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1. INTRODUCTION

The authors C.S. Bagewadi and N.B. Gatti ([1], [8]), C.S. Bagewadi, E. Girish
Kumar and Venkatesha [2] have studied irrotational projective curvature and quasi-
conformal curvature tensors and D-conformal curvature tensor in K-contact, Ken-
motsu and trans-Sasakian manifolds and they have shown that these manifolds are
Einstein. Further, they have studied some properties like flatness and space of con-
stant curvature.

A K-contact manifold is a differentiable manifold with a contact metric structure
such that ¢ is a Killing vector field ([5], [13]). These are studied by many authors
([5], [7], [13]). The notion of Kenmotsu manifolds was defined by K. Kenmotsu [9].
Kenmotsu proved that a locally Kenmotsu manifold is a warped product I x s N of
an interval I and a Kaehler manifold N with warping function f(t) = sef, where s is
a non-zero constant. For example it is hyperbolic space (—1). Kenmotsu manifolds
were studied by many authors such as T.Q. Binh, L. Tamassy, U.C. De, and M.
Tarafdar [4], C.S. Bagewadi and Venkatesha [3].

In this paper we study irrotational C-Bochner curvature tensor in K-contact and
Kenmotsu manifolds and examples are given to verify the results.

2. PRELIMINARIES

A (2n+1)-dimensional differential manifold M is said to have an almost contact
structure (¢,&,n) if it carries a tensor field ¢ of type (1,1), a vector field £ and
1-form 1 on M respectively such that,
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Thus a manifold M equipped with this structure is called an almost contact
manifold and is denoted by (M, ¢,&,n). If g is a Riemannian metric on an almost
contact manifold M such that,

9(¢X,9Y) = g(X,Y) —n(X)n(Y), g(X,&) =n(X), (2)

where X, Y are vector fields and it is said to have an almost contact metric structure
(¢,€&,m, g) and manifold M equipped with this structure (¢, £, n, g) is called an almost
contact metric manifold and is denoted by (M, ¢,&,n, g).

If on (M, ¢,&,m, g) the exterior derivative of 1-form 7 satisfies,

dn(Xay) = g(X7 ¢Y)7 (3)

then (¢,&,n,9) is said to be a contact metric structure and M equipped with a
contact metric structure is called contact metric manifold.

If the contact metric structure is normal then it is called a Sasakian structure.
Note that an almost contact metric manifold defines Sasakian structure if and only
if,

(Vx¢)Y = g(X,Y)§ —n(Y)X, (4)
where V denotes the Riemannian connection on M.

Contact metric manifold with structure tensor (¢,&,n,¢g) in which the Killing
vector field £ satisfies
then M is called the K-contact manifold.

An almost contact metric manifold, which satisfies the following conditions,

(Vxo)Y = n(Y)oX —g(X,9Y)E, (6)
Vx§ = X —n(X)E, (7)

is called Kenmotsu manifold.
The C-Bochner curvature tensor [10] is given by

B(X,Y)Z :1m&mz+<%+4ﬁmxzwy—axmx—ﬂxzmx

+S(X. 2)Y +g(6X, Z)Q0Y — S(6Y. Z)6X — g(6Y. Z)Q0X
+S(6X, 2)0Y +25(6X,Y)07 + 29(6X,Y)QZ + (Y Jn(Z)QX
“n(Y)S(X, )¢ +n(X)S(Y. 2) = n(Xn(2)QY
S EBG(0X, 2)6Y — g6V, Z)0X + 29(6X,Y)67]

D

2n + 4
—n(X)g(Y, Z)§] -

+

m(Y)g(X, Z)§ —n(Y)n(Z2)X +n(X)n(Z2)Y
D—4
2n + 4

[9(X, 2)Y —g(Y, Z2)X], (8)
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where D = E;Zigg and R, S, @ and r are Riemannian curvature tensor, Ricci tensor,
Ricci operator and scalar curvature respectively.
The Rotational (curl) of curvature tensor B on a Riemannian manifold is given

by

RotB = (VyB)(X,Y)Z+ (VxB)(Y,U)Z + (VyB)(U, X)Z
— (VzB)(X,Y)U. (9)

Contracting (9) and by virtue of (1), (2) and (8), we have

2n+3 1
RotB = 5o SUVXS)Y,2) ~ (VyS)(X D) + gy Inlo(X. 2) ()
= gV, 2)(Vxr)} +{(Vyr)n(X) = (Vxr)n(Y)}n(Z) + (Ver){g(X, Z)n(Y)

— . 2N + o X 2)(Ten) (V) = g(Y. Z)(Ven) ()

