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1. INTRODUCTION AND NECESSARY BACKGROUND MATERIALS.

Let f and g be two non constant meromorphic functions defined in the open complex
plane C. If for some a € CU{oc}, f and g have the same set of a-points with the same
multiplicities, we say that f and g share the value a CM (Counting Multiplicities)and
if we do not consider the multiplicities, then f and ¢ are said to share the value a IM
(Ignoring Multiplicities). We do not explain the standard notations and definitions
of the value distribution theory as these are available in [9]. Let S be a set of
distinct elements of CU {oo} and E¢(S) = (J,cgqi% : f(2) —a = 0}, where each zero
is counted according to its multiplicity. If we do not count the multiplicity then we
replace the above set by E¢(S). If E¢(S) = E4(S) we say that f and g share the
set S CM. On the other hand if E¢(S) = E4(S), we say that f and g share the set
S IM. When we let r, a real number, tend towards oo we will always assume that
while approaching to oo, » may avoid some subset F, say, of the real line of finite
measure, not necessarily the same at every occurrence.

In 1976 F.Gross proposed the following question in [8].

Question A. Can one find finite sets S;,j = 1,2 such that any two nonconstant
entire functions f and g satisfying E¢(S;) = Eg(S;) for j = 1,2 must be identical ?

Gross also raised question about the cardinalities of such sets if it exist.

Yi[17] and independently Fang and Xu[5] gave the one and same positive answer
to this question. Now it is natural to ask the following question.
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Question B. Can one find finite sets Sj, j = 1,2 such that any two nonconstant
meromorphic functions f and g satisfying E¢(S;) = E4(S;) for j = 1,2 must be
identical ?

In 1994 Yi[15] gave an affirmative answer to Question B and proved that there
exist two finite sets S1(with two elements)and So(with nine elements) such that any
two nonconstant meromorphic functions f and g satisfying Ef(S;) = E4(S;) for
J = 1,2 must be identical.

In 1996 Li and Yang [13] proved that there exist two finite sets Sp(with one
element)and Sy (with fifteen elements) such that any two nonconstant meromorphic
functions f and g satisfying E(S;) = E4(5;) for j = 1,2 must be identical.

In 1997 Fang and Guo[4] obtained a better result than that of Li and Yang.
They succeeded in establishing the above result with two sets with less cardinalities
namely S7 with one element and Sy with nine elements.

Suppose that the polynomial P(w)is defined by

P(w) = aw™ — n(n — Dw? 4+ 2n(n — 2)bw — (n — 1)(n — 2)b* (1)

where n > 3 is an integer and a and b are two nonzero complex numbers satisfying
ab™2 # 2. We also define

aw™

R(w) = (2)

n(n —1)(w —ay)(w — az)’

where a1, asare two distinct roots of n(n—1)w? —2n(n—2)bw + (n—1)(n—2)b> = 0.
It can be shown that P(w) has only simple roots.{See [1,2].}

In 2002 Yi[19] proved the following result in which he not only reduced the
cardinalities of the set S but also relaxed the sharing of the poles from CM to IM.

Theorem A.[19] Let S = {w | P(w) = 0}, where P(w)is given by (1)and
n(> 8). Suppose that f and g are two nonconstant meromorphic functions such that

E¢(S) = Ey(S) and Ef({oo}) = E4({oc}) then f =g.

As a consequence of Question B, Yi and Li[20] raised the following question in
2004.

Question C. Can one find finite sets S;,j = 1,2 such that any two nonconstant
meromorphic functions f and g satisfying for Ef(S;) = E4(S;) j = 1,2 must be
identical ¢

In this direction they established the following results which also improved results
already obtained by Yi[16].

Theorem B.[20] Let S = {w | P(w) = 0}, where P(w)is given by (1)and
n(> 12). Suppose that f and g are two nonconstant meromorphic functions such
that E¢(S) = E¢(S) and E¢({oc}) = Ey({oc}) then f =g.
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Theorem C.[20] Let S = {w | P(w) = 0}, where P(w)is given by (1)and
n(> 13). Suppose that f and g are two nonconstant meromorphic functions such
that E¢(S) = E¢(S) and Ef({co}) = E4({oc}) then f = g.

In 2001 Lahiri introduced the notion of weighted sharing as follows.

