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GENERALIZED PESCAR COMPLEX NUMBERS AND
OPERATIONS WITH THESE NUMBERS

VIRGIL PESCAR

Abstract. In this paper, the author introduced the generalized Pescar
complex numbers. For these new numbers, are presented operations with gen-
eralized complex numbers, the module of a generalized complex numbers, the
properties of generalized complex numbers (Cg,\{0}, x), the trigonometric
form of these numbers as well. On introducing the generalized complex num-
ber, the author defines the general complex numbers.

The presented findings are the results of the author’s original research.
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1. DEFINITION OF GENERALIZED PESCAR COMPLEX NUMBERS

Let V3 be the free vector space and Es3 the Euclidean real punctual space.
We denote by dim V3 the vector space dimension V3 and by dim Fj5, the dimen-
sion of the Euclidean real punctual space F3.We have dim V3 = dim FEj.

We assume that R? is the three-dimensional vector space over the real numbers
and C' the set of complex numbers, C' = {z =z +iy | z,y € R, i* = —1.}
Since V3 is a three-dimensional vector space, we define an orthonormal Carte-
sian frame RV = {0, e, €3, ?3}, where O is the origin of the Euclidean
real punctual space E3 and Boy, = {e_1>7 e_2>, e_g} is an orthonormal basis of
the vector space V3.

Any free vector of V3 can be specified through a class representative free
vector with its origin in O, determining a position vector o with its origin in O,
its extremity in any point M, denoted OM and having a unique decomposition
with respect to basis Boy, -

—
U =OM = ze] +yej +tes, (v,y,t) € R, (1)
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R
The size of the vector OM is given by

| OM ||= /a2 4 y* + t2. (2)
If point M is on a sphere of radius r, then
|OM ||=r, (r>0, r = constant) (3)
and the sphere centered at O of radius r is described by the equation
(8,): 2>+ +t2 =1 =0. (4)

If M is any point, then this point is found on the spheres of variable radius

A, A > 0. We have || OM ||= X and the equation of the spheres of variable
radius A, centered at O is

(Zh): 2+ 9"+ - N =0. (5)

Let Ozyt be the orthogonal axes system corresponding to the orthonormal
Cartesian frame %P?Nl. We assume axis Ox, the real axis with the real unity 1,
and axes Oy, Ot the imaginary axes with the imaginary units ¢, respectively
j, > =j? = —1. We denote this orthogonal axes system (Ozyt)_, thus speci-
fying the real axis of the axes system.

Definition 1.1. The product of complex numbers x, a, b, at,bj with x,a,b € R,
denoted by "x 7 is defined by

rxz=(1-2)-(1-2) = 27 (6)
zxa=(1-z)-(1-a) za,
rxb=(1-z)-(1-b) xb.
ai X ai = ai - aicos 0’ aai® = —a’?,
bj x bj = bj - bj cos 0° bbj? = —b%,
ai x bj = ai - bj cos 90° abij cos 90° = 0,
xxai= (1 x)-(ai) rat,
xxbj=(1-2)-(bj) xbj.
From (6), for a = b = 1, we obtain
ixi=1-icos0 == —1,
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Jxj=7j-jeos0’ =j*=—1,
ixj=1i-jcos90° = 0.
The correspondent with respect to the axes system (Oxzyt), of the posi-

ey . .
tion vector OM referred to the frame 3?3ON = {0, e, e3, 6—3>} is a generalized
complex number with the image in point M € (X,), which has the Cartesian
coordinates (z,y,t) € R® with respect to the Cartesian axes system.

