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HAAR AND LEGENDRE WAVELETS COLLOCATION METHODS
FOR THE NUMERICAL SOLUTION OF SCHRODINGER AND
WAVE EQUATIONS

H. KHEIRI AND H. GHAFOURI

ABSTRACT. Based on collocation with Haar and Legendre wavelets, two efficient
methods are being proposed for the numerical solution of linear and nonlinear differ-
ential equations. The present method is developed in two stages. In the initial stage,
it is developed for Haar wavelets. In order to obtain higher accuracy, Haar wavelets
are replaced by Legendre wavelets at the second stage. A comparative analysis of
the performance of Legendre wavelets collocation and quintic B-spline collocation
method is carried out. The analysis indicates that there is a higher accuracy ob-
tained by Legendre wavelets decomposition, which is in the form of a multi-resolution
analysis of the function. Through this analysis the solution is found on the coarse
grid points and then refined towards higher accuracy by increasing the level of the
wavelets. A distinct feature of the proposed methods is their simple applicability for
a variety of boundary conditions. Numerical examples show better accuracy of the
proposed method based on Legendre wavelets for a variety of benchmark problems.
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1. INTRODUCTION

Nonlinear wave equations appear in various areas of Physics, Engineering, Biological
Sciences, Geological Sciences and many other places. Recently many new approaches
to nonlinear wave equations have been proposed, for example, tanh-function method
[25, 27], Jocobian elliptic function expansion method [26, 28], F-expansion method
[35], variational iteration method [29, 30], Adomian method [31, 32|, variational
approache [36], and homotopy perturbation method [33, 34] and so on.
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In the recent years the wavelet approach is becoming more popular in the field of
numerical approximations. Different types of wavelets and approximating functions
have been used for this purpose. The examples include Daubechies [13], Battle-
Lemarie [14], B-spline [11], Chebyshev [15], Legendre [16, 17] and Haar wavelets
[10, 12, 18, 19]. On account of their simplicity, Haar wavelets have received the
attention of many researchers. A short introduction to the Haar wavelets and its
applications can be found in [18, 21, 22, 23, 24]. Legendre wavelets, which are
another type of wavelets, use Legendre polynomials as their basis functions. They
have good interpolating properties and give better accuracy for smaller number of
collocation points. Applications of Legendre wavelets for numerical approximations
can be found in the references [4, 5, 20].

The model equation which describes the light wave envelope is given by the well
khown nonlinear Schrodinger equation (NLSE). Let us consider a higher order NLSE
in the form

L= %Eﬁ + %Em —|E*E — %|E|*E + ia1 (|E|*E);, (1)

iE
where E(z,t) is the slowly varying envelope of the electric field, the subscripts z
and t are the spatial and temporal partial derivatives in retard time coordinates,
and [y and ny represent the group velocity dispersion (GVD), and fourth-order
dispersion (FOD), respectively. ~; and 7, are the cubic and quintic nonlinearity
coeflicients, respectively. «q represents the self-steepening effect coefficient. When
By =2 = a; =0, Eq. (1) reduces to the standard NLSE, which describes the
propagation of picosecond pulses in optical fibers.

The objective of this research is to construct a simple collocation method with
the Haar and Legendre basis functions for the numerical solution of wave equation
with initial condition and NLSE with boundary conditions. To test applicability of
the Haar and Legendre wavelets, we apply proposed method for several examples.

2. HAAR WAVELET

The one dimensional Haar wavelet family for « € [0,1) is defined as

1 for z €|, p),
hi(x) =4 —1 for z€[B,7), (2)
0  elsewhere,

where k k+0.5 k1
o= —, 5: . s Y= (3)

m m m
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withm =2/, j=0,1,...,J, M =27 and k =0,1,...,m — 1. The integer j indicates
level of the wavelet and k is translation parameter. The relation between i, m and
k is expressed as ¢ = m + k + 1. In the case with minimal values m =1, k=0, we
have i = 2. The maximal value of 7 is i = 2M = 271,

For ¢ = 1, the function h;(x) is the scaling function for the family of Haar wavelet

is defined as
hl(:c):{l for z €[0,1), (@)

0 elsewhere.