Definition 1.[10,11] Let k be a nonnegative integer or infinity. For a € CU{oco}
we denote by Ey(a; f) the set of all a-points of f where an a-point of multiplicity m
is counted m times if m < k and k + ltimes if m > k. If Ex(a; f) = Ex(a;g), we
say that f and g share the value a with weight k.

The definition implies that if f, g share a value a with weight k, then zq is a zero
of f —a with multiplicity m(< k) if and only if it is a zero of g — a with multiplicity
m(< k) and zp is a zero of f — a of multiplicity m(> k) if and only if it is a zero of
g — a with multiplicity n(> k) where m is not necessarily equal to n.

We write f, g share (a, k) to mean f, g share the value a with weight k. Clearly
if f, g share (a,k) then f, g share (a,p) for all integers p , 0 < p < k. Also we
note that f, g share a value a IM or CM if and only f, g share (a,0) or (a,oc0)
respectively.

Definition 2.[11] Let S be a set of distinct elements of C U {co} and k be a
positive integer or oo. We denote by Ef(S, k)the set |J,cg Ex(a; f). Clearly E¢(S) =
Ef(S,00) and E¢(S) = Ef(S,0).

Recently Banerjee[1] improved and supplemented Theorem A and Theorem B as
follows.

Theorem D.[1] Let S = {w | P(w) = 0}, where P(w)is given by (1)and n(>
8). Suppose that f and g are two nonconstant meromorphic functions such that
B(8,2) = E,(S.2) and E;({00},0) = Ey({oc},0) then f = g.

Theorem E.[1] Let S = {w | P(w) = 0}, where P(w)is given by (1)and n(>
9). Suppose that f and g are two nonconstant meromorphic functions such that
E¢(S,1) = E¢(S,1) and Ef({oo},0) = Eg({o0},0) then f =g.

Theorem F.[1] Let S = {w | P(w) = 0}, where P(w)is given by (1)and n(>
12). Suppose that f and g are two nonconstant meromorphic functions such that
E¢(S,0) = Ey4(S,0) and Ef({oc},3) = Eg({o0},3) then f=g.

Note that none of the above mentioned theorems of Banerjee improves Theorem
C, which has been claimed to be the best result till date in[20]. In a most recent
paper Banerjee, however established the following result as a special case of which
one can obtain Theorem C as well as Theorem F.

Theorem G.[2] Let S = {w | P(w) = 0}, where P(w)is given by (1)and n(>9).
If f and g be two nonconstant meromorphic functions such that E¢(S,0) = E4(S,0)
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and E¢({oo}, k) = E4({oc}, k) and

1n : 2n —3) =
me{@f,@g} ~ 5 + (n—=>5){(n—2)k+ (n—3)} i n—5

|3

then f = g, where ©5 = O(0; f) + O(b; f) and Oy is defined similarly.

Remark 1. In Theorem G when n > 12 and & = 3 we get Theorem F. Again
when n > 13 and & = 0 we get Theorem C. Thus Theorem G improves both
Theorems C and F.

Strictly speaking Theorem G is a generalization of Theorems C and F rather
than direct improvements since it can neither reduce the cardinality of the shared
set S in Theorem C nor it reduces the weight of the shared set {oo} in Theorem F.
In this paper we propose our first theorem below as a corollary of which we may get
the desired improvements of Theorem C and Theorem F.

Theorem 1. Let S = {w | P(w) = 0}, where P(w)is given by (1)and n(> 9).
If f and g be two nonconstant meromorphic functions such that E;(S,0) = E4(S,0)
and E¢({oo}, k) = E4({oo}, k) and

min{30(0; f) + 20(b; f),30(0;9) + 20(b;9)} >4+

n n_52n—6 n
(n=5){(n—2)k+(n—-3)} 2

then f = g.
Following corollary is a natural consequence of above theorem.

Corollary 1. Let S = {w | P(w) = 0}, where P(w)is given by (1)and n(> 12).
If f and g be two nonconstant meromorphic functions such that E¢(S,0) = E4(S,0)
and E¢({oo},0) = E4({o0},0) then f = g.

Recently Banerjee also obtained the following results in two different papers
where he has considered the shared set S with less number of elements to obtain the
uniqueness of functions under different conditions improving some previous results.