Definition 1.2. We designate as generalized Pescar complex number, with
the real part x and the imaginary parts y,t, the number of the form

w=1-z+iy+jt, (z,y,t) € R’ (7)

referred to the azes system (Ozyt),.
The projections of the generalized complex number w defined by (7), on
the coordinate axes Oz, Oy, Ot are denoted by

x = Rew, y = Imyw, t = Imyw, (8)

The generalized complex number w, with the real part x can be denoted
by
w = Rew + ilmyw + jImow. (9)

We denote the set of generalized Pescar complex numbers, with the real
part z, by

Co, ={w | w=a+iy+jt (z,y,t) e R® *=32=—-1}.  (10)
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_ M@y

X
Fig. 1.1
Consequences.
p1). The generalized complex number of the form wy = 0+¢-0+ j -
0, (0,0, 0) € R3, is the generalized null complex number corresponding
to the set Cg, .
p2). The image of the null complex number wy with respect to the axes system
(Ozyt), is the complex point O.
p3). The images of the complex numbers w € Cg, \ {wo} belong to the vari-
able spheres centered in the complex point O.
p4). The sphere centered in O is called complex sphere centered in complex

point O.
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ps). For t = 0, we obtain the complex number w = x + iy, with the image in
the complex plane (Ozy), i = —1, w € C.

pgs). For y =0, we obtain the complex number w = x + jt, with the image in
the complex plane (Oxt), 52 = —1.

p7). For x = 0, we obtain the imaginary generalized complex number w =
iy + jt, i = j?> = —1, with the image in the imaginary complex plane
(Oyt).

Consider the orthogonal Cartesian axes system Oytx, that corresponds to
the orthonormal Cartesian frame §R§N2 = {0, ey, €3, e1} and let Oy be the
real axis, with the real unity 1, and Ot, Oz, the imaginary axes, with the
imaginary units j, k respectively so that j* = k* = —1. We denote by (Oytz),
this orthogonal axes system, thus specifying the real axis of the axes system.

Definition 1.3. The product of complex numbers y, a, b, aj, bk withy,a,b € R,
denoted by "x 7 is defined by

yxy=@1-y(l-y) = v (11)
yxa=(1-y)(l-a) = ya,
yxb=(1-y)(1-b) = yb,
yxaj=(1-y)(aj) = yaj,
y x bk = (1-y)(bk) = ybk,
aj xaj=aj-ajcos0® = a-a-j*=—d?

bk x bk = bk - bkcos0° = b-bk? = —b?,

aj x bk = aj - bk cos 90° abjk cos 90° = 0,
aj x bj =aj-bjcos0° abj? = —ab,
ak x bk = ak - bkcos0® = abk?® = —ab.

From (11), for a = b = 1, we obtain
jxj=j-jeos0l =% =1,

kxk=Fk-kcos0’=k? =
jx k=7 kcos90" = 0.
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The correspondent with respect to the axes system (Oytm)y of the posi-

s

tion vector OM referred to the frame %?N 2 =10, e, e3, e_f} is a generalized
complex number with the image in point M € (X,), which has the Cartesian
coordinates (y,t,z) € R® with respect to the Cartesian axes system.

Definition 1.4. We designate as generalized Pescar complex number, with
the real part y and the imaginary parts t, x, the number of the form

w=1-y+jt+kr, (y,t,z)€ R? (12)

referred to the axes system (Oytz),.
The projections of the generalized complex number w defined by (12), on
the coordinate axes Oy, Ot, Ox are denoted by

y = Rew, t = Imw, v = Imyw. (13)
The generalized complex number with the real part y can be denoted by
w = Rew + jImiw + kImyw. (14)

We denote the set of generalized Pescar complex numbers, with the real
part y, by

Co,={w | w=y+jt+ks (y, t )€ R =5 =-1}. (15)

Consequences.

my). The generalized complex number of the form wy = 0+05+0k, (0, 0, 0) €
R3, is the generalized null complex number corresponding to the set Ca,-

my). The image of the null complex number wy € Cg, with respect to the
axes system (Oytz), is the complex point O.

ms). The images of the complex numbers w € Cg, \ {wo} belong to the vari-
able spheres, referred to (Oytx)y and centered in the complex point O.

my). For x = 0, we obtain the complex number w = y + jt, j2 = —1, with
image in the complex plane (Oyt) .
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ms). For t = 0, we obtain the complex number w = y + kxz, k* = —1, with
image in the complex plane (Oyz) .

mg). For y = 0, we have the imaginary generalized complex number w =
jt + kx, j2 = k* = —1, with image in the imaginary complex plane

(Otx).

