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NEW CONTROLLABILITY RESULTS FOR FRACTIONAL
EVOLUTION EQUATIONS IN BANACH SPACES

SOUMIA BELARBI AND ZOUBIR DAHMANI

ABSTRACT. In this paper, we use Caputo derivative to generate new sufficient
conditions for the controllability of fractional evolution integro-differential equations
in Banach spaces. These results are obtained using Banach contraction principle.
Other results are also presented using Krasnoselskii theorem.
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1. INTRODUCTION

The fractional differential equations are emerged as a new branch of applied math-
ematics by which many physical phenomena in various fields of science and engi-
neering can be modeled. Significant development in this area has been achieved for
the last two decades. For details, we refer to [6,7,10,11,13]. Moreover, the study of
impulsive fractional integro-differential equations is also of great importance. The
study of such equations is linked to their utility in simulating processes and phe-
nomena subject to short-time perturbations during their evolution [3,5,12,13]. Many
researchers have discussed controllability of impulsive systems in Banach space. For
more details, we refer the reader to [1,2,4,8]. Motivated by the works [14,16], the aim
of this paper is to establish the controllability results for fractional evolution integro-
differential systems in Banach spaces by using the fractional calculus and fixed point
theorems. So, let us consider the fractional non linear integro-differential equations

¢

t
Doz (t) = A(t)x () + Bu(t) + f t,mt,/a(t,s,ms)ds At
0
te J0<a<l,

2(s) + [9(@ty, s 20,)1(s) = 0(s), s € [=h, 0],

Azli—y = Li(z(t7)),i = 1,2,...,m,
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where D% is the Caputo derivative, the variable x takes values in a Banach
space X and the control function u is given in L?(.J,V); V as a Banach space and
J :=10,b], Q:={(t,s);0 < s <t <b}. Wesuppose that A is a closed linear densely
defined operator in X, and B is a bounded linear operator from V into X.

Further, we suppose f : J x X x X — X, a : Qx X —» X, [; : X —
X, Azl = () —2(t]),i =1, m, 0 =tg < t; <ty < ... <ty < tmy1 = b,
g : [PC([-h,0],X)]? — X are given functions. The function z; : (—h,0] — X is
defined by x¢(n) = «(t +n), for t € [0,b],n € [-h,0].
We also take Jy := [0,t1], Ji = (ti, tis1], i = 1,2,...,m, J :=[0,b]\{t1, ..., tm },
PC([—h,b], X) := {z; z is a function from [—h, b] into X such that z(t) is continuous
at t # t;, left continuous at t = t; and the right limit a:(t;r) exists for i = 1,2,...,m},
with norm

| 2 ||pc:= sup ||z (¢)] -
ted

It is to note that (1) is equivalent to

0(0) = [g(wers - 1,))(0) + 1y (t; —7)* P A(r)x (1) dr

0<t;<t

2. PRELIMINARIES

In the following, we give the necessary notation and basic definitions which will be
used in this paper.

18



S. Belarbi and Z. Dahmani - Controllability results for fractional equations...

Definition 1. A real valued function f(t),t > 0 is said to be in the space Cy,,u € R
if there exists a real number p > u such that f(t) = tP f1(t), where f1(t) € C([0,0)).

Definition 2. A function f(t),t > 0 is said to be in the space C};,n € N, if
f™ec,.

Definition 3. The Riemann-Liouville fractional integral operator of order o > 0,
for a function f € C,, (> —1), is defined as

t
JYf(t) 1/2?—7'0‘1]" T)dT; a>0,t>0
0

JOf(t) = f(1).

The fractional derivative of f € C", in the Caputo’s sense is defined as

r(;_a)/(t—T)nalf(")(T)dT, n—1<a<n,necN*,

Df(t) = (4)

0
cll% (1), a=n.

For more details, we refer to [9,15].
For the controllability, we give the following definition [1,2]:

Definition 4. The system (1) is said to be controllable on the interval J if for every
z1 € X and [g(wt,, ..., x1,)(s) € PC([—h,b],X), there exists a control u € L*(J,V)
such that the solution x(t) of (1) satisfies x(0) = xo and z(b) = x;.