Any square integrable function f(z) in the interval (0,1) can be expressed as an
infinite sum of Haar wavelet as

@)= aihi(a), (5)
=1

where a;,7 = 1,2, ... are the Haar coefficients. The above series terminates as finite
terms if f(z) is piecewise constant or it can be approximated as piecewise constant
during each subinterval.

The following notations are introduced:

pii(x) = /0 hi(x")dx', (6)
Pivt1(x) = /Ozpi,,,(m')d:r', v=12,... (7)

1
cii(x) = / pia(z')da’, (8)
0
These integrals can be evaluated using Eq. (2) and are expressed as follows:

r—a for zé€ln,f),

pi,l(x) = v—ax for ze€|B,y), (9)
0 elsewhere,
Lz — a)? for x € [a,B),
1 1 2
‘ _ pp fi(fy—x) for CCE[B?V)?
pz,2(x) 422 for z € [’Y, 1)7 (10)
0 elsewhere.
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3. LEGENDRE WAVELET

For any positive integer k, the Legendre wavelets family is defined [4] as given below:

/ 1ok 2n—2 2n
0

otherwise,

where n =1,2,...,25"1 and m = 0,1, 2, .... Here, L,,(x) are the Legendre polynomi-
als of order m which are defined on the interval [—1,1]. Legendre polynomials can
be calculated recursively with the help of following relations:

Lo(z) =1, Li(z)==x, (12)
Lo () = (Q:jll)ka(x) - (kil)Lk_l(g;), k=1,2,3,...  (13)

Equivalently, for any positive integer k, we can define the Legendre wavelets family

as:
k n— n
%(x):{ \/m+%22Lm(2kzL‘—2n+1) for x € [22k2,§—), (14)

0 otherwise,

where n = 1,2,...,2F"1 'm =0,1,2,... and i = n+2""!m. Any function f(z) which
is square integrable in the interval (0, 1) can be expanded by Legendre wavelets series
[5] as

oo 2k—1 0o
flz) = Z Z AmnYmn (T) = Zaz¢l($) (15)
m=0 n=1 =1

For approximations, the above series may be truncated and written as follows:
N
F@) =Y anb, (16)
i=1

where N = 2¥"1M and Legendre polynomials used in the approximation are of
degree less than M. The following notations are introduced.

1 _ * 'l’l :L”
M) = /0 i(a!)da, (17)

1/J»V+1($) _ ’/(x/)dx’, vr=12,... (18)

)

0
1
;= 1) de'. 19
¢ /Owc)x (19)
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The best way to understand the wavelets is through a multi-resolution analysis.
Given a function f € Ly(R) a multi-resolution analysis (MRA) of Lo(R) produces
a sequence of subspaces V;,Vj11, ... such that the projections of f onto these spaces
give finer and finer approximations of the function f as j — oo.

Definition 1. (Multi-resolution analysis). A multi-resolution analysis of La(R) is
defined as a sequence of closed subspaces V; C Lo(R), j € Z with the following
properties

(i).cVaicCcWcWvicC..

(it) The spaces Vj satisfy U;cz Vj is dense in Lo(R) and (J;cz V; = 0.

(1ir) If f(x) € Vo, f(27x) € Vj, i.e. the spaces V; are scaled versions of the central
space Vj.

() If f(x) € Vo, f(27z — k) €V}, i.e. all the V; are invariant under translation.
(v) There exists ® € Vi such that ®(x — k); k € Z is a Riesz basis in V.

The space Vj is used to approximate general functions by defining appropriate
projection of these functions onto these spaces. Since the union of all the V; is
dense in Ly(R), so it guarantees that any function in Lo(R) can be approximated
arbitrarily close by such projections. As an example, the space V; can be defined like

J+1
V=W, 10Via=W,10W; 20V, 2=..=PW; oW,
j=1

then the scaling function h; () generates an MRA for the sequence of spaces {V}, j €
Z} by translation and dilation as defined in Eqgs. (2) and (4). For each j the space
W; serves as the orthogonal complement of V; in Vjy1. The space W; include all
the functions in V41 that are orthogonal to all those in V; under some chosen inner

product. The set of functions which from basis for the space W; are called wavelets
[8, 9].

