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UNIVALENCE OF TWO INTEGRAL OPERATORS

NICOLETA BREAZ, DANIEL BREAZ, VIRGIL PESCAR

ABSTRACT.In this paper we consider two integral operators and we study their
univalence. The number of functions involved in the definition of the operators is
taken as the entire part of the modulus of a complex number. Some particullar cases
for construction of such integral operators are outlined and also some corollaries of
univalence are derived.
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1. INTRODUCTION

Let be U = {z € C:|z| < 1} the open unit disk and A, the class of analytic
functions normalized by the conditions f(0) = f/(0) — 1 = 0, defined as f(z) =
Z24agz® + ... Also let be S C A, the class of analytic functions which are univalent
functions in the open unit disk.

We consider the following two general integral operators

z

F[|a|](2)=/(flt<t)>al-m- (W)aw dt,
0

where 6 € C, |§] ¢ [0,1), oy € C, fi € A, i =1,][|6]] and
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s (C7 h" ¢ [07 1)7 Q; € (Ca fl € A7 L= ]-7 HVH

2=

45



N. Breaz, D. Breaz, V. Pescar - Univalence of two integral operators

Remarks 1.1. If |§] € [0,1) we have [|d]] = 0 hence ¢ can not be used to count
the number of functions involved in the definition of the operators.

Remarks 1.2. The parameter § can be in particullar chosen in conection with
the other parameters from the definition of the integral operators, a1, az, ..., a5
For example we can take Reay - ... - Reajs) = Red or Reay + ... + Reqy5; = Red
or ai + ... + ajs) = 7. For such particullar cases further discutions should be done
with respect to the existence of the integral operator based on those parameters.

In what follows we study the univalence of the integral operators Fjs; and G-
In order to obtain univalence conditions for the above mentioned integral operators,
we need the following lemas:

Lemma 1.3.[2].Let a be a complex number, Rea > 0 and f(z) = z + a22% + ...
be a reqular function in U. If

1— ‘Z|2Rea
Rea

2f"(2)
f'(2)

for all z € U, then for any complex number 3, Ref > Rea, the function

— 9

1

Faz) = |8 [ ¢y
0
s in the class S.

Lemma 1.4. [1].If the function g is regular in U and |g(z)| < 1 in U, then for
all £ € U, the following inequalities hold

1—g(2)g(&)| 11 -7
and )
1—g(2)|
"] < il L2572 N
the equalities hold in the case g(z) = eff=%, where || =1 and |u| <1,

Remark 1.5. [1]. For z = 0, from inequality (1.1) we obtain for every £ € U,

g(§) — g(0)

1 g0)ge)| ="

and hence, €+ 1g0)
£l +19(0
TN T g0 el
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Considering ¢(0) = a and £ = z, then

2| + |al
2)| < ——m—,
l9()l < 1+ |al 2]

forall ze U.

2. MAIN RESULTS

Theorem 2.1.Let § € C, 0 < Red < 1, 0| ¢ [0,1), o; € C, fori = 1,[|d]]. If
fi€ A, fi(z) =z+ab2? + ..., fori=1,[|6]] and

filz) 1
Li®) 2| < Res, 2.1
F) (2.1)
foralli=1,[|0]] and z € U,
1
| 4 o+ Jogep] < Jan - -] < e HIERE (2.2)
Tﬁi’f [ Rev " |12 1+|c||z|:|
where
‘ ’ ‘a1a2+ +Oé|5| l ”}
C pry
o - oy
then F[|5H eS.
Proof. Let consider the function
ol [1o1]
1 5 (2) z 1
h(z) = u I g Z ( ) > (2.3)
o - |6|]‘ \5” z o - \5|]} (2)
for all z € U and we have
1 [151]
h(0) = ’ \5|]| ZalaQ

By using the relation (2.1) and the first part from the inequality (2.2) we obtain
that |h(z)| < 1 and |h(0)| = |¢]|.
Further if we apply Remark 1.5 for the function h we get
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(e O 1S L IO R ¢
x <lag-...- it | EE ¥ I e L 2.4
Red ~ Fiy(2)| oo | =gyl g 2
for all z € U.
Now we consider the function H : [0, 1] — R defined by
1—g2Red gt
H(z) = s x=z|. (2.5)

x -y
Red 1+ |c|lz
and we have max H(z) > 0.
z€[0,1]
Using this result togheter with the previous inequality and with the hypothesis
conditions we get

Fijsy(2)
gy (2)

1— ’Z‘2Re6

<1
Red

— Y

for all z e U, so F[|5H S

If we take different values of § we can obtain interesting univalence properties
for particullar integral operators.