Fig. 1.2

Consider the orthogonal Cartesian axes system Otzy, that corresponds to
the orthonormal frame R = {0, e, e, e_2>}, and let Ot be the real axis,
with the real unity 1, and Oz, Oy, the imaginary axes with the imaginary
units k, 4 respectively so that k? = i? = —1.

We denote by (Otzy), this orthogonal axes system, thus specifying the real
axis of the axes system.

Definition 1.5. The product of complex numbers t,a,b,ak,bi with t,a,b € R,
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denoted by "x 7 is defined by

txa=(1-t)-(1-a) = ta, (16)
txb=(1-t)-(1-b) = tb,
txak=(1-t)-(ak) = tak,
txbi=(1-t)-(bi) = tbi,
ak x ak = ak - akcos0° = aak® = —d?,

bi x bi =bi-bicos0® = bbiZ = —b,
ak x bi = ak - bicos90° = abkicos90° = 0.
For a = b =1, from (16) we obtain
kExk=Fk kcos0® =k* = —1,
ixi=1-icos0"=1i?=—1,
kxi=k-icos90°=0.
The correspondent with respect to the axes system (Otzy), of the posi-

tion vector OM referred to the frame {O, e, e, 62} is a generalized complex
number with the image in point M € (3,), which has the Cartesian coordi-
nates (t,z,y) € R® with respect to the Cartesian axes system.

Definition 1.6. We designate as generalized Pescar complex number, with
the real part t and the imaginary parts x,y, the number of the form

w=1-t+kr+iy, (t,x,y) € R (17)

it referred to the azes system (Otxy);.
The projections of the generalized complex number w defined by (17), on
the coordinate axes Ot, Ox, Oy are denoted by

t = Rew, = Imyw, y = Imyw, (t,z,y) € R, (18)
The generalized complex number, with ¢ as the real part can be written as
w = Rew + kImjw + iIlmyw. (19)

We denote the set of generalized Pescar complex numbers with the real
part t, by

CGt:{w|w:t+xk+yza (t7x7y)€R3’k2222:_1} (20)
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Fig. 1.3.

Consequences.

q1). The generalized complex number of the form wy = 04+0k+0¢, (0, 0, 0) €
R3 is the generalized null complex number corresponding to the set Cg, .

¢2). The image of the complex number wy € Cg, with respect to the axes
system (Otzy), is the complex point O.

q3). The images of the complex numbers w € Cg, \ {wo} belong to the vari-
able spheres referred to (Otzy), and centered in the complex point O.

q4). For x = 0, we obtain the complex number w = t + iy, with the imagine
in the complex plane (Oty), i* = —1.
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gs). For y = 0, we obtain the complex number w = t 4 kz, with image in the
complex plane (Otz), k* = —1.

gs). For t = 0, we have the imaginary generalized complex number w =
kx+iy, k* =i? = —1, with the imagine in the imaginary complex plane

(Ozy).

Definition 1.7. The generalized complex number wy,wy € Cg,, w1 = x1 +
W+ i, wo =X+ iys + jto, iyt € R, i =1,2, are equal, wi = wo, if

1T — T2
Y1 = (21)
t1 = 1o

The generalized complex numbers wy,ws € Cq,, w1 = ai, wy = bj, a,b €
R* i=j=+—1, are equal, wy = wo, if

a="b. (22)

Analogous, we define the equality of two generalized complex numbers in
Ca,, Ca,-

The set of generalized complex numbers Pescar, with the notation Cg, is
defined by

Ca, = Ce, | Co, | Ca.. (23)
2. ADDITION OF GENERALIZED COMPLEX NUMBERS

Let be the set of generalized complex numbers Cg,. We define the intern
addition operation, with the notation ”+” such that "+7: Cq, x Cq, — Cq,,

