Acta Universitatis Apulensis No. 36/2013
ISSN: 1582-5329 pp. 101-108

SUFFICIENT CONDITION FOR A CLASS OF ANALYTIC AND
UNIVALENT FUNCTIONS OF COMPLEX ORDER

O. A. Fapipe-JosepH, A. T. OLapIpO, C. N. EJIEJI

ABSTRACT. We establish a sufficient condition for a class UCD(y, \,m,n,l, k,b)
of complex order. Also, a subordination theorem and coefficient bounds for this class
of functions are determined.
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1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form
f) =2+ az" (1)
k=2

which are analytic in the open unit disk U = {z: |z| < 1} and normalized with
£(0) = £.(0)—1=0.

A function f(2) of the form (1) belongs to the UCD(y), v > 0, if Ref'(z) >
vIzf"(2)], z€ U  [3] and [14].

Furthermore a function f(z) of the form (1) belongs to the class UC D(y, A, m,n, ,
k,b),
v>0, 1>0,A>0 m € N of complex order b # 0 (b € C) if

2 207 (N 1) f(2)

Re |1-3+3 SO [(2) < B() (2)

where all the parameters are as earlier defined and ®]'(\,1) :== A — A and

oA Df(2) = D™ (A D f(2) * R f(2)
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where D™ (X, 1) f(z) is the Catal et al derivative operator[ 5, 6, 7,10,11, 12 ] defined
as follows:

DOONDf(2) = f(2) = 2+ 330, apz”

D'(MDF(z) = DD () = DYADF(2) (24 F(D° O D1 (2)) 2

14+ (k—=1)+1
= 2 4 S, (MR g ok

and in general

L+ AE—1)+1,, &
T )" agz

D™(M\1) = D(D™ YN Df(2) =2+ (

k=2

With different choices of the parametrics derivative operators associated to Salagean
[13 ] and Al- Oboudi [1] and the classes of functions studied by Oladipo in [10 | could
be derived.

Also, R"™ is the Ruscheweyh derivative operartor and it is defined as

[e.o]

Z c(n, k) akz
k=2
where )
clmn, k) = (41 = et
(1k—1
Therefore, (A, 1) f(z) can be written as
1+ Ak—=1)+1
e Df() = 2+ S EAE D o, ek, e @)

pre 1+1

Let p(z) (class of Caratheodory functions) be analytic and such that Rep(z) > 0
and p(0) = 1. p(z) is written in the form

D=1+ pt (4)
k=1

and that |px| <2. k>1

Furthermore, let f(z) and g(z) be analytic functions in U, f(z) is said to be
subordinate to g(z) in U, written f < g or f(2) < g(2) (¢ € U), if there exists
a Schwartz function w(z), analytic in U with w(0) = 0 and |w(z)| < 1 such that
1) = glu(z) (=€ U)

It is well known that, if the function ¢ is univalent in U, the above subordination

is equivalent to f(0) = ¢g(0) and f(u) C g(u) (cf [4,13]).
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2. COEFFICIENT INEQUALITIES

Theorem 1. Let F(2) = 2437 ,(“2E Dy m O (n, k)ay2, where F(z) = ®7(\, 1) f(2).
If F(2) belongs to the class UCD(y,\,m,n,l,k,b) of complex order b (b € C\ {0}),

then

Zk SR A A(ﬁ_ll) T hymen, k) Jag] < b

and all other parameters remained as earlier defined.

Proof. Suppose F(z) € UCD(vy,A\,m,n,l, k,b), then

Ak Ivm _
Lynpe (M yme kr)kz(k—l)akzk !

1+ 3200, kag (R mO (n, k) 2k

‘ 1 F'(z)
b F(z)

Since F(z) € UCD(y,A\,m,n,l, k,b),

1 F"(z)
Re(gz )

1 F"(2)
b ()

1
< =

_’Y‘

1
)<2=]
Y

Therefore,
§ X0 k(1) (PRI O (n k) ay 2!

1+, k(%ﬂ”“)mcm k)ajzk—1

R, k(=) (AR O (k) ay |
- 1= (M)mc(n k)|ax]

¥ 0, k(k — 1)(HAEEDE MO k) |y

<b— 3052, bk(HAEDE MO (k) |y

IN

1
5

S5 o (vk(k — 1) + bk) (FREEDEY O k) g | < b

S k(y(k — 1) + b) (FAEDYym O, ) [ay,| < b

Corollary 2. Ifb=1, m =0, C(n,k) =1 then f € UCD(y) i.e.,

(e,
> k(y(k = 1)+ 1) |ag| < 1.
k=2

Corollary 3. If b =1, v = 0, m = 0 C(n,k) = 1, then f is starlike. i.e.,
Y heo klak] < 1.
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Corollary 4. If b = 1, v = 1, m = 0 C(n,k) = 1, then f is conver i.e.,
> oo K2 ag] < 1.