4. HAAR WAVELET COLLOCATION METHOD (HWCM)

To construct a simple and accurate HWCM for the second-order boundary value
problems

f//:¢($7f’f,)a (20)

with boundary conditions

f0)=a,  f(1) =5, (21)



H. Kheiri and H. Ghafouri — Haar and Legendre wavelets collocation methods ...

the wavelet approximations for the highest derivatives of f are given by

2M
(@) =) aihi(). (22)
i=1

The following collocation points are considered:

j-05
YT o

j=1,2,..,2M. (23)

By double integrating of f”(z) we have:

f@»=1A{Amf%mmv=§faAA{Azhxmdm (24)

Then onr
flx)=B—a+) ailpii(e) = cin). (25)
i=1

The value of f(z) can be expressed as

2M
f@)=a+ (B —a)z+ Y ailpia(e) - zcin). (26)
=1

5. LEGENDRE WAVELET COLLOCATION METHOD (LWCM)

To construct better approximation for the second-order boundary value problems

f”:(b(‘ra.ﬂf/)a (27)
with boundary conditions
fO)=a, [f(1)=45, (28)

we switch from Haar wavelet to Legendre wavelets basis. The wavelet approxima-
tions for the highest derivatives of f are given by

N

Fa) = aia). (29)

i=1
The following collocation points are considered:

1—0.5
N )

i=1,2,.. N. (30)

T; =
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By double integrating of f”(z) we have:

= /01 /Ox f(x)dx = Zﬁ;ai/ol /0m Yi(w)dz. (31)

Then
f = _a+zaz 1/11 ) —ci)- (32)
The value of f(x) can be expressed as
N
f(x) = a+ (B —a)z+ ) ai(yi) - zc). (33)
=1

6. ERROR ANALYSIS

In this section we describe the error analysis for proposed methods.

6.1. Haar wavelets

Lemma 1. Assume that f(z) € La(R) with the bounded first derivative on (0,1),
then the error norm at Jth level satisfies the following inequality

| es(z) ||, < G2~@27 (34)

where ej(z) = f(z) — fs(z) and G = C\/ £, is some real constant.

Proof. For proof see [2].

6.2. Legendre wavelets

Lemma 2. Suppose that the function f(x) is piecewise constant or may be approx-
imated as piecewise constant, then we can approzimates f(x) as

2k=1 pr—1

R DD Gimtmi(@) = fu(), (35)

i=1 m=0

then far(x) approximate f(x) with the following error norm

| £) = @) Iz < 37y e sepscion 0 @) (36)

Proof. For proof see [1].
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7. NUMERICAL EXPERIMENTS

In this section, numerical results of six numerical experiments are presented in order
to demonstrate the accuracy of the proposed methods. Performance of the present
methods is compared with the existing method in literature [6].

The notation L., will be used for the maximum absolute errors;
Loo = Max|fj — [}, (37)

where fje and fJ“ are the exact and approximate solution respectively at the jth
collocation point z;, such that for the HWCM we have j = 1,...,2M and for the
LWCM we have j =1,..., N.

Example 1. Consider the general nonlinear wave PDE

In [7] by applying the tanh-coth method, the Eq. (38) is reduced to an ordinary
differential equation (ODE) given by

y = a+ By +y% (39)

where «, B and vy are constants.
If we take a =1, f =0 and v = —1, we have

y =1-v% (40)
with boundary condition y(0) = 0. The exact solution is given by
y(x) = tanh(x). (41)

HWCM and LWCM are applied to this problem and Lo, for different values of J and
N are shown in Table 1. From Table 1 it is clear that LWCM performs much better
than HWCM.

Example 2. If we take in Example 1, a =1, 8 =0 and v = —4, we have

Y =1—4y° (42)
with boundary condition y(0) = 0.
The ezxact solution is given by

tanh(z)

y(x) = 1+ (tanh(z))?

(43)

8
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HWCM and LWCM are applied to this problem and Lo for different values of J
and N are shown in Table 2. The numerical results show that better accuracy can be
achieved for LWCM by increasing the number of collocation points.