7 7

by to rule (wl, w2> € C(;m X CGI i) w1 + we € CGZ7
wy = x1 + 11 + Jt, we = T2 + Y2 + jio,

then
definition

Wy + wo x|y + 9 + (yl + y2) 1+ (tl + tg)] (24)

(Cq,, +) is commutative group, because are satisfied the conditions:
1) wy + wy = we + wy, Ywy,wy € Cg, (commutativity).
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We have
T1+ 2o+ (yr +y2) + it +t2) = 2o+ +i (g2 + 1) +J (L2 + 1)

and from (21) we obtain

r1+2To = X9+ 27
Y1 +Y% = Ytun (25)
t1+ty = to+t;.

Since (R, +) is commutative group, the relations (25) are true.

2) wy + (wy + w3) = (w1 + we) + ws, ¥V wy,ws, ws € Cg, (associativity).
We obtain

r, + (IQ + .%'3) == (.%'1 + Ig) + ZT3 (26)
o+ (e tys) = +y2) +us
t1 + (ta+t3) = (t1 +t2) +1s,

true relations, because (R, +) is group.

3) e € Cq,, e = e + exi + €3], (e1,69,e3) € R ("€’ neutral element),
such that
w+e=e+w=w,VweCq,, w=uz+1iy+ jt.

Let w+e=w < x+e +i(y+e)+j(t+es) =x+iy+ jt and using
(21), we have

r+e = x
y+e = vy (27)
t+ €3 = t.

obtaining
€1 :0, 6220, 63:07 €:O+ZO+]0€ OGQ:-
The relation w + e = e + w is true by the condition of commutativity 1).
Neutral element of the set Cg, is ”€” and we have e = 0+i0+30, (0,0,0) €
R3.
Neutral element e € Cg,, is the zero generalized complex number, e =
Wy € CGx-
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4)Vw e Cqg,, Jw, € Cg, such that w +ws = ws + w =€
("ws” symmetrical element for the element w € Cg, ).
We determine wy = x4 + iy, + jts, (s, ys, ts) € R
and
wtws = ecr+ars+i(y+ys) + jE+t) = 0 4+ 0 + 40.
We obtain

r+z, = 0
t+ts = 0

and hence
Ts=—X, Ys = —Y, ls=—1,
ws=—x+i(-y) + j(-t), (—x, —y, —t) € R® w, € Cg,.
The relation w + ws; = ws; + w is true by the commutativity 1).

Definition 2.1. The symmetrical generalized complex number w, is called
generalized complex number opposite forw € G,, ws = —w, ws € Cg,.

3. MULTIPLICATION OF GENERALIZED COMPLEX NUMBERS

Definition 3.1. The multiplication of real numbera € Rbyw € Cqg,, w =
x + yi + tj, with the notation "X 7, is defined by:

a X w=aXxXz+axy+axt] (29)

Remark 3.2.
From the relations (6) we obtain

a X w=a-x+a-y +a-t]. (30)

Definition 3.3. Let be generalized complex numbers Pescar, w; € Cg,,

we € Cg,, w1 =21 +y1i+11], wy = 2o+ Yot +ta). The multiplication of com-
plex numbers wy, wy having notation ”X 7 is the generalized complex number
w CGN

W= w; X Wy = T1Tg — Y1Y2 — t1t2 + ($1y2 + $2y1) 1+ (l’th + l’gtl) j (31)
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Using the relations (6), we have
W =W X Wy = (1’1 +y1i+t1j) X (x2+y2i+t2j) =

=x1 X Ta+ X1 X Yol + 21 X ) + Y10 X Tz + Y11 X Yoi+
Fy1t X toJ + 1] X xa + 617 X Yot +11] X ta] =
= 21T — Y1Y2 — bite + (T1Y2 + Xay1) © + (21te + T2ty) J.