Let us now consider B, := {z € X, ||z|| < r,r > 0}. To study the controllabil-
ity problem, we assume the following conditions:

(Hip) : A(t) is a bounded linear operator on X, for each t € J and the function
t — A(t) is continuous in the uniform operator topology and

masx [ A()] = M
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(Hs) : The linear operator W : L?(.J; V) — X defined by

b
W (t) = F(la)/ (b—7)°"" Bu(r) dr
0

has an inverse operator W~1, which takes values in L?(J; V) /kerW and there exists
a positive constant C' > 0 such that | BW~! ||< C, for every = € B,.

(H3) : The function f : J x X x X — X is continuous and there exist constants
/3 > Oaﬁ> 0, such that Hf(tvxt?ut)_f(taytvvt)H < 5(”'% - yH + Hu - UH) 3T, Y, U,V E
X,t e JB=maxeys | f(£0,0)].

(Hy) : For each (t, s) € Q, the function a : Q x X — X is continuous and there
exist two constants w > 0,0 > 0, such that

t
/n alt, s,25) — alt,s,ys) | ds <w |2 —y o,y € X, b5 € J
0

t
@ = max /| a(t,s,0) || ds: t,s € Q.
0

(Hs) : I; : X — X is continuous and there exist constants w;, such that

H Il(x) _Il(y) HS Wi H r—=y ||7’L =1,2,...m,x,y € X.

(Hg) : The function g : [PC([—h,0], X)]P — X is continuous and there exist two
constants o, ¢ > 0, such that

Ig(@e, s 20, ](8) =19 (Y115 - ws, ) (8) I1< 0 || 2=y [[pe; 2,y € PO([=h,b], X)), s € [=h, 0]

0 = max{|| [g(x, ..., z,] () ||: w,y € PC([—h,b], X),s € [=h,0]}.

(H7): There exists a positive constant r > 0, such that
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10(0)]| + 0+ (m+1DA[(M+B+bw)r+ (k+ B+ bw)] + m(wr + @) <,

= Clllzall + 10 O)] + 2
+(m+ 1AM+ B+bw)r+B+bx] +m(wr + @),

bOl
TT(at1)
3. MAIN RESULTS

Using the well-known Banach fixed point theorem, we give the following theorem.
Theorem 1. If the hypotheses (Hj)j:ﬁ and

A=lo+(m+DA[y+(M+B+bw)]+mw| <1 (5)
are satisfied, then the problem (1) is controllable on J.

Proof. Using (Hsz), we define the control u as follows:

0 or = 0(0) + [g(wry 21, ))(0) — 1y 3 / (ti— 1) A(r)a (7) dr

0<t; <’ |

(b—7)"""A(r)z () dr

\v

b T
—ﬁ/(b—ﬂailf (T,mﬂ/a (7’,571‘5)d8> dr
ti

0

+ > LE)N.

0<t;<t
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Now, we shall prove that the operator ® : PC([—h,b],B;) — PC([—h,b],B,)
defined by

vo) = iy > [ e w* o) dut / (1) dp

0<tz‘<§271
t; T
"‘ﬁ / ti—m)* | 7, /a (1,8,25)ds | dr
0<ti<€i—1 0
t T
+r1a)/(t7)alf T,ﬂﬂr,/ (1,8,25)ds | dr + Z
t; 0 0<t;<t

Bw 'z —0(0) + [g(ze,, ..., zt,)( —F(a) Z / (ti —7)* Y A(T) x (1) dr

0<t; <l}

b
(7/ b—7) P A () dr — w1 Y / (te =) (T%’/a(ﬂs’xs)d% dT
0

0<t; <b

yerly (T,mT,/a(T,s,xs) ds) dr

0

¢(/L,1’) =

\o-

+ Y Li(z ().