Example 3. If we take in Example 1, a =1, § = —2 and v = 2, we have
Y =1-2y+2¢% (44)

with boundary condition y(0) = 0.
The exact solution is given by

_ tan(z)
1+ tan(x)’
HWCM and LWCM are applied to this problem and Loy for different values of J and

N are shown in Table 3. From Table 3 it is clear that LWCM performs much better
than HWCM.

y(z) (45)

Example 3. We solve
y'(x) + (2? — 62 — 1)y (x) + (bz — 2* + 6)y(z) = e — 2® + 5z +6,  (46)

over [0, 1] with boundary conditions y(0) =1, y(1) =1+ e.
Where the analytic solution is

y(z) = xe® + 1. (47)

The LWCM is applied to this problem and Lo for different values of N are shown in
Table 4. It can be seen from Table 4 that the accuracy of the LWCM by increasing
the level of resolution N is increases. The same problem is solved in [6] by using
quintic B-spline collocation method and the mazximum absolute errors recorded there
in are 4.498 x 10~ for the N=80 collocation points whereas the mazimum absolute
errors of our algorithm as listed in Table 4 are 1.415x 10717 for the N=32 collocation
points.

Table 1

Comparison of HWCM and LWCM in term of L., for Example 1.
J 2M HWCM N LWCM
1 4 3.002 x 103 4 1.134 x 1074
2 8 7.801 x 1074 8 1.046 x 1076
3 16 1.971 x 104 16 2.010 x 10712
4 32 4.941 x 107° 32 1.304 x 10716
5 64 1.236 x 10~° 64 1.552 x 1071
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Table 2

Comparison of HWCM and LWCM in term of L., for Example 2.
J oM HWCM N LWCM
1 4 5.273 x 1073 4 3.568 x 1073
2 8 1.501 x 1073 8 1.101 x 10~°
3 16 3.901 x 1074 16 3.318 x 1078
4 32 9.855 x 107° 32 2.033 x 10712
5 64 2.470 x 107° 64 6.539 x 10717

Table 3

Comparison of HWCM and LWCM in term of L., for Example 3.
J oM HWCM N LWCM
1 4 9.544 x 10~3 4 1.155 x 1073
2 8 2.993 x 1073 8 7.433 x 1076
3 16 8.498 x 10~* 16 3.733 x 10710
4 32 2.274 x 1074 32 8.733 x 1014
5 64 5.888 x 107° 64 6.520 x 10718

Example 4. We consider
y'(x) = —y(@)y' (), =x€l0,1], (48)

with the boundary conditions y(0) = —%, y(1) = —1. Where the analytic solution is
y(@) = ;5.

Mazimum absolute errors for different values of N and J are shown in Table 5. The
same problem is solved in [6] by using quintic B-spline collocation method and the
mazimum absolute errors recorded there in are 1.125x107° for the N=80 collocation
points whereas the maximum absolute errors of our algorithm as listed in Tabel 5
are 2.033 x 10710 for the N=32 collocation points.

Table 4

Comparison of LWCM and method presented in [6] in term of L, for Example 4.
N LWCM n Method presented in [6]
4 7.805 x 107° 5 2.885 x 107
8 1.002 x 1010 10 1.835 x 107
16 1.256 x 1011 20 1.151 x 1078
20 4.499 x 10~ 40 7.202 x 10710
32 6.675 x 10~ 19 80 4.498 x 10~ 1

10
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Table 5
Comparison of LWCM, HWCM and method presented in [6] in term of L, for Ex-
ample 5.
N LWCM HWCM n Method presented in [6]
4 1.145 x 107 2.391 x 107° 10 3.663 x 1073
8 3.895 x 1078 6.422 x 107° 20 2.642 x 10~*

1.619 x 10~6 40 1.777 x 107°
4.072 x 1077 80 1.125 x 1076

16 2.670 x 107?
32 2.033 x 10710

=W N

Example 5. Consider a standard nonlinear Schrodinger equation (NLSE)

iE, = %Ett —m|EE. (49)

In [3] the nonlinear sub-ODE method for Eq. (49) is of the form

y'(x) = y(x) + 3y(z)?, (50)
with boundary conditions y(0) = —1, y(1) = —0.39322.
The exact solution is given by
-1

y(r) = T cosh(z)’ (51)

Maximum absolute errors for different values of N and J are shown in Table 6.

