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ON CERTAIN SUBCLASSES OF HOLOMORPHIC FUNCTIONS
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ABSTRACT. We present several results for certain subclasses of the uniformly
a spirallike functions. These include distortion and covering theorems, extreme
points, radii of close-to-convexity, starlikeness and convexity for these classes. We
also obtain integral means inequalities with the extremal functions for these classes.
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1. INTRODUCTION, DEFINITION AND PRELIMINARIES

Let A denote the class of all analytic functions
f(z) = z+2anz” (1)
n=2

which are regular in the unit disk A = {z : |z| < 1} and normalized by f(0) = 0,

f/(0) = 1. The function f € A is spirallike if Re {e*io‘ Z]{ES)} > 0 for all z € A and

for some a with |a| < 7/2. Also f(z) is convex spirallike if zf’(z) is spirallike.

The class of uniformly convex functions was introduced and studied by various
authors as in [1, 2, 4, 5, 6].

Let T denote the «class consisting of functions f of the form

oo
f(z)=2z- E anz", where a,, is a non-negative real number.
n=2

Silverman [9] introduced and investigated many subclasses of T'.
We now defined UCSPT («, ) and SPpT(c, ).
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Definition 1. [7] Let UCSPT(a,B) be the class of functions

f(z)=2-— Z anz" which satisfy the condition

n=2
e ()

2f"(2)
f'(2)

+ 5,

la| <m/2,0< B < 1.
Definition 2. [7] Let SPpT(a,B) be the class of functions
f(z)=2z— Z anz" which satisfy the condition

n=2
2f'(2)
f(z)

—ia Zf/(z)
f(2)

Re e >

s

la] <7/2,0< 8 < 1.

In this paper we discuss several results for the classes UCSPT(«, ) and SPpT (o, )
like distortion bounds, extreme points, radii of close-to-convexity, starlikeness and
convexity. We also obtain integral means inequality for the functions belonging to
this class.

For proving our results we require the following lemmas.

o0

Lemma 1. [7] Let f(z) = z — Zanz”, an > 0. Then
n=2
Z(2n —cos a — PB)na, < cos a— B.
n=2

if and only if f(z) is in UCSPT(«, ).

Lemma 2. [7] f(2) =2z — Zanz", an >0 is in SPpT (o, B) if and only if
© n=2
Z(?n —cos a— fay, < cos a— f.

n=2

2. DISTORTION AND COVERING THEOREMS
Theorem 3. If f(z) € UCSPT(«, 3) then

cos a— f3 9 cos o — 3 9
r_2(4—cosa—[§’) " S’Jc<z)|§r+2(4—cosa—ﬁ) "
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and 5
cos o —

<|f <l4 —-

relflls +4—cosoc—6r

1 cos o — 3
4—cosa—p

and the extreme points are

cos a—
= n == - na = 273""
fl(z) 2, f (Z) z n(2n—cos Q_B) z n
The result is sharp for f(z) =z — cosa— P 22, 2= +r.

2(4 — cos a— f3)
Proof. f(z) € UCSPT(a, ). Hence by Lemma 1

oo

Z(2n —cos a — B)na, < cos a— 3.

o
From f(z) =z — Zanz" with |z| =r (r < 1) we have

n=2
o0
@ <r+) an”
n=2
o0
<r-+ Z anr?
n=2
< cos a— 3 2

Theorem 4. If f(z) € SPpT(a, 3) then

cosa—f
- r° < <
4—cosa—ﬂr sl sr+

The result is sharp for f(z) =z — _cosa=f 22,z = +r.
4—cos a—p3

Proof. From Lemma 2,

[e.9]

Z(Qn —cos a— Bay, < cos a — f.

n=2
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—cosa—f3

> cos a — f3
LS sa=f
n=2

o0
From f(z) =z — Zanzn with |z| =r (r < 1) we have

n=2
o
FEI<r+> anr”
n=2
o0
<T+Zanr2
n=2
cosa—f 4
r
- 4—cosa—f
Ak 2(cos a — 6) 2(cos a - B)
cos o — cos o —
1—-——— 2 < |f <1
4—cosa—p rslf@)l s +4—cosoz—B
and the extreme points are
filz) =2z, folz)=2z— _csa-f 2", n=23,...