0<t;<t

Then, we have
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16 (, 2)[| < Cllza]l + 16 (0] + o+
+(Mm+DA[(M+B+bw)r+B+bo] +m(wr+@) =k

and

19 (1, ) — @ ()| S C[(m+ 1AM + B+ bw)] +m ()] [z —yl| <vllz—yl.
1* We have to prove that ®B, C B,. Let x € B, then we can write:
[z ()l

t

<100 + [[lg(@t, ., 2e,)IO)]] + ﬁ/ (t =7 A@ (7l dr

t;

ity Loctiet Jo, =T THIAD Iz (DIl dr + w03 SCocryee fi, (=) 119 ()l dp
ey S = I () du + w5 Towr, <0 Ji, (G =) F (7,20, [3 a(r,s,2) ds) || dr
Jrﬁ fti (t—mr)t Hf (1, 2r, Jo a(r,s,@s) ds) H AT+ o<t <t HL (= (t7)) H :

Consequently,

[ (1))
< 10O + |[g(@ers ey 2 O + w5y fi, & =7 A @) |2 ()] dr
ity Doctee i G =) A e (D dr + w5y Socr,< Ji, (=) I6 ()| dp
+rty S = )1 (@) | dps
ity Docnicr Ji G =) T (roae, [y alr,s,20) ds) — f (7,0,0) + [ (,0,0)|| dr
trds [ =) f (e, f] a(rys,@0) ds) = £ (7,0,0) + £ (,0,0)|| dr

+Zo<ti<t ||IZ (:c (tz_)) -1 (0) + 1 (O)H :
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Therefore,

[ (1))l
< 0O+ [[lg(er s s e, JO)| + 53 S, (¢ =) NA@) | (7)]] dr
ity Docnic Jit, G =) THA@ 2 (Ml dr + w15 Tocr,<e i, G =) I¢ (1, 2) ]| du
iy S =)l ()| dp
i Doct, <t o (G =) T (T, [y a (7 s, @s) ds) — f (7,0,0)|| dr
it Soctat ot G =) HIf (7,0,0)]| dr
try i =1 S (e, [T a(rys,20) ds) — £ (,0,0)]| dr
ey o, (=) (5,0,00d7 + 300, <[5 (@ (1)) = L O] + 112 Q)]
This implies that,

[Pz ()] < [|0O0)]|+ o+ (m+1)A[(M+ B+ bw)r+ (k+ B+ bd)] +m (wor +(fz))

10

and then,
[@x ()] <7 (11)

Hence @B, C B,, which means that the operator ® maps B, into itself.
2* Now we prove that ® is a contraction mapping on B,. Let x,y € B, then we
can write:

@z () — Dy (¢)]]
< g@ersoors we,) = 91 s v O)|| + +555 S E =) HA@) [l (1) =y (7)]| dr
ity Socna S =) THA@ |l (1) =y (7)l| dr
iy Socnc Jit, (=) 16 () — & ()|l dps
iy S = g () — ¢ (1) | dpe
ity Doctict S, @i =) T f (roae, [y a7, s,@s) ds) = £ (1,90, fo a(7,s,ys) ds)|| dr
trtg S =) | (e, fy a(rs,s) ds) = £ (rye, [y a(rs,ps) ds) | dr
+ D 0ctiae i (@ (7)) = L (v (8))]] -

Consequently,
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[@x () — @y ()| <[o+ (m+ DAy + (M +F+bw)] + mo] [z —yl[.  (12)

Then,
@z (t) — @y (O)[| < Az —yll. (13)

Hence, the operator ® has a unique fixed point which is a solution of (1). Conse-
quently, the system (1) is controllable on J. Theorem 1 is thus proved.

Our second result is based on Krasnoselskii’s fixed point theorem [11].
Let us consider the following conditions:

(Hy) : i) For each t € J, the function f(t,--) : X x X — X is continuous.
ii) There exists a function 8y (- ) € L*(J, RT) such that

1t 21, 91) = F(& w2, 92)l] < Br@) (21 = w2l + llyr = w2l]),

3= t
masc | £(t,0,0)

forany t € J, x;, y; € X for 1 =1, 2.
iii) The function f:J x X x X — X is compact.