Theorem H.[2] Let S = {w | P(w) = 0}, where P(w)is given by (1)and n(> 6).
If f and g be two nonconstant meromorphic functions such that E¢(S,2) = E4(S,2)
and Ef({oc},0) = E4({oo},0) and
3 6 n

2min{Oys, 04} > 3 + 30n —3) + a1l 2

then f = g, where Oy = ©(0; f) + O(b; f) and Oy is defined similarly.
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Theorem I.[3] Let S = {w | P(w) = 0}, where P(w)is given by (1)and n(> 7).
If f and g be two nonconstant meromorphic functions such that E¢(S,2) = E4(S,2)
and E¢({oo}, 00) = E4({o0}, 00) and

2
min{@}, @!1]} > 74 g "

then f = g, where @} =40(0; f) +40(b; f) + ©(o0; f) and @; is defined similarly.

In our next Theorem we improve Theorem I by reducing the cardinality of the
set S from 7 to 5 and extending the Theorem for any weight k, for the shared set
{o0}. Also we claim that our next result will also improve Theorem H.Thus our
next result will combine both Theorems H and I in an improved result. Note that
in the definition of the polynomial P(w), we require ab"~2 # 2. For our purpose,
in addition to it we assume ab™ 2 # 1, by which the polynomial P(w) will not lose
any of its properties mentioned above. Thus from now on our set S is given by
S = {w | P(w) = 0} where P(w) is given by (1) with ab" 2 # 2, 1.

We state below our next Theorem:

Theorem 2. Let S = {w | P(w) = 0}, where P(w)is given by (1)and n(> 5) and
ab" 2 £ 2,1. Suppose that f and g are two nonconstant meromorphic functions such
that Ef(S,2) = E4(S,2) and Ef({oo}, k) = E4({oo}, k)where k is a nonnegative

integer or o0.

If

2 8n — 24
min{@},@é} > 7+ - + "

3 T Bn-1){(n—2k+tn—35 "

then f = g where @} and @; are same as Theorem 1.

Remark 2. When k& = oo in Theorem 2 we get the conclusion of Theorem I with
the shared set S containing less number of elements(five elements). Thus Theorem
2 improves Theorem 1.

When n > 8 in Theorem 2 we obtain Theorem D. Thus Theorem 2 improves
Theorem D. Also it is easy to verify that the condition on ramification index in this
theorem is weaker than the condition in the Theorem H for n = 6 and n = 7. Since
when n > 8 the condition on ramification indices cease to exist both in Theorems H
and 2, Theorem 2 improves Theorem H.

We close this section with a few more definitions.

Definition 3. Fora € CU{oo} For a positive integer m we denote by N(r,a; f |>
m) the counting function of those a-points of fwhose multiplicities are not less than
m where each a-point is counted according to its multiplicity. We agree to write
N(r,a; f |> m) to denote the corresponding reduced counting function.
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Definition 4.[10,18,20] Let f and g be two nonconstant meromorphic functions
such that f and g share (a, k)where a € CU{oco}. Let zy be an a-point of f with multi-
plicity p, an a-point of g of multiplicity q. We denote by N (r,a; f)(NL(r,a;g)) the
counting function of those a-points of fand g where p > q(q > p), by N(;Jrl(r,a; f)
the counting functions of those a-points of f and g where p =q > k+ 1 each point
in these counting functions is counted only once. In the same way we can define
N%+1(T7a;g). Clearly N%CH(T,Q;JC) = N%H(T, a;g). We denote by N.(r,a; f,9)
the reduced counting function of those a-points of f whose multiplicities differ from
the corresponding a-points of g. Clearly N.(r,a; f,g) = N«(r,a; g, f) and N«(r,a; f, g)
= Np(r,a; f)+ Np(r,a;g9). We also denote by N;) (r,a; f) the counting function of
those a-points of f, g for which p =q = 1.

Definition 5.[1] Let f and g share the value 1 IM.Let zy be a 1-point of f and

g with multiplicities p and q respectively. Let s be a positive integer. We denote by
Nyss(r, 15 g) the reduced counting function of those 1-points of f and g such that

p>q=s.

2. LEMMAS
In this section we present some lemmas which will be required to establish our
results. In the lemmas several times we use the function H defined by H = % —
2r’ G" 2G!

