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ON A CERTAIN SUBCLASSES OF ANALYTIC FUNCTIONS
BASED ON AL-OBOUDI OPERATOR

S.P. VuavarLaksumi!, T.V. SUDHARSAN?, B. ADOLF STEPHEN?, M. Acu?

ABSTRACT. In this paper we introduce the subclass TS;‘(M, a,p,0),0< <1,
0 < a <1, \B > 0 of analytic functions with negative coefficients. This class
is motivated by the study of Sudharsan et al. (2010). We obtain a coefficient
characterization, growth and distortion theorems, closure theorem and a convolution
result for functions in this class.
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1. INTRODUCTION

Let H be the set of functions regular in the unit disc A = {z: |z| < 1}.
Let A={f(z) € H|f(0) = f'(0) =1 =0} and S = {f(2) € A: f(z) is univalent
in A} where

f(z) = z+Zanz” (1)
n=2

For 0 < a < 1, let S*(a) and K () denote the subfamilies of S consisting of functions
starlike of order a and convex of order « respectively. A function f € S is called

convex of order a (0 < aw < 1) if and only if R (1 + Zf//(z)) > a (z € A). A function

f'(z)
f € S is called starlike of order o (0 < o < 1) if and only if R <Z}C£S)) > .
The subfamily 7" of S consists of functions of the form
[ee]
flz)=2z- Z anz", (2)
n=2
an >0, forn =2,3,..., z € A. Silverman [8] investigated functions in the classes

T*(a) =T NS () and C(a) =T N K(a).
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Let n € Ng and A > 0. Denote by D}, the Al-Oboudi operator [3] defined by
Dy :A— A,
DYf(2) = f(2)
Dif(2) = (1= Nf(2) + A=f'(2) = Daf(2)
Rf(2) = DAIDY f(2)).

Note that for f(z) given by (1),

y:
||

o .
Zl+ J—DAN"a;2’.
j=2

When A = 1, DY is the Salagean differential operator [6], D" : A — A, n € N
defined as

Df(z) = f(2)
D'f(z) = Df(2) = zf'()
D"f(z) = DID" " f(2)].

Extending the Al-Oboudi operator D} Acu and Owa [2| considered the operator Df
which is defined as follows:
Definition 1.1. [2] Let B,A€ R, >0, A >0and f(2) =2+ > 72, ajzl. We

denote by Df the linear operator defined by

DY:A— A, Dif(z _z+21+ j—1)ANPa;27

Remark 1.1. If f €T, f(z) = z—Z‘;‘;Qajzj, a; >0,j=23,..., >0,
A>0,z€ A, then

Dﬁf 214- (7—1DA ajzj

Definition 1.2. [1] Let f(z) € T be of the form given by (2). Then for

—+1
a€0,1),A>0, >0, f(z) is in the class TLg(a) if Re 3@f{()) > a, and is in the

pi+2
f(z)
class T9Lg(a) if R6D6+1f( ) > .
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Using the operator Df Sudharsan et al. [10] introduced and studied the classes
TS;‘(oz, ) and TV (e, B) defined as follows. '

Definition 1.3. [10] Let f € T, f(2) = 2 — > 250527, a; > 0, j = 2,3,...,
z € A. We say that f(z) in in the class TS;‘(OZ,B) if

e {nglf(z) _ a} . ‘szlf@)
Dy f(2) Dy f(2)
We say that f(z) is in the class TV (o, 3) if

DI 1(z) DY f(z)
Re{Dfﬂﬂz) B S TearTe

—1', €[-1,1),A>0,8>0.

—1', a€[-1,1),A>0,8>0.

Motivated by the above definitions, we now define the following subclass S;‘ (1, v, B,0).
Definition 1.4. For0<pu<1,0<a<1,4,8>0. Let Sg‘(u,a,ﬁ,é) be the
subclass of S consisting of functions of the form (1) and satisfying the condition
1
Dy (2)

DI f(2)
Re A —ap >0
{ (1 — @)Dy f(2) + DY f(2) } (1= @)Dy f(2) + DY f(2)

A —_ QA
We further let T'S;(u, o, 8,0) = Sp(p, 0, 3,6) NT, z € A.

