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1. INTRODUCTION

Let H(U) be the set of functions which are regular in the unit disc U,

A={feH(U): f(0)=f(0)-1=0}

and S ={f € A: fis univalent in U}.
In [5] the subfamily T" of S consisting of functions f of the form

J=2

was introduced.

The purpose of this paper is to define a subclass of starlike functions with
negative coefficients and to give some properties of its by using a modified
Salagean operator.
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2.PRELIMINARY RESULTS

Let D™ be the Salagean differential operator (see [4]) D" : A — A, n € N,
defined as:

D°f(z) = f(2)
D'f(2) = Df(2) = 2f'(2)
D" f(z) = D(D""" f(2))
Remark 0.1 If f € T, f(z2) = z — 3 a;z?, a; > 0,5 =2,3,..., 2 € U then
i=2

o0

D f(z) =2—73 j"a;z".

=2

Definition 0.1 (1] Let 3, A €N, >0, A >0 and f(z) = z+ Y _a;z/. We
J=2
denote by Df the linear operator defined by

Df:A—>A,

fo(z) = Z+Z(1 +(j— l)A)ﬁajzj.

Theorem 0.1 [4] If f(z) =2— > a;27, a; >0, j =2,3,..., z € U then the
j=2

next assertions are equivalent:

(1) szaj <1

J:

(i) feT

(i) f € T*, where T* =T () S* and S* is the well-known class of starlike
functions.

Definition 0.2 [}/ Let a € [0,1) and n € N, then

D™ f(2)
D" f(z)

is the set of n-starlike functions of order a.

Sn(a):{fEA:Re >a,z€U}
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Definition 0.3 [3/ Leta € [0,1),0 € (0,1] and let n € N; we define the class
T, (e, B) of n-starlike functions of order o and type B with negative coefficients
by

Tu(e, B) ={f € A:|Ju(f,052)| < B,z €U},

where

D™f(z)
Drf(z)

D" f(2)
Dr f(z)

Remark 0.2 The class T, («, 1) is the class of n-starlike functions of order «
with negative coefficients i.e. T, (o, 1) =T () Sp().

-1

+1 -2«

Theorem 0.2 [3/ Let o € [0,1),5 € (0,1] and n € N. The function f of the
form (1) is in T, (a, B) if and only if

D M= 14 B0 + 1 - 2a)]a; < 28(1 - a)
j=2
Definition 0.4 /3] Let I. : A — A be the integral operator defined by f =

I.(F), where c € (—1,00), F' € A and

z

1
1) =L [P @)
z
0
We note if F' € A is a function of the form (1), then
“c+1 .
f(2) =1LF(z) =z — Z ; Hajza, (3)

Remark 0.3 In [3] is showed that if F' € T,,(«, B) then f = I.(F) € T,(«, ).

Remark 0.4 From Remark 0.2 and Theorem 0.2, for f(z) of the form (1),
we have f € T, (a, 1) = T, () iff

Zj”(j —a)a; < 1—a, where a € [0,1)
=2
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We denote by f * g the modified Hadamard product of two functions
f(2),9(z) €T, f(z) =2—>"a;27,(a; >0,j=2,3,...) and g(2) = z— > b;2,
j=2 J=2
(b; >0, j=2,3,...), is defined by

(fx9)(2) =2~ Z a;b;2’.

An analytic function f is set to be subordinate to an analytic function g
if f(z) = g(w(z)), z € U, for some analytic function w with w(0) = 0 and
lw(z)| < 1(z € U). We denote this subordination by f < g.

Theorem 0.3 /2] If f and g are analytic in U with f < g, then for p > 0
and z =re? (0 < r < 1), we have

7\]‘(2)\“659 < 7\g(z)|’“‘d9-

Following, we define a certain subclass of starlike functions with negative
coefficients by using a modified Salagean operator and give several properties
of it.

