I+ (e(x) —e(y))(I —2e(y)).

Now, if x,y € U; by definition of f; and U; we have

[

1
l9(2,y) = 1] < le(z) —e()l] —2e(y)] < 5.3=1
Thus g(x,y) is invertible for z,y € U;.

Also for any z,y € U;, we have e(y) = g(z,y) te(z)g(x,y). As above we have
the triviality on Uj;.
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We can give a Lie algebra bundle structure on £ in the following way:

Let I = {a € C(X)|a(z) = 0} be the maximal ideal of C(X) attached to z € X.
Then P/I, P is isomorphic to e(z)(F") given by the mapping G, : P/I,P — e(x)FN
defined by Gyle(fi, fo. -, f) + LP] = e(x)(fu(w), fol), -+ » f(x)) which is an
isomorphism of vector spaces [8].

Given two elements e(x)(s), e(x)(t) € e(x)FY we can define the multiplication

Ou(e(z)(s), e(x)()) = Ga(Gz (e(x)(s)) * G (e(x)(1))),

where “# 7 is the Lie multiplication on P. Hence e(x)(F¥) has the structure of
a Lie algebra as it inherits the Lie multiplication which we denote by 6, from P
and is having a vector space structure over F. Now let us define 8 : £ — £ as
0(u,v) = 0,(u,v), if u, v belong to e(x)(FV).

The continuity of 6 follows from the commutative diagram

U x (e(x)FN x e(2)FN) 2% (J,cp(e(y) FN x e(y)FN)

] !
U x e(x)FN — Uyer e(y)FN

Hence the theorem.

Now we proceed to prove the converse of the above Theorem.

Theorem 11. If £ is Lie algebra bundle of finite type over the base space X, then
['(€) is a Lie ring and finitely generated projective C(X)—module.

Proof. Suppose that P is of the form I'(£), where ¢ is a Lie algebra bundle of finite
type over X, then by P is a Lie ring by Remark (1) and also finitely generated
projective C(X)—module [9)].

Theorem 12. The functor I' from the category of Lie algebra bundles over X and
the category of finitely generated projective C(X)—modules which are also Lie rings
s an equivalence.

Proof. From Theorems (10) and (11), I' induces a bijective map of the isomorphism
classes of the objects in these categories.Further, if ¢ : & — & is a Lie algebra
bundle isomorphism, then we define I'(¢) : I'(&1) — I'(&2) by I'(¢)(S) = ¢ 0.5, which
is a Lie ring isomorphism. Finally given w : P, — P» Lie ring isomorphism, there
exist square hermitian idempotent matrices e; = €? = e} and ey = €3 = ¢} over C(X)
such that P, and P, are isomorphic to the column space of e; and ey respectively.
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But corresponding Lie algebra bundle of finite type are & = [J,cy e1(z)F" and
& = Upex ea(z)FN. Define ¢ : &, — & by g0|81(x)FN = eo(x)FN.
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