Remark 3.4.
If w € Cg,, wy € Cg,, wy = y1 + t1J + 21k, we = Yo + laj + w2k, then
wy X wy =w € Cg, and we have

w = wy X Wy = Y1yp — tity — 1122 + (Y1ta + t1ye) § + (v1y2 + 2201) k. (32)

Remark 3.5.
If wp € CGm We € CGt, wy, = tl + .CClk + yli, Wo = tg -+ .Z'Q]C -+ yzi, then
wy X we =w € Cg, and we have

w = 1w X wy = bty — 172 — Y1y2 + (T1ts + Tot1) K+ (yita + yot1) i (33)
4. THE CONJUGATED OF GENERALIZED COMPLEX NUMBER PESCAR

Definition 4.1. Conjugated of generalized complex number w € Cg,, w =
x4+ yi +tj, is the generalized complex number, with the notation w € Cg,,

w = x—yi—tj. (34)
5. THE MODULUS OF GENERALIZED COMPLEX NUMBER

Definition 5.1. Let the complex point O and M the image of generalized
complex number w € Cg,, w = x + yi + tj, M(x,y,t) with respect to the
Cartesian axes system (Ozxyt), . The module of generalized complex number w,
with the notation |w|, is distance of the point O, at the point M, O(0,0,0) with
notation dist(O, M).

Remark 5.2.
Let w € Cq,, w = x + yi + tj. We have |w| = dist (O, M) and from
rectangular triangle OM M’, figure 1.1, we obtain

lw| = /22 + 2 + 2. (35)
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Remark 5.3.
Let w € Cg,, w = y + tj + zk, then from rectangular triangle OMM’,

figure 1.2, we obtain
lw| = Vy? +t2 + 22 (36)

Remark 5.4.
Let w € Cg,, w = t+ xk + yi, then from rectangular triangle OM M’,

figure 1.3, we obtain
lw| = /t2 + 22 + 2. (37)
Remark 5.5.
Let be complex numbers w, w € Cg,, then we have

wxw = |w? (38)
Proof.
We have w = x+yi+tj, W=x—yi—tj and w xw = 22 +y*> +1* = |w|.

6. THE PROPERTIES OF GENERALIZED COMPLEX NHUMBERS

(Ca. \ {0}, x)

Let be the set of generalized complex numbers C¢, \{0}, 0 = 0+ 0i + 0y
and the law of intern composition ” x”, multiplication of generalized complex
numbers such that " x”: {Cg, \{0}} x {Cq, \{0}} — Cq,\{0}, defined by

rule:

(w1, wy) € {C,\{0}} x {Ca, \{0}} = w1 x wy € C, \{0},
wy; = x1 + Y1t + t1J, w2 = Ta + Yot + 1o,
then

deﬁnit:ion 3.3

w1 X We T1T2 — Y1y2 — tite + (T1y2 + T211) @ + (T1t2 + 2aty) J.

(Ce, \{0}, x) satisfies the properties:
1) wy X we = wy X wy, Ywy,wy € Cg, \{0} (commutativity).
We have
1Ty — Y1Ya — tltg + (xlyg —|—l’2y1)i + (ZL’th +$2t1)j =
= 111 — Yoy — toty + (w1 +y1T2) i + (faxy +t122) 5.
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From (21) we obtain

T1xo — Y1yo — Lita = Tox1 — Yay1 — Loty
T1Y2 + Tay = Yoty + Y172 (39)
T1te + xoty = w1 + t122.

Since (R*,e) is commutative group and (R*,+) is commutative group the
relations (39) are true.

2) 3 e € Cg,\{0} ("e” neutral element), such that Vw € Cg, \{0}, we
have: w x e=e X w = w.

We determine 7¢” of the form e = a + bi + ¢j. Let w € Cg, \{0}, w =
r4+yi+tj and w X e = w.

We obtain: az — by — ct + (ay + bz) i+ (at + cx) j = x + yi +tj and hence

ar—by—ct = w
br+ay =y (40)
cx+at = t.

