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ABSTRACT. The present paper is a continuation of our work in [5]. Here we
study an inverse result in simultaneous approximation for a linear combination of
Bernstein-Durrmeyer type polynomials by Peetre’s K- functional approach.
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1. INTRODUCTION

The Bernstein-Durrmeyer type polynomial operators

n 1
x):nzpnl/ /pn 1,v— 1 )du‘l‘(l—l’) f(O)
v=1 0

where

puste) = ()= 0 <o <,
defined on Lg|0, 1], the space of bounded and Lebesgue integrable functions on [0, 1]
were introduced by Gupta and Maheshwari [3] wherein they studied the approx-
imation of functions of bounded variation by these operators. In [I] Gupta and
Ispir studied the pointwise convergence and Voronovskaja-type asymptotic results
in simultaneous approximation for these operators.

For f € Lp[0,1], the operators P, (f;x) can be expressed as
1
P.(f;x) = /Wn ) dt,
0
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where

W(t, —annV T) pr—1-1(t) + (1 —)"6(t),

d(t) being the Dirac-delta function, is the kernel of the operators.

It turns out that the order of approximation by these operators is at best O(n~!),
however smooth the function may be. In order to speed up the rate of convergence
by the operators P, we considered the linear combination P, (f, k, .) of the operators
P,, as

k
Pu(f,kyz) =Y C(j,k)Payn(f, ),
7=0

where
k

- 113

i=0,i dj —

k#OandC(O 0) =1,

do,d1, ...d being (k+ 1) arbltrary but fixed distinct positive integers.

Throughout this paper, we assume C(I) the space of all continuous functions
on the interval I, ||.[|[¢(r) the sup norm on the space C(I) and C' a constant not
necessarily the same in the different cases.

Let I = [a,b] be a fixed subinterval of (0,1), I’ = [d/, ] C (a,b) and I" = [a", V"] C
(a’,b"). Further, let G"(I') ={g € Cf : supp g C I'}.

For f € G"(I') and g € G***"+2(I") we define

K& f, 1) = inf {Hf(r) — 9wy +¢€ (HQ(T)HC’(I’) + H9(2k+2+r)\|0(1/)) },

g€G2k+r+2(p)
where 0 < £ < 1.

For 0 < 8 < 2, we define C{j(8,k + 1, 1) as the class of all f € G"(I’) such that the
functional

| fllgr = sup EPPK, (¢, f, 1) < C, for some C > 0.
0<¢<1

2. AUXILIARY RESULTS

In this section we give some results which are useful in establishing our main theorem.

232



Karunesh Singh, P.N. Agrawal - An inverse theorem in simultaneous ...

For sufficiently small n > 0,0 < a1 < a2 < by < by < 1,I; = [a;,b;],i = 1,2 and
m € N, the Steklov mean f;,,, of m—th order corresponding to f € Cfa, b] is defined
as follows:

n/2  n/2 m
fum®) =7 [ [ (10 0" 88 50) [Tdt ten
-n/2 —n/2 =1

where A7 is the m—th order forward difference operator with step length h.
Lemma 1. [§] For the function f, ., we have

(a) fpm has derivatives up to order m over I;
(b) ||f7$321||0(]1) < CT’ wT(f’ n, [(l, b]),T = 1727 -y T
(C) ||f - fT],mHC(h) < Cm+1 ("')WL(fanv [aab]);

(@) |l fnmllem) < Cmrz 17" flcfas;

(¢) I fxmllown) < Cnts | Fllcay,
where Cls are certain constants that depend on i but are independent of f and .

Lemma 2. [J] For the function py,,(t), there holds the result

T

d . )
(11— t)r%(pn,u(t» = Z n'(v— nt)JQi,j,T(t)pn,u(t>v
2i+j<r
%,j7>0
where ¢; j,(t) are certain polynomials in t independent of n and v.

Lemma 3. [1] For the function upm(t),m € N° (the set of non-negative integers)
defined as

U () = Zn: Pa(?) (% —1)",
r=1

we have uno(t) =1 and uy,1(t) = 0. Further, there holds the recurrence relation

NUnm1 (1) =t [, (£) + Mt m—1(t)] ,m =1,2,3, ...