(H,) : i) For each t, s € .J, the function a(t, s,-) : X — X is continuous .
ii) There exists an integrable function w, : J X J — [0,00) such that

Ha(t,s,x) - a(t,s,y)H < wa(t7 S) ||:E - y” 7t78 € Jal‘ay € X7

t
dJ:maX{/ | a(t,s,0) || ds:t,SEQ.}.
0

(Hy): i) I; : X — X is continuous and there exist constants w; such that

[ Li(z) = Liy) IS @i |z -y ,i=1,2,....,m,z,y € X.
ii) I; : X — X is compact.

(H;): There exists a positive constant > 0, such that
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10C0) 11+ &+ (m+ 1) A [ (M + 183 + b lwall )

r (A 18+ bllwall, ) +m(wr +@) <,

KR =

C Nzl + 116 ()] + & + (m + 1) A [<M+ (R +b||wa||L1)r+f3+baz} Fm (o + )|,

and

bOl
TT(at1)
(Hg): There exists a constant T such that

T = o+ (m+ DA[M+C [m+ DA [(M+ 18l +blall, )| +m ()] ]

Theorem 2. (Krasnoselskii Theorem) Let K be a closed convex and nonempty
subset of a Banach space X. Let P,(Q be the operators such that
(i) Px+ Qy € K,z,y € K.
(ii) P is compact and continuous.
(iii) @Q is a contraction mapping.
Then there exists x*, such that

" = Pz* + Qx".

Theorem 3. If the hypotheses (H1), (Hg), (Hs), (Hj/-)jzg—’5 and (H7) are satis-
fied and if T < 1, then the system (1) is controllable on J.

Proof. On B,, we define the operators R and S as:
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(14)

and

ti T
i<t 0

t
()/(tralf(TxT, a(r,s,xs)d )dT—{—Z
t;

0<t; <t

(15)

For z, y € B,, we have

IRz (t) + Sy ()] < [|Ra (&) + 15z (£)]] - (16)
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Then we can write

t
1 o
1Rz () + Sy ()] < 1000)[] + [[lg (e, -, 2,)](0 Fa/ PA(r)a(r)dr
b

||ty Zoctee S, (=) A2 (7) dr|
|| Soctea fit, (6= 00" 6 (a,) i
||y i = " 6 ) i
|y St i =71 (e i a0 ds) |
| w7 (e, fF (s ds) | 4+ [ Socqo B (2 ()]
It follows then that
IR (t) + Sy ()] < 1000)]| + 0+ (m+ 1) A (M + 11875+ blwall , ) 7

+m+ DA (5 + 1Bl +bllwall ) +m (wr + ).
Consequently,

1Rz (t) + Sy (D) < 7.

Hence, Rx + Sy € B,.
On other hand, we have
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t

[ Rz (t) — Ry ()] = [0(0) = [g(s,, ..., 24,)](0) + ﬁ/ (t—7) "t A(r)z(r)dr

t;

+ﬁ Z /(ti—T)ailA(T).T(T)dT-Fﬁ Z /(ti—u)“71¢(u,m)du

0<t; <t | 0<ti <t |

t t

+ﬁ/(t—u)“’l¢(uw) du]—[9(0)—[g(ytl,--~7ytp)](0)+ﬁ/(t—f)“’lfl(f)y(f)df

t; t;

t;

ity 3 [ Gt Ay iy 3 [ 6w o) d

0<t;i<t” | 0<t; <t |
im _

t

bty [ (6= 00" 0 ) dd|

(17)
Therefore,

1Rz (t) = Ry ()1 < [|l9(yrs -, y2,)](0) = [g(eys -y 20,)] (O)

||ty Sociee S, =) A @ () —y (1) ar |
|y S =T A @ (1) -y ()
+ ‘ 5 Doct, <t o G =) B (o m) — ¢ (1, y)] duH

+|

w5 o =) e (1) — 6 (1,0)] duH
< e+ m+Da[M+C[m+)A[(M+ 187l +blwall , )| +m@)]]] e -yl
<Tlo-yl.