Remark 1.2.

1. TS, ,0,8) = TSy(p, &, 8) [5].
2. TS1(0,0,0,38) = TS,(8) [9].
3. TS}
4. TS)(0,a,B,1) = TSy(a, B), for o € [0,1) [10].
5. TS)(0,c,8,0) = TLg(e) [1].

1
1(0,0,0,1) = TSp() [4].
SE(0,a,0,1) = T* (152) [8].

6. T

In this paper, we obtain the sharp result for coefficient estimates, distortion
theorems, growth theorems and convolution result for the class TS]’,\([L, a, B3,9).
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2. MAIN RESULTS

Theorem 2.1. A function f(z) of the form (2) is in TS;‘(,LL, a, (3,9) if and only

14 G—DN? [5{( — DA+ A — pAj} —{a+apj —ap—1— (G — DA} a; < 1-a. (3)

e =

<.
||
N

Proof. Let f € TSp(u,c,3,6) with A,3>0,0<pu<1,0<a<1.
We have

DY f(z) }
Re A —« 1)
{ (- Dl () + D) 7

If we take z € [0,1), A, 8 > 0, we have

DM f(2) - '
(1—w)DYf(z) +uDy f(2) |

1= 30,1+ (j — AP+ a0
(1= p0) [1= a1 + G = DNPay2i = [, 0 + G = DA+ a2
s [1_ [ 1= 22,1+ ( — AP agei—! ”
(L= ) [1 = a1 + G = DAPay2 =+ [0 + G = DA a2

This yields

—-—a >

ZH'J DA [6{(j = DA+ pA — pAj} —{a+apj —ap—1— (j = DA} a;27 ' < 1-a.
Jj=

Letting z — 1~ along the real axis we have,
D+ G = DN {6 — DA+ pA = pAjt —{a+apj —ap—1- (= 1)A}a; <1-a.
j=2

Conversely, let us take f(z) € T for which the relation (3) hold.
It suffices to show that

DE*LE(2) ‘ { D f(2) }
~1|-R 1Y <1—aq,
(1— wD2f(2) + pDT 1 (2) =@+l e f ="
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z € A. We have
DY (2) - 1‘ R { DY F(2) - 1}
(1— )DL f(2) + uDIT f(2) (1— )DL f(2) + uDIT f(2)
g DI f(2) B ' DY f(2) B ‘
T (1= w)DYf(2) + uDYT f(2) (1= @)DY f(z) + uDY f(2)
DY f(2)

<(6+1 A _
=0+ (1 — @) DY f(2) + uDY f(2)

[ 52200+ G = DNyl = DA = )]
< (146)

1=32700+ (G = DA)Pas|(L+ pu(G — 1A)

This last expression is bounded above by 1 — « if

S+ G = DN [5G — DA+ pA = pAjt —{a+apj —ap—1—(j = 1A} a; <1—a.
j=2

Remark 2.1. If f € TS)(u,a, 3,6), then

l—-«a
1+ (G = DAP{G = DA+ pX = pAj} —{a+apj —ap—1— (= 1A}

for j =2,3,4,... and equality holds for

a]_

1—«

T = TGO G~ DA h — ) — (e +amj —an—1— G~ D]~

When g =0 and § = 1, we have the following corollary proved in [10].
Corollary 2.1. The necessary and sufficient condition for a function f(z) in
the form (2) to be in the class TSI’)\(a,ﬁ), with o € [0,1), is

o
DH+G-DN°2( - DA +1-ala; <1-a
j=2
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3. GROWTH AND DISTORTION THEOREM