2n —cos a— f3

3. INTEGRAL MEANS INEQUALITIES

In [9], Silverman found that the function fa(z) = z — % is often extremal over
the family T. He applied this function to resolve his integral means inequality
conjectured in [10] and settled in [11], that

2m ) 2m )
/ |f(re?)|"df < / | fo(re®)|"d, for all f € T,n>0and0<r < 1.
0 0

In [11], he also proved his conjecture for some subclasses of T'.

Now, we prove Silverman’s conjecture for the class of functions UCSPT (v, 3).
An analogous result is also obtained for the family of functions SPpT(a, 3).

We need the concept of subordination between analytic functions and a subor-
dination theorem of Littlewood [3].

Two given functions f and g, which are analytic in A, the function f is said to
be subordinate to g in A if there exists a function w analytic in A with w(0) = 0,
lw(z)| < 1(z € A),such that f(z) = g(w(z)) (z € A). We denote this subordination

by f(z) < 9(2)-
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Lemma 5. If the functions f and g are analytic in D with f(z) < g(z) then for
n>0andz=re? (0<r<1)

27 27
/ lg(re)|1do < / |F(rei®)1do.
0 0

Now we discuss the integral means inequalities for UCSPT («, 3).
Theorem 6. Let f € UCSPT(«, ), |a] <7/2,0< 8 <1 and fa(z) be defined by

cos o — f3 9

folz) =2 = 2(4 — cos a—ﬁ)z '

Then for z =re?, 0 < r < 1, we have

27 27
/ ()6 < / [ fa(2)|"d6 @)
0 0

oo
Proof. For f(z) =z — Z anz", (2) is equivalent to
n=2

27 21
/ e
0 0

By Lemma 2 it is enough to prove that

o) n

1— Z an2" 1

n=2

n

cos a— 3 20

2(4 — cos oz—,B)z

1—

> cos a— f3
1-— LRI .
nz:;anz 2(4 — cos a—B)Z

Assuming

oo
1 n1_q_ cos o — f3
nz:;anz 2(4 — cos a — ﬁ)w(z)

oo
and using Z(2n — cos a — f)nay, < cos a — [ we obtain

n=2

oo

(2] = Z 2(4 —cos a—B) 0,

cos o — f3

n=2

an < |z|.

o
n(2n — cos a — f3)

<I21)

n=2

cos o — f3

This completes the proof by Lemma 1.
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For completeness, we now give the integral means inequality for the class SPpT («, ().

The method of proving Theorem 7 is similar to that of Theorem 6.
Theorem 7. Let f € SPpT(w,B), |a| < 7/2, 0 < B < 1 and fa2(z) is defined by

f(z)=2z— MzQ. Then for z = rew, 0<r <1 we have

4—cosa—f
27 2
/ |f(2)["do < / | f2(2)|"d6.
0 0

4. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

Theorem 8. If f(z) € UCSPT(«, ) then f is close-to-convex of order v (0 <y <
1) in [z| <ri(e, B,7) where

1

m — — B w1
)(2n — cos « B} o

cos a— 3

. 1-
s =ing {17
n
Proof. By a computation we have

If'(z) — 1] = | Znanz” ! <Znan|z\” !

Now, f is close-to-convex of order « if we have the condition

i (1 ﬁ 7) an|z|" 7t < 1. (3)

n=2

Considering the coefficient conditions required by Lemma 1 the above inequality (3)

I — _
is true if ([ —— El n(2n - cos a — ) or if
1 cos a— f3

|Z|§{(1—’7)(271—003(34—5)}";7 n> 2.

cos a— f3

This expression yields the bounds required by the above theorem.

Theorem 9. If f(z) € UCSPT(«,B) then f is starlike of order -~
(0 <~ <1)in|z| < re(a, B,v) where

T2(a’6’7):Z,Zf{(l—(y)n@n—cosa—ﬁ)}w7 .

n—7)(cos o = f)
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Proof. By a computation we have

[e.e] o0
Z(n — Dayz"1 Z(n — Dan|z|" !
Zf/(z) o n=2 n=2
e TS S
1-— z:anz”_1 1-— Zan]z|" 1
n=2 n=2

Now f is starlike of order v if we have the condition

i (T:i) anlz["t < 1. (4)

n=2

Considering the coefficient conditions required by Lemma 1, the above inequality is

— I — _
true if (p) ’Z|n—1 < 7’L( n—cos o B) or if
-7

cos a— f3

(I—=v)n2n —cos a— )| T
‘Z|<{ (n —)(cos @ —B) } , n>2.