Let 6 = % + 7. We obtain the next particullar case:

Corollary 2.2.Let o € C. If f(2) = 2z + az2®> + ... € A and

') 11
fz) 2] 7 2
forall zel 1
la| < ’
2{;1'5%)1( [(1 —|2]) |2 - H;Lﬁd
then z
O
Fi(z) = () d
O/ j

s univalent.

Let § = % + 2¢. We obtain the next particullar case:
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Corollary 2.3.Let aj,a € C. If f1(2) = 2+ adz? + ... € A, fo(2) = 2z + a3z +

.. € A and / )
fi) 1 L AseE 1L
fiz) 2|7 20 [fa(z) 2] T 2
forallzelU
1 1
+ <1
‘041| |a2|
1
lagas| < 2|+l
2ma [~ 12Dl - 5]
1 2
where |¢f = [2e2te2ss] o

||

18 univalent.

SORCK

Theorem 2.4. Lety, 6 € C, |y| ¢ [0,1), o, € C, fori = 1,[|v|]. If fi € A,
fi(z) =2+ a2+ ..., fori=1,[]y]] and

filz) 1
! ——| <1, 2.6
) 2 (2.6)
for alli=1,[|6]] and z €U,
Revy > Red > 0,
1
|041‘ +o.t ‘O‘WI]‘ S ‘al Tt a“‘sﬂ‘ S 1—| ‘21165 |z|+c| ’ (2'7)
max | —r 2| - S }
l2|<1 [ Red 1+|cl|z]

where

‘oqa% + ...+ a[huagﬂ]‘

|c| =
|t - gy

then the integral operator Gy is in the class S.
Proof. Let be the function

z

h(z) = / (f 115“))&1 <f[’*£(t)>a”” dt. (2.8)
0
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We denote by p the following function

S 1 'h”(z) B 1 (17l N £1(2) _1
p( ) N }al Caet Oz“ﬂ/”} h,(Z) N ’Ozl Cae Oé[ Z ! <f1(z) Z> '

for all z € U.
From (2.6) and (2.7) we get that |p(z)| < 1 and

‘ala% + ...+ a[huagﬂ

p(0)] = ’ = |el-

| agy]

Here, applying Remark 1.5 for the function A we obtain that

1— ‘Z|2Re6 h”(Z) 1 — |Z|2Re(5 |Z| + |C|
z <lag- ... it N D 1 e 2.9
Red  ~ W(z)| = o o | g Il ElE (29)
for all z € Y.

Considering the same function H, with the similarly properties and following the
same steps as in the previous theorem, we obtain that G|, € S.

Let v =1+ 4. We obtain the next particullar case:

Corollary 2.5.Let o, € C. If f(2) = z + agz®> + ... € A and

’f’(Z) 1
f(z) 2]~
forallzelU, 0 <Red <1,
1
o < P eltaal |
f?é}f [ Res— - 12+ 1+|a2||z\]

then

_1
T+

t

o [ (10N
G1(z) (1+)0/t< )dt
18 univalent.

Let v =2+ ¢. We obtain the next particullar case:
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Corollary 2.6.Let aj,a2,8 € C. If fi(2) = 2z +adz?> + ... € A, fa(z) = 2 +
a3z’ +...€ A and

/ /
f1(z)_} <1, f5(2) 1 <1,
Nz) 2z fa(z) 2
forallzel, 0 <Red <2
1
- — < 1’
la1] * Jaz|
janas| < .
10| > max [17‘Z|2Re§ ) |Z| ) ‘Z|<HC‘ :| )
2|<1 Red 1-+|c||=|
where |c| = [osabrasdd] then
loz g

_1
2+i

o) = |2 [ v (D0 ()"
0

1 univalent.

Remark 2.7. We observe that if we take different complex values for v, having
the same entire part of modulus, we obtain the integral operator with the same
numbers of functions, univalent but with some different univalence conditions.
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