)

Consequently,

(1) Unm(t) is a polynomial in t of degree at most m;

(ii) for every t € [0,00), unm(t) = O (n~lmFV/2) " where [a] denotes the integral
part of a.
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Lemma 4. [} For the function pi,m(t), we have pno(t) =1, pn1(t) = (5;2) and

there holds the recurrence relation

(n +m + 1),un,m+1(t) = t(l - t) {:u;z,m(t) + 2mUn,m—1(t)} + (m(l - Qt) - t)Un,m(t)v

form > 1.

Consequently, we have

(1) pinm(t) is a polynomial in t of degree m;

(i1) for every t € [0,1], tnm(t) = O (n*[(m“)/z]) , where [(] is the integer part of /3.

Theorem 1. [5] Let f € Lg[0,1] admitting a derivative of order (2k +r +2) at a
point x € (0,1) then we have

2k+r+2 f(l/)(ﬂf)
nlgrolo nkJrl[Pr(LT) (fa k, IL’) - f(r) (ZE)] = Z TQ(% k,r, m) (1)
and
lim nk+1[P7£Lr)(f7 k,(]?) - f(r)(x)] =0, (2)

n—oo

where Q(v, k,r,x) are certain polynomials in x of degree v. Further, the limits in
and hold uniformly in [a,b] if fC7+2) is continuous on
(a—mn,b+n)c(0,1),n>0.

Lemma 5. If f(r) e G"(I") and
P& (f,k, ) — f) < O~ PHHD/2)
then
Kol £,1) < C(n P02 4 b i (07040, 1,1 ). @)
Consequenlty, K, (¢, f,1') < C&¥/% ie. fe C(B,k+ 1,1

Proof. Following [6] it is enough to show that [3| holds for all n sufficiently large.
Since suppf C I”, in view of Theorem [I| [5], we can find a function h € G?*+7+2([")
such that for ¢ = r and 2k + 2 4 r, there holds

|hD — PO (f, k, e < Cn~**D for all nsufficiently large.
Therefore,
K (& £.1) < 3Cn™ B £ = BO(f ks lleq
+ (1RO (k) + NP,k o) )
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Hence, it is sufficient to show that for each g € G2*+7+2([")),

| PR (f K, gy < CrtTD (||f(r) —dNew + n_(k+1)g(2k+2+r)> Y

Now,

IPPE2E(fok ey < IPEFFPIF = gk, o) + IBEH7 g,k e
= X1+ 2.

By using Taylor’s expansion of (f — g)(¢) about ¢ = z, Lemmas Schwarz
inequality for integration and then for summation, we get

S < Cn* D) — 60|y (suppf Usuppg C I')

Similarly, using the Taylor’s expansion of g(t) about ¢t = x, we get

22 < Clg®* o

Combining the estimates of X1 and s, the inequality [4| follows. Hence, [3| holds.
O

Lemma 6. If f) € G"(I") and f € C}(B8,k + 1,1') then for sufficiently large n,
we have

1P (f,k, ) — f(T)HC(I) = O(n PIHD/2),
Proof. For g € G?**7+2(I"), we have

HPT(LT)(fak7>_f(T)HC([) < HPTET)(f—g,k', )“C(I)+||P’r(lr)(gak7>_f(T)HC(I)
= X1+ 2.

Proceeding along the lines of estimate ¥ in Lemma@ and in view of supp(f—g) C I’,
we get

51 < I = gD ew.
Using Theorem (1] and intermediate derivative property ([2], p.5 ) we obtain

Se < CF" = g cry + Cn T (”g(T)HC(I’) + Hg(%”“)HC(p)) :
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Combining the estimates of 31 and Yo, we get

HP,Y)(f,k,,)_f(r)HC(D < CE(n " 11
< C.O(nBAkEI/2)

since f € Cj(B,k+1,I).