This last expression yields the bound required.

Theorem 10. If f(z) € UCSPT(a,B) then f is conver of order =y
(0<~vy<1)in|z| <rs(a,B,v) where

—in (I —=7)(2n—cos a—p) 1 .
r3(o, B,7) = nf{ (n —7)(cos o — B) } )

Proof. By a computation we have

o0 [e.@]
g n(n — 1)a,z""* g n(n — 1)a,|z|"
_n=2 n:2

-1 -1
1-— E napz" 1-— g nan|z|"
n=2 n=2

Now f is convex of order v if we have the condition

2f"(2)| _
)

> M=t <. (5)

n=2 1
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Considering the coefficient conditions required by Lemma 1, the above inequality
_ I — -

(5) is true if <W) |Z|n71 < n( n COS & /6) or if
-7

cos a— 3

(1 —=7)(2n — cos a — p) =
e e e e

This gives the bound required by the above theorem.

For completeness, we give without proof, theorems concerning the radii of close-
to-convexity, starlikeness and convexity for the class SPpT (v, 3).

Theorem 11. If f(z) € SPpT (v, B) then f is close-to-convex of ordery (0 <y < 1)
in |z| < r4(a, B,7y) where

(1—7)(2n—cos a—p) | =1
n(cos a — ) } , n22

ral,B,) = inf {

Theorem 12. If f(z) € SPpT(«, 3) then f is starlike of order v (0 < v < 1) in
|z| < rs5(a, B,7) where

(1—7)(2n—cosa—ﬁ)}nll Y

o) = ing {E LS

Theorem 13. If f(z) € SPpT(«, ) then f is convex of order v (0 < v < 1) in
|z| < re(c, B,7) where

1¢’ —in (1 —7)(2n — cos a — f3) = .
re(a, B,7) J{ M”-ﬂ@%a—ﬁ)} . n>2

REFERENCES

[1] R. Bharathi, R. Parvatham and A. Swaminathan, On subclasses of
uniformly conver functions and corresponding class of starlike functions, Tamkang
Journal of Mathematics, 28, 1 (1997), 17-32.

[2] A.W. Goodman, On uniformly convex functions, Ann. Polon. Math., 56 (1991),
87-92.

[3] J.E. Littlewood, On inequalities in the theory of functions, Proceedings of the
London Mathematical Society, 23, 1 (1925), 481-519.

[4] W. Ma and D. Minda, Uniformly convez functions, Ann. Pol. Math., 57 (1992),
165-175.

232



C. Selvaraj, R. Geetha — On certain subclasses of holomorphic functions ...

[5] V.Ravichandran, C. Selvaraj and Rajalakshmi Rajagopal, On uniformly convex
spiral functions and uniformly spirallike functions, Soochow Journal of Math., 29, 4
(2003), 393-405.

[6] F. Ronning, Uniformly convex functions and a corresponding class of starlike
functions, Proc. Amer. Math. Soc., 18, 1 (1993), 189-196.

[7] C. Selvaraj and R. Geetha, On subclasses of uniformly convex spirallike func-
tions and corresponding class of spirallike functions, International Journal of Con-
temporary Mathematical Sciences, 5, 37-40 (2010).

[8] C. Selvaraj and R. Geetha, On uniformly spirallike functions and a correspond-
ing subclass of spirallike functions, Global Journal of Science Frontier Research, 10,
5 (2010), 36-41.

[9] H. Silverman, Univalent functions with negative coefficients, Proc. Amer. Math.
Soc., 51, 1 (1975), 109-116.

[10] H. Silverman, A survey with open problems on univalent functions whose coef-
ficients are negative, Rocky Mountain J. Math., 21, 3 (1991), 1099-1125.

[11] H. Silverman, Integral means for univalent functions with negative coefficients,
Houston J. Math., 23, 1 (1997), 169-174.

C. Selvaraj

Department of Mathematics, Presidency College
Chennai - 600 005, Tamil Nadu, India

email: pamc9439Q@yahoo.co.in

R. Geetha

Department of Mathematics, RMKCET
Puduvoyal, Chennai, Tamil Nadu, India
email: gbala89@yahoo.com

233