Theorem 3.1. If f(z) € TSI’,\(,u,oz?ﬁ,é), then

11—« )
T [(5)‘_5M/\—04M+)\—04+1)(1+)\)B]T < [f(2)]
<T—|—r2[ l1-—a ]
< (6)\—6u)\—a,u+)\—a+1)(1+>\),3

Equality holds for

l1-a 2
. tz=4r.
H&) =2 = o —anta—ar TP @ *

Proof. By Theorem 2.1, f(z) € TSI),‘(,LL, a, 3,0) if and only if

> 1+ G = DN — DA+ pA— prj} —{at+opj—op—1—(G—1)A}a; < 1—a
j=2
or equivalently

(L4 G = DAPLON = X —ap+ X)) = [OA = dpd +a —ap+ A —1]}a; <1 -«

M

j=2
This implies > (1 + (j — DA a;(j —t) <1 -1, (4)
j=2

1
where t =1 — <m> But

(1+>\)5(2—t)§:ajSi(lJr(j—l))\)ﬁaj(j—t)Sl—t

This last inequality follows from (4). We obtain,

’f(z)‘ §r+2aj7’j§7“+7"2zaj§?"+7"2 ((2_;)(_12_)\)5>

Jj=2 Jj=2

Similarly,
- > 1—t
A zr=Y e <r s’ a,»gr—r?()_
JZ:; ’ ; g 2—t)(1+ )P
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Thus,
1_+¢ 1—t
(=) == (=)
that is,
- 1-a [ <l1fe
(OA—oph—ap+ A—a+ 1)1+ )P
gr—l—rz[ p— }
(O —0uh —ap+A—a+ 1)(1+ NP

Hence the result.

Corollary 3.1. When p = 0, § = 1 we obtain for the functions f(z) €
TS (e, B), with a € [0,1):

l-a l -«
N <(1+)\)5[2/\+1—a]>r2§ @ <r <(1+)\)5[2)\—|—1—a]>

Lz =7
This corollary is due to [10].

Theorem 3.2. If f € TS?(u,a,B, J), then

2(1 — «) )
L= [(1+>\)5(6A—6u>\—au+>\_a+1)]TS|f(Z)|
N (1+/\)ﬂ(5)\—5,u)\—au—|—/\_a+1)

Proof. Since f € TS;‘(u,a,B,é), we have

oo

Z[l + (= DNPa;(j—t) <1—t,

— _ l-a
where t =1 — (6/\75;0\704&)\)'

In view of Theorem 3.1, we have

Zja] Zj—t aj—l-tZaJ
=2

< 1—t¢ +t( 1—t¢ >

— (1+ M) (2—t)(1+ NP
2(1 —1)

T (1+NB(2-1)
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, — i =N 201 — ¢
U(z)léwgmzw 1g1+r;jajg1+r[(l+g)ﬁ(2>_t)]

Similarly,

/ S a2 " o -y
1f1(2)] = 1—;JCLJ|2| t>1 —T;J% zl-r [(1+>\)B(2—t)]

Hence,

2(1—t) ) 2(1-1)
b hlﬂ)ﬁ@—t)] sIfElster lem_t)]

Substituting for ¢, we have

2(1 — «) )
[G+AW®A—&M—au+A—a+U]TSV(m
<1+r[ 2(1 — ) ]

o (1+)\)f8(5)\—5u)\—au+)\_a+1) '

Corollary 3.2. When p = 0, § = 1 we obtain for the functions f(z) €
TS)(a, B), with a € [0,1):

1_[ 2(1—a)
1+NP2A—a+1)

]rﬁlf’(z)gu[ 21— a) ]

1+NP2A—a+1)

r,|z|=r.
This corollary is due to [10].