F-1 & T G-1
Let f and g be two nonconstant meromorphic functions and

F:R(f)’G:R(g)’ (3)

where R(w) is given by (2). From (2) and (3) it is clear that

T(r,f) = 70 F) + 50, 4), T(r,9) = - T(r,G) + S(r,9). @

Lemma 1.[2] Let F and G be given by (3)where n > 3 is an integer and H # 0.
If F, G share (1,m)and f,g share (oo, k), where 0 < m < oco. Then
{5 +IHT( N +T(rg)} < 2(N(0:f) + N(r,0:9) + N(rb: f) + N(r, bi g)]
+N(T7 & f) + W(T7 Q3 g) + N*(Ta 003 f?g)

—(m — g)N*(r, L,F,G)+ S(r,f)+ S(r,g).
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Lemma 2.[1] Let F' and G be given by (3) and H # 0. If F, G share (1,m)
and f,g share (00, k), where 0 < m < 00,0 < k < 0o, then

[(n—2)k+n—3]N(r,oo;f |>k+1) = [(n—2)k+n—3]N(r,00;g|>k+1)
< N(r,0;f) + N(r,0: 9)
+N.(r, 1L F,G) + S(r, f) + S(r, ).

Lemma 3.[1] Let F and G be given by (3) and H #0. If F, G share (1,m)and
f, g share (00, k), where 0 < m < 00,0 < k < oo, then

[(n—2)k+n—3]N(r,oo;f |>k+1) = [(n—2)k+n—3]N(r,00;g|>k+1)
2N 0.) + N, 0:9)]

+ milN(r,oo;f) +S(r, f) +S(r, g).

<

Lemma 4.[2] Let F' and G be given by (3). Also let S be given as in Theorem
1, where n > 3 is an integer. If E¢(S,0) = E4(S,0) then S(r, f) = S(r,9).

Lemma 5. If f and g share (1,0) then

N(r,1;9) = N(r,1;g)
> ONL(r 1 0)+ No(r 1 )+ N (r, 15 )+ N (r, 15 £) = N por (r, 1;.9) = Ngs (1, 1; £).

Proof. Let zy be a 1-point of f and g of respective multiplicities p and ¢q.We
denote by Na(r)and N3(r)the counting functions of those 1-points of f and g when
2 < qg=pand 1 <p < qrespectively where each point in these counting functions
is counted g — 2 times. Since f, g share (1,0) we have

E(ﬁ 179) - N(Ta 179) Z NL(ﬁ 179) + N?)(T) + N2<T) + N(EQ(T7 17f) + NL(T', 17f) -
Nf>1(’f',1;g).
Now observing Na(r) > Ng’(r, 1; f) and N3(r) > Np(r,1;9) — Ng>1(r, 1; f)our

lemma follows from above.
Lemma 6.[2] Let F', G be given by (3). If F, G share (1,m),where 0 < m <
oo,theni o o
(i) Np(r,1; F) < =5 [N(r,0; f) + N(r, 00; f)] + S(r, f),
<1

(i) Np(r,1;G) < 25 [N(r,0; 9) + N(r,00;9)] 4+ S(r, g)

Lemma 7.[1] Let F', G be given by (3)and H #0. If F, G share (1,m) and f,
g share (00, k),where 0 < k < oo,then
Né)(’f',l,F) < NL(Tal;F) + NL(Tvl;G) + N(Tv(),f) + N(T‘, b7 f)
0 /

+
+N(r,0;9) + N(r,b;g) + No(r,0; f') + No(r,0;¢') + S(r, F) + S(r,G)
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where No(r,0; f') denotes the reduced counting function corresponding to the zeros
of f'which are not the zeros of f(f —b) and F —1, No(r,0;¢')is defined similarly.

Lemma 8. Let F' and G be given by (3). If F', G share (1,0) and f, g share
(00, k) and H # 0 then
(n+1)T(r, f)+T(r, g) < 2{N(r,0; )+ N(r,b; )+ N(r,0; g) + N (r, b 9)+ N (r,00; f)}
+N(r,o0; f |[> k+1)+2Np(r,1; F)+ S(r, f) + S(r, ).