3. MAIN RESULTS

Definition 0.5 Let f € T, f(z) = z — iajzj, aj >0,7=23,.,2z¢€U.
We say that f is in the class T Lg(a) if: ]:2
DY f(2)
e
Remark 0.5 We can see from Definition 0.5 that the class T'Lg() contains

all the functions f €T, f(z) =2—>a;27,a; >0, j=2,3,..., 2 € U, which
j=2

>a, a€l0,1), X>0, >0, ze€U. (4)

satisfy the condition (4).
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Theorem 0.4 Let « € [0,1), A > 0 and B > 0. The function f € T of the
form (1) is in the class T Lg(«) iff

o0

SIA+G -V (1 + (G- DA—a)la; <1—a. (5)

j=2
Proof. Let f € TLg(a), with a € [0,1), A > 0 and 5> 0. We have
DY f(2)

Dif(2)
If we take z € [0,1), B> 0, A > 0, we have (see Definition 0.1):

Re

1-— Z(l + (5 — DA Ha 20t
j:fo > q. (6)
1— Z(l +(j — DA)Pa;zi
=2
From (5) we obtain:
1= 1+ = DN a2 > a = (1 + (j — DN aa;2 7,
j=2 Jj=2
SA+G -0V A+ G- DA e <1-a.
=2

Letting z — 17 along the real axis we have:
DA+ G-V 1+ (- DA —a)a; <1-a.

j=2

Conversely, let take f € T for which the relation (4) hold.

G+1
The condition ReD’\ﬁ—f(z) > « is equivalent with
DY f(2)

Df“fz
a—Re(W(;)—1><l. (7)
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We have
DIM'f(z) DIM'f(z)
o ( T A N Te ‘
(14 (G~ DVl — DA
- ‘Df“ﬂzﬁ) — DY) _ Z
Dy f(z) 1—2[14—(]’— 1))\]%]2] 1
D I+ (G = DA a1l — Az 1+ (G — DA a;(j — DA[P
<o+ ot
L= [+ (= D)NPaylzP L= [0+ (= DN a2
DIH+G =N - DA a+ > [1+ (G = DA a[(j — DA = of
< a—+ =2 = = =2 = <1
1= 1+ (= DA a, 1= [+ (= DA a,

a+ i[l + (= DNPa[(j — DA+ 1—a] < 1,

=2
which is the condition (4).

Remark 0.6 Using the condition (4) it is easy to prove that TLgii(a) C
TLs(a), where >0, a € [0,1) and A > 0.

Theorem 0.5 If f(z) =2 — > a;27 € TLg(),(a; > 0,5 =2,3,...), g(z) =
i=2

z— ijzj € TLs(a), (b; > 0,5 =2,3,...),a € [0,1), A >0, 8 >0, then

7=2

f(2) % g(2) € TLy().
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Proof. We have

i[l +G-DN[G-DA+1—-aa;<1—a
and .
ST+ - DA - DA+1—alh; <1-a.

We know that f(z) * g(z) = z — > a;b;z7. From g(z) € T, by using
j=2

Theorem 0.1, we have ) jb; < 1. We notice that b; <1, j=2,3,....
j=2

Thus,
S+ G- DAPG- DA L—alaghy < S 1+ G- DAP[G- DM+ —ala; < 1-a.

This means that f(z) % g(z) € TLg(a), >0, a€|0,1)and A > 0.

Theorem 0.6 If F(z) = z — > a;27 € TLg(a), then f(z) = I.F(z) €
i=2
TLg(c), where 1. is the integral operator defined by (2).

1
¢t ~a;, ¢ € (—1,00),
c+

Proof. We have f(z) = 2z — Y. b;2’, where b; =
j=2

i=2.3,....
Thus b; < aj, j=2,3 ... and using the condition (5) for F'(z) we obtain

> I+G-DN[(-D)A+1-alb; < i[l—l—(j—1)A]ﬁ[(j—1))\+1—a]aj <l-a.

=2
This completes our proof.

We consider the integral operator I.,s : A — A, 0 <u<1,1<46 < o0,
0 < ¢ < o0, defined by

1

f(z) = I..5(F(2)) = (c+9) /UCMQF(uz)du. (8)

0
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Remark 0.7 For F(z) = z+ Y a;27. From (7) we obtain
i=2

> c+0 ,
S e LR
20+]+5—1

0
Also, we notice that 0 < L < 1, where 0 < ¢ < o0, j > 2,

c+j+0—-1
1 <6 < 0.

Remark 0.8 It is easy to prove that for F(z) € T and f(z) = I..s(F(2)), we

have f(z) € T, where I, is the integral operator defined by (7).

Theorem 0.7 Let F(z) be in the class TLg(a), F(z) = z — > a;27,
=2

j_
aj >0, 7 > 2. Then f(2) = I.+5(F(2)) € TLg(w), where 1.5 is the inte-
gral operator defined by (7) .