We obtain
a=1,b=0,c=0ande=14+0i+0j € Cg, \{0}.

The relation w x e = e X w is true by the condition of commutativity in

(Ca, \{0}, x).

The generalized complex number e = 1 4 07 + 07 is neutral element in

(Ca, \{0}, %)

3) Vw e Cq, \{0}, I € Cg,\{0} (w' symmetrical element), such that
wxw =w xw=e.

Let w=z+vyi+tj € Cg,\{0} and we determine w’' = p+ qi + rj, w' €
Ca, \{0}.

We consider w x w’ = e and we obtain zp — yq — tr + (zq+yp)i +
(zr+tp)j = 1 + 0i + 0y, and hence we have

xp—yq—tr = 1
rq +yp 0 (41)
xr +1ip = 0.
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We obtain
( _ x
p - a:2+y2+t2
qg = — Yy
a:2+y2+t2 (42)
- .t
r x2+y2+t2 )

\

2?2 +y? + 2 # 0, since w € Cg, \{0}.
The symmetrical element for w € Cg, \{0} is

/ o Y

i — € Cg,\{0}.
222 2242+ 2 :E2+y2+t2‘7 c. \{0}

Relation w x w' = w' X w is true, since commutativity in (Cg, \{0}, X) .
The generalized complex number Pescar,

, T—yi—1tj
w = -
r? +y?+1?

is the symmetrical element for w € Cg, \{0}, w = = + yi + tJ.

Remark 6.1.
We observe that .
w =2
w?’

7. THE DIVISION OF GENERALIZED COMPLEX NUMBERS

Definition 7.1. Let the generalized complex numbers Pescar, wy € Cg,, wy €

Ca, \{0},
wy =T + Y1t + 1), we = To+ Yol + La].

The division of generalized complex numbers wy, wy is defined by

w1 wp XWy  wy X Wy (43)

wy Wy X Wy | wsy |2
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From (43) we obtain

Wy  wy X Wy 1T+ Y +lhits | i1 —1ye . 0T — Xty

T 2 2 5 .2 2 7 2ttt ) (44)

Wa | wy | x3+y; +15 x5 +y; +15 x5 +y; +15
Remark 7.2.

Analogous we define the division of generalized complex numbers in set of
ng and CGt-

8. RAISING TO POWER OF GENERALIZED COMPLEX NUMBER PESCAR

Definition 8.1. Let be w € Cq,, n € N*. By definition

w'=wxwx...w € Cqg,.
—_———
ntimes

Remark 8.2.
Analogous we define the raising to power of generalized complex numbers
from Cg, and Cg,.

9. THE TRIGONOMETRIC FORM OF GENERALIZED COMPLEX NUMBERS

Let be the set of generalized complex numbers Cq, and w € Cg,, w =
T+ yi+1j.
From the figure 1.1 we obtain

r = pcosu

Yy = psinu

p |w|sinv (45)
t = |w|cosv.

We have M € (3,) and |w| = r, where r is radius of sphere (¥,), then we
obtain

T = T cosu Sinv
y = rsinusinu, u € [0, 2r ], v € [0,7 ] (46)
t = 7r cosv.

u= 2/ (Ox, OM') v=2(0t, OM).
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For the generalized complex number w € Cg, we obtain the trigonometric
form

w =7 (cosu sinv + i sinu sinv + j cosv), |w| =r. (47)
Remark 9.1.
If u = 0, then we obtain the complex number from C' with the trigonometric
form . . .
w=z r[cos<2 U>+]sm<2 v)],ve[(),z} (48)
Remark 9.2.

If v = 7, then we obtain the complex number from C' with the trigonometric
form and the image in complex plane (Oxy) .

w=2z=r (cosu+isinu),u € [0,2n]. (49)

Remark 9.3.

Analogous we define the trigonometric form of complex numbers from Cg,
and CGt .