20— D{Tn) (@) — (Ty)(Zn(X) + [(Txn)(¥) = (Frn)(X)n(Z)}
~ g (VexS)(eY.2) = (Vor S)(6X.2) = AVezS)(0X. V)

- (T ax€)a(6Y.2) ~ 1(Var al0X. Z) ~ 2(Tsz€)a(6X. 1)
= BT D) + (Txn)(Vn(Z)} + 3{(Ty)(X)n(2) + (Tyn)(Z)n())]
tr o ) (Tarn)gl6X,2) — (Vaxr)gl0Y,2) + 2Tz )g(0X. V)]
s I Txn) = (Tyn(0} + {(Tya)(X) = (Van)(V)}(2)
H(Ty)(Z)n(X) = (Txn)(Z)n()} + 2+ D{VxS)(Y, 2) — (VyS)(X, 2))
H(TxS)(0Y,02) + (VyS)(@X, 62)} + (VyS)(E Xn(2) + (VxS)E Y n(Z)
(VeS)(Y, Z2)0(X) = (VeS)(X, Z)n(Y) + (Ven) X)S(Y, 2) — (Ven) (V) S(X, 2)
(Vxr)g(6Y,07) + (Vxr)g(6Y, 2) - (Vyr)g(6X, 67) - (Vyr)gloX, 2)
20{(VS)(6X, Z) — (Vx8)(0Y, 2) + AT z8) (60X, Y)} + S(€Y)(Txn) (2)

(V¥ 1)(2)S(6 X)) + T gy [2n8(0Y. 2) = 2n = 2)g(oY.02)]
Vyr

nt D)(nt2) 2(n — 2)g(¢X, ¢Z) + 2ng(pX, Z)]

Var
BRCERICEDK

_|_

~— —~

+ o+ +

_l’_

(¢X,Y). (10)
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3. IRROTATIONAL C-BOCHNER CURVATURE TENSOR IN K-CONTACT MANIFOLD

In this section we show that if Rot B = 0, then the K-contact manifold is n-Einstein.
In a K-contact manifold the following relations hold:

Vx§{ = —¢X, (11)

S(X,§) = 2nn(X), (12)
g(R(&X)Y.§) = g(X,Y)—n(X)n(Y), (13)
R X)§ = —X+n(X)§, (14)

where R and S are the Riemannian curvature tensor and the Ricci tensor of M,
respectively. Further, since ¢ is a killing vector in K-contact manifold, S and r are
invariant under it that is,

(L.S) =0, (Ler) =0, (15)

where L is Lie derivative.
We know that

(V.S)(Y,2) = €S(Y,Z)— S(V.Y,Z) - S(Y,V.Z)
- (LgS)(sz)_S(vy€7Z)_S(szf)' (16)

From (11) and (15) in (16), we have
(V.S)(Y,Z)=0, V. =0. (17)
Also we know that
(Vy9)(§2)=YS(E,2) - S(V, & Z) = S(§,V, Z). (18)
Using (12) and (11) in (18), we have

(VyS8)(§: 2) = 2nYn(Z) = S(Y,9Z) — 2nn(V,, Z)
= 2n{g(V,Z,§) +9(Z,V, &)} = S(Y,¢Z) — 2nn(V, Z)
— 2ng(Y.62) - S(Y,62). (19)
Let us consider an irrotational C-Bochner curvature tensor in K-contact manifold,

that is Rot B = 0, in (10). In this resulting equation put X = ¢ and by virtue of
(1), (2), (11) and (12), we get
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2n+3 1
TR LR ANE b Ty

2n+r n(2n+3) +r

4n+1)(n+2)

+2(nl+2) %{(VU)H(Y)U(Z) — (Vyr)n(2)} + (Ver){g(¢Y, ¢Z) + g(¢Y, Z)}
(Ver) 1

T e 10 7] 290V 2) = 20 = 99(0Y,62)] 4 50 (Ve S) (6 n(2)
@2+ D(Vy )& 2) + (Vyn)(2)S(&,€) + r(Vyn)(Z)] = 0. (20)

By using (17) and (19) in (20), we have

(n(2)(Vyr) = g(Y, Z)(Ver)]

3(Vyn)(2)]

+

—2n(8n+7)— (2n+ 1)r
4n+1)(n+2)

[—4n2g(Y, ¢ Z) + (2n 4+ 1)S(Y, ¢Z) +rg(Y, ¢Z)] = 0. (21)

2n+3
2(n+2)

[~20g(Y,02) + S(¥,02)] + | |a(v.02)

1
mt2)
Replace Z by ¢Z in (21), then by (1), we get

—2n8n+7)— (2n+1)r
4n+1)(n+2)