Proof. We denote by Ny(r,0; f') the counting function of those zeros of f’ which
are not the zeros of f(f —1) and F — 1. Ny(r,0;¢’) is defined similarly. By the
second fundamental theorem we get

(n+ DT (r, f) + (n+1)T(r, 9) - -

< N(r,1;F) + N(r,0; f) + N(r,b; f) + N(r,00; f) + N(r,1;G) + N(r,0;9) +

N(r,b;9) + N(r,00;g) = No(r,0; f') = No(r,0;¢') + S(r, 9) + (,f)

= {N(r,0; f) + N(r,b; f) + N(r,00; f) + N(r,0;9) + N(r,b g) N(r,00;9)} +
NH(r,1; F)+N(r,1; F [> 2)+ N(r, 1;G) — No(r, 0; f') = No(r, 0; ¢') + S (r, g) + S(r, f)

Note that since F', G share (1,0) we have
N(r,;;F |>2) = No(r,; F) + Np(r, ; F) + Ni(r, ;) — Ngsa(r, 1; F).

Since f, g share (00, k), N«(r,00; f,g) < N(r,00; f |> k+ 1), and hence using
Lemma 7 with m = 0 and Lemma 5 we obtain from above

(n+1)T(r, f)+ (n+1)T(r,g)

<{N(r,0; f) + N(r,b; f) + N(r,00; f) + N(r,0; g) + N(r,b;9) + N(r,0;g)}
+Np(r,1;F)+ Np(r,1;G) + N(r,0; f) + N(’I“b )

+N.(r,00; f,9) + N(r,0;9) + N(r,b;9) + No(r,0; f') + No(r,0; g")
+N(E(r,1,F)+NL(r,1,F)+NL(r,1,G)—NG>1(r,1;F)
+N(T’,1;G)—NO(T,O;f/)—No(T,O;g/)—I—S(T,g)-i—S(T,f)

< 2{N(r,0; f) + N(r,b; f) + N(r,0;9) + N(r,b59)}
+N(r,00; f) + N(r,00;9) + N(r,o0; f |> k+1)+ Np(r,1; F)+ N(r, 1;G)
+NF31(T71;G) +7S(’I”,f)+5&,g) _ _

< 2{N(r,0; f) + N(r,b; f) + N(r,0;9) + N(r,b;9) + N(r,00; f)}
+N(ryo0; f |[> k+1)+2N(r,1; F) +nT(r,g) — m(r,1;G) + S(r, f) + S(r, g).

Therefore:

(n+1)T(r, f)+T(r,9)

< 2{N(r,0; f) + N(r,b; f) + N(r,0;9) + N(r,b; g) + N(r,00; f)}
+N(r,00; f [> k+1) + 2N (r, 1; F) + S(r, f) + S(r, ).

This completes the proof.
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Lemma 9.[2] Let f, g be two non-constant meromorphic functions sharing
(00,0) and suppose that a1 and s are two distinct roots of the equation

n(n — Dw?* — 2n(n — 2)bw + (n — 1)(n — 2)b* = 0.

Then
fr 9" n*(n — 1)
(f —a1)(f —a2) (9 —a1)(g — az) a?

where n > 3 is an integer.

Lemma 10.[7] Let

Qw) = (n— 1)2(w" — 1)(w"™2 = 1) — n(n — 2)(w"! — 1)2,
then
Q(w) = (w—1)*(w — B1)(w — B2)..(w — Bon—s)
where f; € C\ {0,1}, (j =1,2,..,2n — 6) which are pairwise distinct.

Lemma 11.Let F, G be given by (5), where n > 4 is an integer. If f, g share
(00,0) then F =G = f=g.