Table 6

Comparison of HWCM and LWCM in term of L., for Example 6.
N M k LWCM J HWCM
4 2 2 7.621 x 107 1 9.607 x 10~°
8 4 2 3.358 x 1077 2 2.830 x 107
16 8 2 1.667 x 10710 3 8.904 x 1076

8. CONCLUSION

Two efficient methods LWCM and HWCM have been proposed for numerical solu-
tion of linear and nonlinear differential equations. HWCM is a simple and straight-
forward method. To construct better approximation we switch from Haar wavelet
to Legendre wavelet basis. Superior accuracy is attained in the case of LWCM.

11



H. Kheiri and H. Ghafouri — Haar and Legendre wavelets collocation methods ...

REFERENCES

[1] 1. Aziz, Siraj ul Islam, B. Sarler, Wavelets collocation methods for the numerical
solution of elliptic BV problems, Appl. Math. Model. (2012).

[2] Siraj ul Islam, B. Sarler, I. Aziz, F. Haq, Haar wavelet collocation method for
the numerical solution of boundary layer fluid flow problems, Int. J. Therm. Sci. 50
(2011) 686-697.

[3] H. Triki, T.R. Taha, The sub-ODE method and soliton solutions for a higher
order dispersive cubic-quintic nonlinear Schrodinger equation, Chaos, Solitons and
Fractals. 42 (2009) 1068-1072.

[4] M. Razzaghi, S. Yousefi, Legendre wavelets direct method for variational prob-
lems, Math. Comput. Simul. 53 (2000) 185-192.

[5] K. Maleknejad, S. Shorabi, Numerical solution of Fredholm integral equations
of the first kind by using Legendre wavelets, Appl. Math. Comp. 186 (2007) 836-843.

[6] F.G. Lang, X.P. Xu, Quintic B-spline collocation method for second order mized
boundary value problem, Comput. Phys. Commun. 183 (2012) 913-921.

[7] A. Jabbari, H. Kheiri, New ezxact traveling wave solutions for the Kawahara
equations by using modified tanh-coth method, Acta Universitatis Apulensis. 23 (2010)
21-38.

[8] J.C. Goswami, A.K. Chan, Fundamentals of wavelets, Theory, Algorithms and
Applications, John Wiley and Sons, New York, 1999.

[9] S. Mallat, A Wavelet Tour of Signal Processing, 2nd ed, Academic Press, New
York, 1999.

[10] Siraj ul Islam, I. Aziz, F. Haq, A comparative study of numerical integration
based on Haar wavelets and hybrid functions, Comput. Math. Appl. 59 (2010) 2026-
2036.

[11] M. Dehghan, M. Lakestani, Numerical solution of nonlinear system of second-
order boundary-value problems using cubic B-spline scalling functions, Int. J. Com-
put. Math. 85 (2008) 1455-1461.

[12] Siraj ul Islam, I. Aziz, B. Sarler, The numerical solution of second-order
boundary-value problems by collocation method with the Haar wavelets, Math. Com-
put. Model. 50 (2010) 1577-1590.

[13] L.A. Diaz, M.T. Martin, V. Vampa, Daubechies wavelet beam and plate finite
elements, Finite Elem. Anal. Des. 45 (2009) 200-209.

[14] X. Zhu, G. Lei, G. Pan, On application of fast and adaptive Battle-Lemarie

wavelets to modelling of multiple lossy transmission lines, J. Comput. Phys. 132
(1997) 299-311.

12



H. Kheiri and H. Ghafouri — Haar and Legendre wavelets collocation methods ...

[15] E. Babolian, F. Fattahzadeh, Numerical solution of differential equations by
using Chebyshev wavelet operational matriz of integration, Appl. Math. Comput. 188
(2007) 417-426.

[16] E. Banifatemi, M. Razzaghi, S. Yousefi, Two-dimensional Legendre wavelets
method for the mized Volterra-Fredholm integral equations, J. Vibr. Control 13 (2007)
1667-1675.

[17] X. Shang, D. Han, Numerical solution of Fredholm integral equations of the
first kind by using linear Legendre multi-wavelets, Appl. Math. Comput. 191 (2007)
440-444.