Proof. From F(z) € TLs(«) we have (see Theorem 0.4)

S+ G =N A+ G —DA—a)la; < 1—a

Jj=2

where A >0, 3>0,0<c<ooand 1< < oo. Let f(2) = 2z— > b2,
=2
where (see Remark 0.7)

c+0d c+0
bj=—"% 4 >0and 0< —-"% 1.
ey s EE R A cto+j—1

From Remark 0.8 we obtain f(z) € T. We have
[+ G =DV A+ (G =DA=a)ly; < [1+ (G = DN (1 + (G = DA = a)ay.
Thus,

i[(“’(j—l))\) (1+(j—1)A—a) i [(1+(G—DN°(1+(i—DA—a)]a; < 1—a.

This completes our proof.
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Theorem 0.8 Let f1(z) =z and

1—a i
fi(z) =2z — (1+(j—1)/\)5(1—04+(j—1)/\)z , ] =2,3, ...

Then f € TLg(a) iff it can be expressed in the form f(z) = > A;f;(z), where
j=1
AJZOandEAJ:1
j=1

Aifi(2), A, >0, j=1,2, ... , with 3 \; = 1. We obtain

1 =1

e

Proof. Let f(z) =

J

o > -« j
/() :;Ajfj@ :JZIAJ(Z_ [1+(j—1))\]5[1—a+(j—1)>\]2)

o0

> 11—« j
TN T LMo —a T G DN

o0 11—« J
:z—jz:;Aj[1+(j_1)A]ﬂ[1_a+(j—1)A]Z'

We have
- . . -«
2 U= DN = U= DN s — s =

=1-a)> N=10-a_N-M)<l-a

Jj=2 J=1

which is the condition (5) for f(z) = i A;ifj(z). Thus f(z) € TLs(w).
j=1

Conversely, we suppose that f(z) € TLg(a), f(z) = 2 — >, a;27,a; > 0
j=2

L+G DN —at+( UM% >0, j=2.3, ... , with

l1—«

and we take \; =
M=1-) ).
=2
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Using the condition (5), we obtain

S = S G- D —at (= Dy < (1) = 1,

Then f(z) = > Ajf;, where \; > 0, j=1,2, ... and )  A; = 1. This completes
j=1 j=1
our proof.

Corolary 0.1 The extreme points of T'Lg(cr) are fi(z) = z and

l1-o i
fj(Z):Z—<1+(j_1>>\)ﬂ(1_&+(j_1))\)z,j—2,3,... .

Theorem 0.9 Let f(z) € TLs(a), B >0, A > 0, o € [0,1), o > 0 and

fi(z) =z — x0T 1))\—04)]2]’ j=2,8... . Then for z =

re?(0 < r < 1), we have

2

/|f(z)|“d9 < 7|fj(rew)|“d6.
0

0

Proof We have to show that

27 o ) K 21
/ 1—2%2371 d0§/

From Theorem 0.3 we deduce that it is sufficiently to prove that

m

do.

1—-a i1
G0V G- Da—a)

S i—1 _ l -« i1
D D e 1) VE (S R e
Considering
oo i1 g 11—« wlz j—1
D (T )V R P
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we find that

{w(z)}jfl _ [(1+(j — 1»‘)?%2 (j — DA —a)] Zajzjfl

which readily yields w(0) = 0.
By using the condition (5), we can write

L—a> [T+ N1+ —a)]ay+ [(1+20)°(1 + 2\ — a)]az + ...

HA+G = DN A+ (G = DA = a)a; + [(1+ 071+ 5A = a)lajyr + ...

2 Z[(l + (= DN (L + (G = DA = a)a;

= [(1+(j_1)>‘)ﬁ(1+(j_1>/\_O‘)]Zai-

Thus

> 1 -«
2% < T G- DV G- a)

and

. )08 P —a)l S
|{w(z)}|J—1 _ A+ -DN(A+ (G — DA )] Zajzj—l

11—« ’
J=2

. [(1+<J-_1))\)j(i_;(j—1)/\—a)]iaj|z|j—1< \z| < 1.

This completes our theorem’s proof.

Remark 0.9 We notice that, in the particular case, obtained for A = 1 and
B €N, we find similarly results for the class T,,(«) of the n-starlike functions
of order a with negative coefficients (inclusive the necessary and sufficiently
condition presented in Remark 0.4).
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