Since T < 1, then the operator R is a contraction.

Now, we shall prove that the operator S is completely continuous on B,: First, we
show that S is continuous on B,. So, let {z" (t)};° C B,, with 2" — z in B,.. Then,
there exists r > 0, such that ||z, (t)|| <r, for all n. Hence x,, € B, and z € B,.
The hypotheses (Hy), (H,) and (Hy) imply that:
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i) I; is continuous for each i = 1,2, ..., m.
i) f (t, x?,fga(t,s,x?) ds) — f (t,wt,fota(t,s,a:s) ds) for each t € J and

¢ ¢
Hf <t, x?,/ a(t,s,zy) ds) — f (t,xt,/ a(t,s,xs) ds) H < 2r||Byll ;1 -
0 0

Using Lebesgue dominated convergence theorem, yields
[Sa™ (t) — Sz ()] =

| ﬁ Z / (ti—T)afl (f (T,ZBZ,/G(T,S,Z’?)(LS) —f (T,wT,/a(T,s,xs) ds)) dr

0 0

+ﬁ/ (1577')0‘_1 (f (T,xf,/a(T,s,xg)ds) —f (T,mf,/a(T,s,ms)ds)> dr
0

0

0<t; <t
Furthermore,
152" (t) = Sz ()| < P+ Q + Z,
where,
t; T T
P = L Z / (ti —7)* | f <T,x2,/ a(T,s,rZ)ds) —f <7‘,1:T,/ a(T,s,ms)ds) dr,
I' (o) o<ti<t”ti-1 Y 0

dr

f (T,I:,/OTCL(T,S,I;L) ds) - f (7', mT,/OTa(T,s,:cs)ds>

1 g a—1
Q=+ [, -7
and

Z= > |L@" () - L (= ()]

0<t;<t

Consequently,

|Sz™ (t) — Sz (t)|| = 0,n — oco.

Hence, S is continuous on B,.

Now, we prove that S is relatively compact as well as equi-continuous on X.
To prove the compactness of S, we shall prove that S(B,) C PC([—h,b],X) is
equi-continuous and S(By)(t) is pre-compact for any r > 0, t € J. Let € B, and
t+k € J. Then we can write
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t;

S (t + k) — Sa (O] <|| > /

I' (o) 0<t;<t+k”ti-1

(t;—1)* " f (T, xT,/OT a(T,s,:vS)ds) dr

‘*‘ﬁ fH_k (t+k)—7)*71f (r, 27, [ a(r,s,xs)ds) dr

t;

+ 20<t¢<t+k I; (x (t;))

—ﬁ D o<t <t Lt:—l (ti —T)* ' f (r,2+, [, a(r,s,2)ds) dr

+ﬁ fttl (t T)a—l f (7‘, s, foT a(T,s,xs) ds) dr + Zo<ti<t I; ($ (t;)) Il
Therefore,

S (¢t + k) — Sa (O] <Il > /

I'(a) t<t;<t+k

ti — 1)t (T, T ’ T,,sd)dT
( ) f x/oa( S, s)ds

ti—1

e [ (k) =D f (e, [ a(r s ) ds)

i

_ f; (t— 7—)‘“1 f (7—, T, fOT a(t,s,Ts) ds) dr]
+Et<ti<t+h Ii (x (tz‘_)) -

The inequality (27) is independent of x. Thus S is equi-continuous, and as
k — 0, the right hand side of this inequality tends to zero. Then S (B,) is relatively
compact, and S is compact. Finally by Krasnoselskii theorem, there exists a fixed
point z in B,, such that (®x) (t) = = (t); this point is a solution of (1). It is clear
that (®x) (b) = x (b) = x1, which implies that the system (1) is controllable on J.
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