Proof. From the definitions of F', G we observe that
" 9"
(f—a)(f —a2)  (9—a1)(g—a2)

Therefore f, g share (0,00) and (co,00). Then from above and in view of the
definition of R(w) we obtain

n(n—1) 22 (f"2—g" ) —2n(n—2)bfg(f" ' —g" 1) +(n—1)(n—2)b*(f"—g") :(o),
5

F=G=

Let h = g that is f = gh which on substitution in (5) yields
n(n—1)h%g*(h" 2 —1) —2n(n—2)bhg(h" 1 = 1)+ (n—1)(n —2)b*(h" —1) = 0. (6)

Note that since f and g share (0, 00) and (0o, 00),0, 00 are the exceptional values of
Picard of h. If h is non-constant then from Lemma 2.10 and (6) we have

{n(n —1)h(h" 2 =1)g —n(n — 2)b(h" 1 = 1)}* = —n(n — 2)b*Q(h) (7)

where Q(h) = (h—=1)*(h—B1)(h — Ba)...(h — Ban—s), B; € C\{0,1},j = 1,2,..,2n—6
which are pairwise distinct. From (7) we observe that each zero of h — f;,j =
1,2,..,2n — 6 is of order at least two.Therefore by the second main theorem we
obtain
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(2n — 6)T(r,h) < N(r,00;h) + N(r,0;h) + 372 N(r, B;; h) + S(r, h)
%(Qn —6)T(r,h) + S(r,h),

which is a contradiction for n > 4. Thus h must be a constant. From (7) it follows
that A2 —1 = 0 and A"~! — 1 = 0 which implies that h = 1. Therefore f = g.
This completes the proof.

Lemma 12.[2] Let F', G be given by (3) and S be defined as in Theorem 1,
where n > 4. If Ef(S,0) = Ey4(S,0) then S(r, f) = S(r, g).

3. PROOF OF THEOREMS
Proof of Theorem 1. Since E¢(S,0) = E4(S,0), we see that F', G share (1,0). We
first suppose that H # 0. From Lemma 3 we obtain for m = 0 and k = 0,
_ 9 _

and form=0and k =k,
2n — 6
(n—=>5)[(n—2)k+ (n—3)]

Hence using the above inequalities we obtain from Lemma 8 and Lemma 6 with
m=20

N(r,oo;f|>k+1) < {N(r,0; f) + N(r,0;9)}.

(n+1)T(r, f)+T(r,g)
+2N(r,b;g) + N(r,00; f

IN

4N (r,0; f) +4N(r,00; f) + 2N(r,b; f) + 2N(r,0; g)
>k+1)4+S(r, f)+ S(r,9) (8)

Similarly we obtain

(n+1)T(r,g) +T(r,f) < 4N(r,0;9) 4+ 4N(r,00; f) + 2N (r,b; g) + 2N (r, 0; f)
+2N(r,b; f) + N(r,o0; f | = k+1)+S(r, f)+S(r,g) (9)

Combining (8) and (9)we obtain from above for e > 0

(n+ 2{T(r, )+TT9)} .
< 6N(r,0; f) + 8N (r,00; f) + 4N (r,b; f)
+6N(,0 g) +4N(r,b;g) + 2N(r,00; f |> k+ 1)+ S(r, f) + S(r, 9)
<6N(TOf)—|-4N(rbf)+6N(rOg)+4N(rbg)
I8N, 0: 1) + N1, 05)} + syt (N1, 05 1) + N, 039))
(,f)+5(7“,9)
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< {10 —-60(0; f) — 40(b, f) + €}T(r, f) + {10 — 60(0; g) — 40(b, g) + €}T'(r, g)
+ {% + (n_5)[(sﬁ§)lk2+(n_3)} HT(r, f)+T(r,9)}

and hence

{3@(0§ f) + 2@(177 f) —4 - % ~ - 5)[(n2n2)2+(n 3)] + 3 2 = g}T(T, f)
+ {3@(();9) + 2@(ba 9) —4- n—5 _ (n—-5)[(n n2)2+(n 3)] + 5 b g}T(T, g) < S(Tv f) +
S(r,g),r ¢ E.

This leads to a contradiction for arbitrary ¢ > 0. Hence H = 0. We do not prove
the rest of the part of the
Theorem as it is same as the proof of the corresponding part of Theorem 2.