Lemma 7. Iff(’”) € G"(I") then
feCBk+1,I"Y o f) e Liz(8,k+1,I).

Proof. Let |§| < h and g € G2**"+2(I'). Then, if f € C(B,k + 1,1') we get

AP0 @) < AP0 @) - gD @)+ 14790 @)
< 92ke2) ) _g(r)”C(I/) +5(2k+2)Hg(2k+2+r)HC(I,)
< 220 K, (5@ £ 1)
< 2k+20 §BUT)

It follows that

worsa(FO) s T) < sup AR £ ()]
< ORI,

ie. f) eLiz(Bk+1,1).
Conversely, suppose that f(") € Liz (8, k +1,I') and [n2k4r+2 be the
(2k + r + 2)th order Steklov mean corresponding to f as defined in . Hence
fooktrio(z) € GPRFTTT2(I'), by property (b) of Lemma || we have

n,2k+r+2 (z) ”0(1/) Cn—(2k+r+2)

W2k+r+2(fv Uk I)

O~ R+ oo (F) s 1)
O~ (k42 +B(k+1)

ININ A

Using property (c) of Lemma (I} we get

1 i 2(®) = FOllo < Cunera(F0, ;1)) < CnB+HD),
which implies that f € Cj(8,k+1,1'). O
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Theorem 2. [35] Let p € N,1 < p < 2k+2 and f € Lg[0,1]. If f**) exists and is
continuous on (a —n,b+mn) C [0,1], n > 0 then

1B (k) = f(T)Hc(I) < max {Cm’p/zw (f(p”),n*lp) ,an*(kﬂ)} 7

where Cy = Cy(k,p,r), Co = Co(k,p,r, f) and w (f(p”),d) is the modulus of
continuity of f®7) on (a —n, b+ n).

3. MAaIN RESULT

Theorem 3. Let f € Lg[0,1] and 0 < o < 2. Then, in the following statements,
the implications (i) = (i1) < (iii) = (iv) hold:

(i) | P27 (F k) = £ oy ) = O HD12);
(ii) f € Liz(a, k,ag, b2);

(iii) (a) form < a(k+1) <m+1, m=0,1,..2k—1, f") exists and belongs to
the class Lip(ak — m, ag, ba),
) forak+1) =m+1, m=0,1,..2k — 2, f'") ezists and belongs to the
class Lip*(1,ag, b2);

(i) | P7(£,2) = £l Clag s = On=0EFD/2).

Proof. To show (i) = (i1) we reassume that a1 < @’ < a” < ag, by <b <V’ <V <
by, I = [d/,V] and 1" = [a",b"]. Writing 7 = B(k + 1), we first consider the case
0< <1

Let g € C§° be such that suppg C I” and g(x) = 1 on Io. Writing D = d%, then for
x € I' we have

P (fg.kz) = (F9) (@) = D{Pal(f9)(t) = (f9)(@), k,2)}

— DR 9(0) — glx)), )}
+ D'{Pu((g(x)(f(t) = f(x)), k,2)}
= TI'1 4+ Ty, say.
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Using Leibnitz theorem

B 1
r = > cGmp | [ Wt 5060 - gtonar}

k r - 1 ) ‘
- Zcu,mz(i) /O W20 H (Do) — o(a)

+ Zcu, ) / W (t,2) F()(g(t) - g(a))t
=0 0
= Ji + Jo, say.

By Theorem 2] we have

r—1

J = — Z (:) g (z) f 9 (z) + O(n~"/?), uniformly on I'.
=0

Next, we estimate Jo. By Taylor’s expansion of f and g at t = x, we have

Zf Y +o(t—z)"

and

r+1 i
g9 (x)

g(t) = (t— ) + ot —x)" .

' M

7!
1=0

Hence, by using Schwarz inequality and Lemma [4] we obtain

", flr=i) (@)
2 = Z ! il iw_)gi |(x)r! +0(n™"?)