[4n?g(Y,Z) — (2n+1)S(Y, Z)

2n + 3
2(n+2)

20g(Y,2) - (Y. 2)] - | tov.02)

o+
+2n(Y)n(Z) — rg(¢Y, ¢Z)] = 0. (22)
From (22), we get
n[8n? + 22n + 13] r
4(n+1)2 ~ 8(n+1)?

n(6n + 5 r
{ 4§n _|_+1)2) “8(n+ 1)2} n(Y)n(2). (23)

The above relation is of the form S(Y, Z) = ag(Y, Z) + 8n(Y)n(Z), where

9(Y, 2)

S(Y,Z) = [

n(6n + 5) r
CAn+1)2 8(n+1)2]°

. B=|

B 4(n+1)2 8(n +1)2

[n[8n2 +22n + 13 r

On contracting (23), we have the scalar curvature ry, that is

_ n{(2n +1)(8n% +22n + 13) — (6n +5)} —r(n + 1)

4(n+1)2 ’ (24)
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Hence we state the following:

Theorem 1. Let M be a K-contact manifold in which C-Bochner curvature
tensor is irrotational then the manifold is n-Einstein and the scalar curvature of
such manifold is given in (24).

4. TRROTATIONAL C-BOCHNER CURVATURE TENSOR IN KENMOTSU MANIFOLD

In this section we prove that the Kenmotsu manifold is also n-Einstein, when
Rot B = 0.
In a Kenmotsu manifold M, the following relations hold:

R, X)§ = X —n(X)E, (27)
for any vector fields X, Y. Further in Kenmotsu manifold we have
(Leg) = 2(g —n@n). (28)

For a symmetric endomorphism @ of the tangent space at a point of M, we express
the Ricci tensor S as

S(X,Y) = g(QX,Y). (29)
Using (29) in (28), we have
(LeS)(X,Y) = (Leg)(QX,Y) = 2S(X,Y) + 4nn(X)n(Y). (30)
Again by taking (7), (25) and (30) in (16), we get
(VeS)(Y,Z) = 0. (31)
By using (7) and (25) in (18), we have
(VyS)(&, Z) = —S(Y, Z) — 2ng(Y, Z). (32)

Now consider Kenmotsu manifold with Rot B = 0 in (10). In this resulting equation
put X = ¢ and by virtue of (1), (2), (7) and (25), we get
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2n+3 1
—m[(WS)(& D+ 4 ) N(2)(Vyr) — g(Y, Z)(Ver)]

2n+r 2n(2n+3) +r

T Dy V@) - e S By (2)]
+2(n1+2)[;n(2){(V5r)n(Y) — (Vyr)} + (Ver){g(oY, ¢Z) + g(6Y, Z)}]

(Ver) 1
Tt D(n )| 290Y.2) = 2(n =299, 02)] + 5 =S (Vv (2)8 (&, €)

—2n+1)(VyS)(€, Z2) + (VyS)(&,En(Z) +r(Vyn)(Z)] = 0. (33)
Using (31), (32) in (33), we have

+

2n[8n2 +6n — 1] +r
4n+1)(n+2)

2n(10n+9) —r
4n+1)(n+2)

[(Ver)g(eY, Z)] = 0. (34)

[2(n+ 1)

(n+2)}S(Y’Z)+[

o(¥.2)+ | [nvinz)
[ (n—5) ]
4n+1)(n+2) 2(n+1)(n+2)
Interchanging Y and Z in the above equation, we have
[2(71 +1)
(n+2)

| ((venigtov.o2))+ |

2n[8n? + 6n — 1] + 7
4n+1)(n+2)

2n(10n +9) — r
4n+1)(n+2)

} (Ver)g(#Z,Y)] = 0. (35)

|szv)+ l 9(2Y)+ | [n(v)nz)

_ [ (n—5)
4n+1)(n+2)

Adding equation (34) and (35), we get

| (venigtoz.ov) + [2<n + j =

—2n[8n? +6n — 1] —r + (n — "
5v.2) = l 2n[8n? + 6 8(711]+ 1)2+ (n—5)(Ve )] 9(Y,2)
N {—Qn(l(m + E;)(:L——: Iy(n — 5)(V§7“)} n(Y)n(2). (36)

the above relation is of the form S(Y, Z) = ag(Y, Z) + Bn(Y)n(Z), where

o —2n[8n2—|—6n—1]—7’4—(71—5)(V57“)17 B:[—2n(10n+9)+r—(n—5)(V5r) '

8(n+1)2 8(n+1)2
Now contracting (36), we have the scalar curvature ry, that is

_ n[{2(3n+5) — 4n?(4n +5)} —r+ (n — 5)(Ver)]
4(n+1)2

™ . (37)
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Hence we state the following:

Theorem 2. Let M be a Kenmotsu manifold in which C-Bochner curvature
tensor is irrotational then the manifold is n-Einstein and the scalar curvature of
such manifold is given in (37).