Theorem 5. Let f € A and suppose
1., 1. 1 .
Glet) = 1 f(ze) + 5 (1= Dtf(e) < f(2)

and

re 1m0 | < 010

then f € UCD(v) of complex order b.

Proof. Suppose G < f then G(0,0) = =0
G(U) = G(2,0) = 3 f(2) C (Z) ( ) C f(U)
G(0,t) =0

)

_1,1"()

—_— bZ fl(Z) + 1

Therefore, Re [limt_m Cit]i,((zég)} = Re [ll)zj;/,l((j)) + 1}

Hence,
12f"(2)
1+ - <
e[+ 355 ] <00

This gives the desired result.
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3. COEFFICIENT BOUNDS

Our next result is on coefficient bounds for the function in the class UC D(vy, A\, m, n, k,
b,1)
Theorem 6. Let f(z) belong to the class UCD(y,\,m,n,k,b,1) of compleex order

b (b e C{0}), then
lag| <

(B2 m [y () —y—b]C(n,2)
(1+2)\+l)m[ (1+212\+1) —y— b}C(n,S)
() -1
(HEAEL) [y (H2E) —y=b] [y (H2 ) ——b]C(n.4)
_2,26™T D f()
Proof. Let ERgmOIIGE 0 )
b (A1) f(2) — 20™(N 1) f(2) + 20 TN D) f(z) — Bb™ (N 1) f(2) = (B(y) —

Dog™ (A, 1) f(2)(p(2))
2 [N D F(2) — 0™ (N D F(2)] = b(B(y) — D™ (N, D) f(2) [p(2) + 1]

lag| <

|ag] <

2 [¢ LN 1) f(2) — ¢™(N 1) f(2)] = b(B(Y) — D)™ (A D) f(2) [2+ 52, prat]
2 [6™ D f(2) — gD F(2)] = o™ DF(2) 24+ 2052 pet]
2y [¢"™H A DF(2) = 6™ (D F(2)] = be™ (N D f(2) [24 232 przt]

2y [zz‘;x%;)“)mﬂcm B) = S, (X m O, )| g

—bg™ (N D) f(2) 52y prz = 266™ (N, 1) f(2)

29(LEH) MO, 2)ag2? + (HERAMTIC (n, B)agz® + (KL O (n, 4)ay 22

1+1
+(1+4/\+l)m+1c(n 5)a5z 4+, (1—|I—J)j-l)m0(n 2)a2z2 (1+2>\+Z)mc(n 3)@32
m m 1+A(k l
—(RE)C (n, 4)ag - <1+143“> C(n,5)a5 "~ ..—b [z+zk:2<i+ Dy may k]

SRy prt =2 2 + DR, (BREE O (n, K)oy 2|

2,}/ [( 1+>\+Z)m+lc(n 2) (1+)\+l)mc(n 2)(12] o bp1 — 2b( 1?)[_?

DymC(n, 2)as

141 1+1

29 [(H2F)™ O, 2)az — ()™ C(n, 2)az| — 26(H3H)"Cn, 2)az = bpy

1+1 141
bp1
a2 = F1
2 B
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421 < sEEE L)

29 [(HZE)™H1C(n, 3)ag — ()™ C(n, 3)as| — bpa = 26(52H)™C(n, 3)as

27y [(%ﬁlﬂ)mﬂ(}(n, 3)as — (%J;\lﬂ)mC(n, 3)a3} — 2b(%j‘l+l)m0(n, 3)as = bpy

az = b +1
22 512 ]
b
|a3‘ < (1+2)\+l)m[ (1+2>\+1) = b}C(n,S)

2y [(HE) ™ C(n, )ag — (HRE)C(n, 4)as | —bps—b(H2E)™C(n, 2)pra =

141 141
2b(1+1?j:‘l+l)m0(n 4)ay
2y _(%_":\lﬂ)m—&-lc(n’ 4)@4 - (%_;\lﬂ)mo(’nﬂ 4)0,4- - 2b(%j\l+l)mc(nu 4)(14
_ bp - '
B p] P
2y _(71?21”)””10(% 4)ag — (HEF)™C(n, 4)aa | 26(71?21”)"‘0(% 4)ay = bps+
b‘p1

2 (-]
2y |(BEF) ™ C(n, A)as — (BEF)™C(n, 4)as )| — 2b(FEE)™C(n, 4)ag =
2bps [y(1E2HL) —y—b] +5%p3
F () 0
2Ly |y () — 5 — ] C(n, 4)a
_ 2bps[y (3 -] +b%

D)

" 2bp3 [y(H3F) —y—b]+b2p?
4 =
A(HEREm [y (ERE) —y ][y ﬁil“) 7=t]C(n4)

b[y(HEE) —y—b]+b°

lag| < (TN [y (B ) ] [y () ——b] O (n.4)
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