— Zg“ (2) (@) + O(n~™72),

uniformly on I'.
Hence, I'y = O(n~"/2) uniformly on I’.
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Again, by Leibnitz theorem,Theorem [2| I and hypothesis (i) we obtain

r, — g_%c@, 2%() / Wi (¢, 2) D" {g(w) (1) — f(2))}at

= > (Z)g“—i) (@) PO (f, k) = (f9) (=)

=0
= O(n~™/?), uniformly on I'.

Combining the estimates of I'y and I's we obtain

||P'r(LT) (f97 k? ) - (fg)(r) HC([/) = O(n_T/z)'
Thus, by Lemma [5] and [7] we have

(f9)") € Liz(B,k +1,1").

Hence, f(") € Liz(B,k + 1, 15) (in view of g(z) = 1 on I).
This completes the proof of the implication (i) = (i) when 0 < 7 < 1.

Now to prove the implication (i) = (i7) for 0 < 7 < 2k + 2, it is sufficient to
assume it for 7 € (m — 1,m) and prove it for 7 € [m,m + 1), m = 1,2,...,2k + 1.
Since, the result holds for 7 € (m — 1, m), therefore f (m+r=1) exists and belongs to
Lip(1 — §; 21, w1]) for any interval [z1,w;] C (a1, b1) and 6 > 0.

Let z9,wz be such that Iy C (2, w2) and [z, ws] C (21,w1). Let g € C§° be such
that g(x) =1 on Iz and supp g € (z2,w2). Then, we have

1P (fg k) = (FO) etnwn < 1D {Palg(@)(f(t) = f(@))s ks Hlotzs )
+ HDT{Pn(f(t)(g(t) _g(x))vkﬂ‘}HC[zz,wQ}
= X3+ 24, say.

Now, by Leibnitz theorem, Theorem [2] I and assumption that (7) holds, we have

X3 = ||DT{9 2)Pa(f(1), Ky} = (F9) | ool
= ( >9(T ) k)= (fg)t
i=0 Clz2,w2]
= ( >g(r i f(z ) T) —I—O(n_T/Q)
Clz2,w2]
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Again, using Leibnitz theorem and Theorem [I| we obtain

r—1
5, = H—Z@g(ri><x>p,gi><f<t>,k,.>+P,s’"><f<t><g<t>—g(m))m(tm.)
=0
+  o(n D)

= ||J3 + J4||C[z2,w2] + O(n_(k+1))v say,

Clz2,w2]

where x2(t) is the characteristic function of the interval [z1,w1].
Then, by Theorem [2], we get

r—1
_ T\ (r—i) (i) O( —(k+1)>
o= =3 (o e o (),
uniformly on [z2, wa].
Since, by the induction hypothesis f(™"~1 exists and belongs to Lip(1—0; [21,w1])
for any 6 > 0, by Taylor’s expansion of f about ¢ = x, we obtain

k m
Ji = Z ) (t.2)(t = ) (g(t) — glx))xa(t) dt
k (m—l—r—l) _ f(m+r-1)
" &) —f (z)
+ z%Cj, /Wd" < (m+r—1)! >X

J
(t =)™ (g(t) — g(2))xa(t)dt
= Js5+ Jg, say.

Using Theorem [T} we have

k
Js = > C(, k>

) (t,2)(t — 2)i(g(t) — (x))dt+o(n—<’f+1>)

Since g € CF°, therefore we can write
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D (t,x)(t —x)"tPdt

m—+r—1 f(l) (Z‘) m+r+1
]

k
Jr = Y C(ik) Z - Z

k
+ > c(, k:) / Wd )t — )t g

= Jg+ Jg, say,

where €(t,z) - 0 as t — x.
By Lemma [4 and Theorem [T} we obtain

5 = i g(i)(x)f(rfi)(m)r! L0 (n_(k“))
i=1

il(r —a)!

r

= > (D)@ @ + 0 ().

i=1

uniformly on [zg, ws).
To estimate Jy, it is sufficient to treat it without linear combination. Let

J =P (e(t, ) (t — )T ).