[18] U. Lepik, Numerical solution of evolution equations by the Haar wavelet method,
Appl. Math. Comput. 185 (2007) 695-704.

[19] C.F. Chen, C.H. Hsiao, Haar wavelet method for solving lumped and distributed-
parameter systems, IEE Proc. Cont. Theo. Appl. 144 (1997) 87-94.

[20] 1. Sadek, T. Abualrub, M. Abukhaled, A computational method for solving
optimal control of a system of parallel beams using Legendre wavelets, Math. Comput.
Model. 45 (2007) 1253-1264.

[21] W. Glabisz, The use of Walsh-wavelets packets in linear boundary value prob-
lems, Comput. Struct. 82 (2004) 131-141.

[22] C.H. Hsiao, W.J. Wang, Haar wavelet approach to monlinear stiff systems,
Math. Comput. Simulation. 57 (2001) 347-353.

[23] C.H. Hsiao, Haar wavelet approach to linear stiff systems, Math. Comput. Sim-
ulation. 64 (2004) 561-567.

[24] U. Lepik, Numerical solution of differential equations using Haar wavelets,
Math. Comput. Simulation. 68 (2005) 127-143.

[25] C.L Bai, H. Zhao, Generalized extended tanh-function method and its applica-
tion, Chaos, Solitons & Fractals. 27, 4 (2006), 1026-1035.

[26] X. Zhao, H. Zhi, H. Zhang, Improved Jacobi-function method with symbolic
computation to construct new double-periodic solutions for the generalized Ito system,
Chaos, Solitons & Fractals. 28, 1 (2006), 112-126.

[27] H. Abdusalam, On an improved complex tanh-function method, Int J Nonlinear
Sci. Numer. Simul. 6, 2 (2005), 99-106.

[28] C. Dai, J. Zhang, Jacobian elliptic function method for nonlinear differential-
difference equations, Chaos, Solitons & Fractals. 27, 4 (2006), 1042-1047.

[29] J.H. He, X.H. Wu, Construction of solitary solution and compacton-like solution
by variational iteration method, Chaos, Solitons & Fractals. 29, 1 (2006), 108-113.

[30] S. Momani , S. Abuasad, Application of Hes variational iteration method to
Helmholtz equation, Chaos, Solitons & Fractals. 27, 5 (2006), 1119-1123.

13



H. Kheiri and H. Ghafouri — Haar and Legendre wavelets collocation methods ...

[31] T.A. Abassy, M.A. El-Tawil, H.K. Saleh, The solution of KdV and mKdV equa-
tions using Adomian Pade approzimation, Int J Nonlinear Sci. Numer. Simul. 5, 4
(2004), 327-339.

[32] T.S. El-Danaf, M.A. Ramadan, F.E.I. Abd Alaal, The use of adomian decom-
position method for solving the regularized long-wave equation, Chaos, Solitons &
Fractals. 26, 3 (2005), 747-757.

[33] J.H. He, Application of homotopy perturbation method to nonlinear wave equa-
tions, Chaos, Solitons & Fractals. 26, 3 (2005), 695-700.

[34] J.H. He, Homotopy perturbation method for bifurcation of nonlinear problems,
Int J Nonlinear Sci. Numer. Simul. 6, 2 (2005), 207-208.

[35] Y.J. Ren, H.Q. Zhang, A generalized F-expansion method to find abundant fam-
ilies of Jacobi elliptic function solutions of the (2+1)-dimensional Nizhnik-Novikov-
Veselov equation, Chaos, Solitons & Fractals. 27, 4 (2006), 959-979.

[36] H.M. Liu, Variational approach to nonlinear electrochemical system, Int J Non-
linear Sci. Numer. Simul. 5, 1 (2004), 95-96.

Hossein Kheiri

Faculty of Mathematical Sciences,

University of Tabriz,

Tabriz, Iran

email: h-kheiri@tabrizu.ac.ir, kheirthossein@yahoo.com

Hamide Ghafouri

Faculty of Mathematical Sciences,
University of Tabriz,

Tabriz, Iran

email: Ghafouri@azaruniv.edu

14