In Cq,, for w € Cg,, w =y +tj+ xk we have

w =71 (cosusinv+ jsinusinv+ kcosv), u € [0,27], v € [0, g] . (50)

In Cg,, for w € Cg,, w =1+ xk + yi we have

w =1 (cosusinv+ k sinu sinv +icosv), u € [o,27|, v € [0, g} . (51)

10. PROPERTIES OF MODULUS GENERALIZED COMPLEX NUMBERS
p1) Let be the generalized complex numbers w; € Cg,, we € Cg,,
wy =21+ Y11+ 1], we = Ta+ Y2t +t2].

We have
lwy + we| < |wy| + |ws. (52)
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Proof. The relation (52) is equivalent with

V@ a2 + 92+ (h+12)° < \Jat+ 93+ 8+ \Ja3 443+

or
1Ty + ynye + tity < \JaT+yE + 1 - \Jad+ys + 15 (53)

Case 1. If zy29 + y1y2 + t1ta < 0 the relation (53) is true.
Case 2. If zy29 + y1y2 + tite > 0 from the relation (53) we obtain

2 (x12901Y2 + T12a0t1ts + Y1yotits) <

< (1y2)” + (n122)” + (21t2)” + (Li22)? + (nit2)” + (yot1)?

and hence, we have
(T1y2 — 911‘2)2 + (z1ty — t1$2)2 + (y1ta — y2t1)2 > 0.
So, the relation (52) is true.
p2) Let be wy € Cg,, wy € Cgq,, w1 =21 +y1i+1t1J, wo = o+ Yol +t27. We

have
jwi X wa| < fwi - |ws. (54)

Proof. The relation (54) is equivalent with

2y1Y2t1t2 < (y1t2)2 + (t1y2)2

or
(yit2 — t1y2)” > 0
and the property ps) is true.

ps3) Let bewy € Cg,, wy € Cg,\{0}, w1 = x1+yri+1t1j, wy = xo+ysi+taj.
We have

w1

%

]

= Jwa|

(55)

Proof.
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We have o o
[wy X Wy |[wy | - [w,| _ |w |

Jwe 2T Jwe 2wl

ps) Let be w; € Cg,, n € N*. We have

w"| < Jwl™. (56)

Proof. We have

w"| =

11. GENERAL COMPLEX NUMBERS
Let be Cg, = Ca, UCq, UCq, and wy, € Cq,, wy € Cg,, w3 € Cg,,
wy =1 + Y1t + t1J, we = yo + toJ + a2k, ws = t3 + x3k + ysi.
We define addition of generalized complex numbers wy, ws, w3 thus

w1+ wy+ws S ey gyt 4t ys) i+ (b E )+ (2o 2s) ke (57)

Therefore

wy +wy +ws =a+bi+cj+dk, a,b,c,d € R.

Definition 11.1 We usually call the set of general complex numbers, the set:
VP={w=a+bi+cj+dk, a,becdec R, i*=57=k=-1}. (58)
Definition 11.2 Let be w; € Cg,, wp € Cg,, ws € Cg,
wy =21+ Y1t + 117, we = Yo + o) + 22k, ws = t3 + x3k + Ys3i.

The multiplication of generalized complex numbers wy, ws, w3 is the ge-neral
complex number

w € VP, w=w Xwy Xws=p+qi+rj+sk, p,g,r,s € R. (59)
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Definition 11.3 The modulus of general compler number w € VP, w =
a+ bt + cj + dk is defined by

lw| = Va2 + b2 + 2 + d2. (60)

Definition 11.4 The conjugate of general complex number w € VP, w =
a+ bi+cj+dk, is the general complex number w € VP, w = a—bi —cj — dk.

Remark 11.5.
Let be w,w € VP, then

w x W= |w|. (61)

Definition 11.6 Let bew € VP, v € VP\{0}, u=a1+bii+c1j+dik, v =
ay + byi + coj + dak. The division of general complexr numbers + is defined by

ude_f.uxﬁ_uxﬂ

= = . 62
v VXU |v|? (62)
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