By using Lemma [2] we have

» |2 (2)]
< > p”_ Z\V nzl’ pp,(z) x

2p+j<r
p,j>0

1
/pn—l,u—l(t)‘e(t7x)‘|t _ g|mrHL gy
0

(n+7r—1)!

(n—1)!
= Jio + J11, say.

+ (1 —2)7" 7" e(0, )|z

Since €(t,z) — 0 as t — x, for a given ¢ > 0 we can find a § > 0 such that
le(t,z)| < € whenever 0 < |t — x| < ¢ and for |t — x| > 0§, |e(t,z)| < K for some
K > 0. Hence
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dp,j,r
ol < 3wt 'Zrk Rl pn () %

2p+j<r
p,j=20
- 1
€ / P11 (t)|t — x| T g 5 / Pn-1v—1(t) K|t — z|° dt|,
[t—z|<d [t—z|>6
for any s > 0

= Ji2 + Ji3, say.

Let C7 = sup 2rhisr lgpjr(x)] /2" (1 —z)".
Applying Schwarz 1nequahty for integration and then for summation and Lemma [4]
Bl we have

" 1/2 .
ol < G Y (Z(v—nxﬁjpn,y(x)) < ([ prmatar)

1/2

2p+j<p v=1
P,j=0

1/2

n
Z pn,z/(x) / Pn—1v-1 (t) (t _ x)2i+2m+27,+2 dt

[t—xz|<d
< Oy Z nP O(ni/?) O(n~(tmtr+1)/2)
2p+j<r
p,j=0

_ 6/ O(n—(i+m+1)/2)’ = NO
¢ O(n—(m—l—l)/Q)'

Next, again applying Schwarz inequality for integration and then for summation and
Lemma [ [3] on choosing s to be any positive integer > m + r + 1, we have
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n 1 1/2
Jiz < C1 Y Py py(@)ly - nal (/ pn—1,u—1(t)(t—x)25dt>
2p+j<r v=1 0
p,j >0
n 1/2
< O Z n? (an,u($)(y_n$)2j) X
2p+j<r v=1
p,j=>0
n ) 1/2
(”an,u(ﬁﬂ)/ Pr—1p-1(t)(t — $)2Sdt>
v=1 0
< G Y nPom?) on?)
2p+j<r
p,j >0

_ O(n(r—s)/2)
o O(nf(m+1)/2)'

Combining the estimates of J12 and Ji3, we get

Jio = €0(n~MHD/2y 4 o(n=Mm+D/2 umiformly on [z, wo).

Clearly,

Jii = O(n™ %) (for any s > 0)

= O(n~™?), uniformly on [zg, wy).

Therefore,
Jog = O(n_T/Q), uniformly on [z2, wo).

Next, using the mean value theorem, Schwarz inequality for integration and then
for summation and Lemma [4] 3] for any J > 0 we have
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|Js] <
- g
< YleGnl [ Wi
=0
‘f(m—&—r—l) (f) - f(m—i—r—l) (:E)| o m-ry| ./
{ g () e

k 1

< M et S ICGR [ WA 00| 1= ol 0= 2l a0

=0

k n 1

< MHg/HC’[zg,wg} Z ’C(]v k)‘ |:d] Z ’pg;)n(x)‘ /0 pn—l,u—l(ﬂ’t - $|m+r+1_6X2(t) dt

v=1

§=0
(djn+r—1)! —djn— +r41-4
1 — jn—r, m+r
T @y e
= O(n{=mF1=9)/2y L O(n~*), for any s > 0
= O(n~7/?), on choosing 0 <8 <m+1—7(>0).

Combining the above estimates, we get

1M (£g. %, ) = (£9) | cpzgsa) = O(0™T/).
Since suppfg C (z2,wz) by Lemmas |5 and [7] it follows that
(fg)") € Liz(B, k + 1; 20, ws). Since g(x) = 1 on I, it follows that
7)€ Lin(B, k + 1; I).
This completes the proof of (i) — (7).
The equivalence of (i7) and (éi7) is well known [2].
The implication (iii) — (iv) follows from Theorem
This completes the proof of the inverse theorem.

O
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