Proof of Theorem 2. Since E¢(S,2) = E4(S,2) according to the definitions of
F and G we observe that F', G share (1,2). If possible suppose that H # 0. Since
n > 6, using Lemma 1 for m = 2 and Lemma 2 for

k =0 and Lemma 3 for m = 2 we obtain for ¢ > 0

(5 + D{T(r, /) + T(r.9)}

<2{Nr0f)—i; (r,0;9) + N(r,b;

+N(T OO,g)+N (T OO,f,g)*%N*(T,
N

+ N(r,b;9)} + N(r,00; f)
LEG)+S(r f)+S(r.g)
jN(T b;g)} + N(r,00; f)
N (r,
+ N

< 2{N(r,0; )+ N(r,0;9) + N(r,b; f)

—f—N(Loo,g)-i- (Too;f|2k:+1)—% LEG)+S(r, f)+ S(r,9)
< 2{N(r,0; f) + N(r,0; g) + N(r,b; f) + N(r,b; 9)} + N(r,00; f)
+N(r,00:9) + Gy sEraay Y (105 /) + N(r,0:9)] = 5N (r, L F, G)
+S(r, f)+S(r.g) B B

< 2{N(r,0; f) + N (r,0;9) + N(r, b5 f) + N(r,b;9)} + 3{N(r, 00; f) + N(r,00; 9)}
£ (N (1005 £) + N(r,0030)} + g BN (r,0; f) + N(r,0; )]
+S(r, f)+ S(r,g)

< (%_2@(Oaf)_2@(bvf) % (OO f) n 3+ Bn— 11)?& 122)k+n 3} +6)T( f)
+(3 —26(0,9) —20(b,g) — 36(00, 9) + 755 + Bn— 11)?(7111 122)k+n gy +T(r,9)-
Thus

{07 = (T+:5+ (3n711)?(7;01_7224§k+n73} —n) = 2¢}T(r, f)
HOy — (T+ 35 + (3n711){8(7:7,_722%k+n73} —n) = 2e}T(r,g)
<5(r, f) +5(r,9)

which is a contradiction. Hence H = 0. Then

_ AG+B
F=cevp (10)

143



Arindam Sarkar, Paulomi Chattopadhyay — Results on meromorphic functions ...

where A, B, C, D are constants such that AD — BC # 0. Also T'(r, F') =T(r,G) +
O(1), and hence from (4)

T(r,f)=T(r,g) +0(1) . (11)
Since R(w) — ¢ = n(sgll{)_(i’gi%j)’(ﬁfLQ), where ¢ = 9- 241, 3 and Qn-_3(w) is a

polynomial in w of degree n — 3, then in view of the deﬁmtlons of F' and G we notice
that

N(r,¢; F)

<
N(r,;;G) <

N(r,b; f) 4+ (n = 3)T(r, f) < (n—=2)T(r, f) + S(r, f),
N(r,b; (n—=2)T(r,g) + S(r,9). (12)

=
=
<
Q\Q/
_|_
B

|
&
=
3
P
IN

Now we consider the following cases. Case 1.C' # 0. Since f, g share (0o, 00) it
follows from (10) that oo is an exceptional value of Picard of f and g. Therefore in
view of the definitions of F' and G it follows that

N(T7OO;F) = N(ﬂal;f)"‘ﬁ(r?a%f)
N(T7 003 G) = N(ﬁ al;Q) +N(T7 Oég;g). (13)

Subcase 1.1 A # 0. Suppose B # 0. Then from (10)it follows that N(r, —5;G) =
N(r,0; F). Thus from the second main theorem we have from (4) and (13)

o _ — B
nT(r,g) < N(T,O;G)+N(r,oo;G)—I—N(r,—Z;G)—I—S(r,G)

< N(r,0:9) + N(r,a139) + N(r,az; g) + N(r,0; f) + S(r,g) (14)
A
Clearly (14) leads to a contradiction if n > 5. Therefore B = 0. Then F' = G+ and
[
N(r,72;G) = N(r,00; F). We also note that ¢ = % # 0. If possible suppose

5

¢ = =& . Also suppose that F' has no 1-points. This amounts to saying that f has no
wj-points where w; € S and 7 = 1,2,..,n(> 4), which is not possible. Therefore F
must have some 1-points. Since F', GG share 1-points, we have A =C+ D = C —cC
and hence

(C—-cO)G  (1-0)G

CG—-—cC  G-c’

since C # 0 by our assumption. Then since ¢ # %, N(r,c;F) = N(r
by the second main theorem and (12) we have

2nT(r,g) < N(r,0;G) + N(r,00;G) + N(r,c; G) + N(r T, o= 1,G)+S(T,g)