4. CLOSURE THEOREM

Theorem 4.1. If f1(z) = z and

(1-a)

&) =2 = GG Boma)

where

E(j, A\, 8,6, 1, 0) = (14+G=DN)P[6{ (=D A+urA—pAjt—{atapj—ap—1-(j—1)A}],
then f € TSI’,\(M,a,,B,é) if and only if it can be expressed in the form
f(2) =352, Mifj(2), where A\j > 0 and 3772, A\j = 1.
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Proof. Let f(z) = 32725 Ajfj(2), Aj 20,5 = 1,2,... with 3722, \; = 1. We
have

1) = Z)‘Jfa(z)
j=1
N (1—-a) ]
= A |z — i
1Z+jz:2 J {Z E(j’)\’ﬁ’(;au,a)z
o0 ) (1_a) :|
= Niz — A y
; " JZ:; ’ [E(j,A,ﬁ,a,u,aﬁ
N (1-a) |
- z_jz::g)\J [E(jy)\,ﬁ,(s,,u,a)z]]
We have,
- E(j7)\16>5a,u,04))\'(1—a)
]Zg B 5.5, 1)
:(1_Q)Z)\j
j=2
=(1-a)(1-X)
<l-a.

Therefore the condition (3) for f(z) = 3772, A; f;(2) is satisfied.
Thus f(z) € TSZ;\(u,a,ﬁ,é).
Conversely, suppose f(z) € TS;)‘(,u, a, 3,0),
f(z)=2-3"7, a;jz’, a; > 0 and take
y = (G =DNOE{G = DA+ pA = pAj} —{atapj —ap—1— (G = DA}
T (I-a)
J=2.3,., with A =132, ),

so that f(z) = > 272, Ajfs
Using Theorem 2.1, we obtain

a;j 2 0,

Z)‘] = EZE(Jv)\vﬁaénuaa)a]’
= =2
<L(1 )=1
1— o Q) = 1.
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Hence 1 — Ay <1 or A1 > 0.

Corollary 4.1. The extreme points of TSI))‘(,U,, a,3,0) are f1(z) = z and

(2) =2 — —— z
fi(2) E(j,\, 8,0, i, )
When =0, 6 =1, we obtain f;(z) = z— (1+(j—1)A)(ﬁ*1(g?j)—1)A+1—a) 2. This result,

regarding the subclass TS];\(a,B), with o € [0, 1), is due to [10].
5. HADAMARD PRODUCT

Definition 5.1. [7] For two functions f(2), g(2) € T, f(2) = 2 — 372, a;z’
and ¢g(z) = z — Z(;iz bjz?, (bj > 0,5 = 2,3,...), the modified Hadamard product
f * g is defined by

(fr9)(z)=2=> ajbz’
=2

To prove the next theorem, we need the following result due to Silverman [8] (for
more details see [6]).

Theorem A. If f(z) = z — Z;';Qajzj, a; >0, =2,3,..., z€ U, then the
next assertions are equivalent:

(i) >520ja; <1
(i) feT
(iii) f € T*, where T* = TNS* and S* is the well-known class of starlike functions.
Theorem 5.1. If f(z) =2 — > 2%, a;z) € TS)(p, o, B,6) (a; >0, =2,3,...)
and g(z) € T, with g(z) = 2 — 372, bjz) € TSI’,\(u,a,B,(S), b >0, =2.3,...,

a€[0,1), A>0, 8>0, then f(z)*g(z) € TS) (1, 8,0).
Proof. We have

1+ G =DV = DA+ pr—pAjt —{a+api—ap—1—(j—=1)A}a; < 1—a

o]
J=1

and

[e.9]

D (4G =DN{G = DA+ A= pdj} = {atapj —ap—1= (=AYb < 1-a
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We know that f(z)*g(2) =2 — > 2%, ajb;t.

From g(z) € T, by using Theorem A, we have E]O'igjbj < 1. We notice that
bj<1,j=23,....
Thus

o0

D (4G = DN = DA+ pA — i} — o+ apj — ap— 1= (j = DAHasd;
j=1

<Y U+ G = DN = DA+ pd = i} —{a+apj —ap —1— (5 — 1)A}Hay
j=1
<1-—oa.

Hence f(2) * g(2) € TS;‘(M,a,ﬁ,é), f>0,A>0and a€|0,1].
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