SN(T7079)+N(T7QI> )+N(7",Oé2, )—|—N(7",Ozl,f)+N(7“,042;f)+(n—
2)T(r, f) +S(r,9)

F:

7, 5575 G). Thus
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< (54+n—2)T(r,g) + S(r,g) which leads to a contradiction for n > 4.
Next let ¢ # i. Hence as before by the second main theorem

2nT(r,g) < N(r,0;G) + N(r,00;G) + N(r, %2;G) + N(r,; G) + S(r, G)
< N(r,0;9) + N(r,a1;9) + N(r,a2;9) + N(r,a1; f) + N(r, a0; f) +
(n—2)T(r,g) +S(r, 9)
<(B4+n—-2)T(r,g)+ S(r,g).

which leads to a contradiction for n > 4.

Subcase 1.2 A = 0. Then clearly B # 0 and F = ﬁ where v = % and

=12,

Since F and G have some 1-points, then v+ =1 and so F' = Suppose

T
v# LI = ;é ¢ then by second main theorem
2nT(r,f) < N(T 0; F) +N( T, 1= ,Y,F)+N(7‘ o F) +N(r oo; F) 4+ S(r, F)
< N(r,0; f)+(n=2)T(r, f)+N(r,0; 9)+N(r, a1; f)+N(r, a2; f)+S(r, f)
= (n+2)T(r, f) < N(r,0; f) + N(7,0;9) + N(r, a1; f) + N(r,a2; f) + S(r, f),
which is a contradiction for n > 4.

) Ife= ﬁ, then F' = m If ¢ #£ 1%0, then by the second main theorem we
obtain

2nT (r,g) < Nir, 0;G) + N(r,c;G) + N(r, % G) + N(r,00;G) + S(r, g)

<N(r,0;9) + (n—=2)T(r,g) + N(r,00; F) + N(r, a159) + N(r, 2; g) +
S(r,g)

- < N(Ta 07 g) + (n_ 2)T(7’, g) +W(T, a3 f) —‘rN(T’, Q2] f) +N(T7 a5 g) +
N(r,az;9) + S(r,g).

Thus (n+2)T(r, g) < N(r,0; g)+N (r, ay; f)+N(r, c2; f)+N(r, 015 9)+N(r, oz; g)+
S(r,g), which leads to a contradiction for n > 4.

Ifec= l%c then G = C(LF_C) and as above we obtain

nT'(r, f) < Ni(r,O;F) +W7(r, o F) +§(T,OO;F) + S(r, f)

< N(r, 05 f) + N(r,059) + N(r,ou; f) + N(r,az; f) + S(r, f).

Above leads to a contradiction for n > 5. Therefore we must have v = 1 and
hence F'G = 1, which is impossible by lemma 9.

Case 2.C = 0. Clearly A # 0 and F = aG + 5, where a = %,ﬁ = %. Since F'

and G must have some 1-points, o+ =1 and so F = aG + 1 — a. Suppose a # 1.
If 1 — « # ¢, then by the second main theorem and (12) we obtain:

2nT(r, f) < N(r,0; F) + N(r,¢; F) + N(r,00; F) + N(r,1 — a; F) + S(r, f)
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< N(r,0; f)+N(r,00; f)+ N(r,an; f)+ N(r, co; f)+(n=2)T(r, f)+ N (r,0; G) +
S(r, f).

Thus
(n+2)T(r, f) < N(r,0; f)+N(r,00; f)+N(r,a1; f)+N(r,a2; f)+N(r,0;9)+S(r, f)

which leads to a contradiction for n > 4.If 1 — a = ¢,then F = (1 — ¢)G + ¢.Since
¢ # lwe obtain from the second main theorem and (12):

2nT(r,g) < N(r,0;G) + N(r,¢; G) + N(r,00; G) + N(r, ;55 G) + S(r, )
B < N(r,0;9) + (n = 2)T(r,g) + N(r,00; g) + N(r, a1; g) + N(r, az; g) +
N(r,0; F)+ S(r,g).

Thus

(n+2)T(r,g) < N(r,0;9)+N(r,a1;9)+N(r, az; g)+N(r,00; )+ N(r,0; f)+S(r, f)

which leads to a contradiction for n > 4.
So a = 1. Hence F = G and therefore by Lemma 11, f = g.
This completes the proof.
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