Remark:

If the scalar curvature r is constant along the characteristic vector & that is

Ver = 0, then the scalar curvature of irrotational Kenmotsu manifold is given by

~ n[{2(3n+5) — 4n?(4n +5)} — 7]
ne A(n +1)2 '

5.EXAMPLE

The following examples of contact metric structures 5.1 and 5.2 ([5], [6]) are serve
as counter examples to Theorem 1 and Theorem 2:

5.1. EXAMPLE FOR K-CONTACT MANIFOLD.

Consider the 3-dimensional manifold C* x R. Let (r, 6, z) be standard coordinates
in C* x R. Let (E1, Es, E3) be linearly independent global frames on C* x R given
by

10 0 0 0
= - — —_— E —_ —
roo TTo P T o
Let g be the Riemannian metric defined by

Eq

g(Er, E2) = g(E2, E3) = g(E4, E3) =0,
9(Ev, Ev) = g(Ea, E») = g(F3, E3) = 1.
The (¢,&,n) is given by

0
¢ = —, n=dz—r%do,
0z
¢E1 = —Ey, ¢Ey=E, ¢E3=0.
The linearity property of ¢ and ¢ yields that

n(Es) =1, ¢*U = —U +n(U)Es,
9(@U, oW) = g(U, W) = n(U)n(W),

for any vector fields U, W on M. By definition of Lie bracket, we have

1
[E1, Es] = ~EL =28, [E1, B3] = [Es, E3] = 0.
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Let V be the Levi-Civita connection with respect to the above metric g given by
Koszula formula

29(VyY, Z2) = X(g(Y,2))+Y(9(Z, X)) - Z(9(X,Y))
g(X,[Y,Z])—g(K[X,Z])+g(Z,[X,Y]). (38)

Thus from Koszula formula we have

—F
Ve k= — 2, Vi, By =0, Vi, B3 =0,
E
Ve Ery = 71 —F3, Vg, E = E;s, Vg, E3=—Ej,
VE1E3 = F», VE3E1 = Fo, VE3E2 =—-F. (39)

The tangent vectors X and Y to C* x R are expressed as linear combination of
FEq, By, B3, that is X = Z?:1 a;F; and Y = Z?:l b;E;, where a; and b; are scalars.
Clearly (¢,&,m, g) satisfies the properties of K-contact manifold. Thus C* x R is a
K-contact manifold. The Ricci tensor S(X,Y) is

i=1

The non zero terms g(R(X, E;)E;,Y), i = 1,2,3 by virtue of (39) are given by

R(Es, E1)Ey = —3E», R(Es, E3)E3 = Eo,
R(Es, E\)E, = Ej, R(E\, Es)Ey = —3E,
R(E3, E9)Ey = Es, R(Ey, E3)E3 = Ey. (41)

By substituting (41) in (40), we have
S(X,Y) = —29(X,Y) +4n(X)n(Y). (42)

Now we have to check whether the example satisfies the equation (10) or not:

If X =Y =7 = E;, in (10) and by virtue of (17) and (19), we obtain Rot B = 0.
Thus the Theorem 1 holds true.

However, if the component (Rot B)(E;, E;)E; of (Rot B)(X,Y)Z where X #
Y # Z = Fj;, is non zero. Hence in general if X = Z?:l a; B, Y = ?:1 b E;,
Z =3 By, aj, by, ¢; are scalars, then (Rot B)(X,Y)Z # 0. In this case the
converse of the Theorem 1 does not hold true.
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5.2. EXAMPLE FOR KENMOTSU MANIFOLD.

We consider 3-dimensional manifold M = {(z,y, 2) € R3; 2 # 0}, where (z,y, 2)
are the standard co-ordinates in R3. Let {Fy, F2, E3} be linearly independent global
frame field on M given by

0 0 0
E1 —2%7 E2—287y7 ES__Z&' (43)

Let g be the Riemannian metric defined by

9(Ev, Es) = g(Es, E3) = g(E1, E3) =0,
g(Er, Ev) = g(Eq, Ey) = g(E3, E3) = 1.

The (¢,&,n) is given by

W= s €=,
oE1 = —E,, ¢Ey=E,, ¢E;3=0.
The linearity property of ¢ and g yields that
n(Es) =1, ¢*U = —U +n(U)Es,
9(oU, oW) = g(U, W) = n(U)n(W),
for any vector fields U, W on M. By definition of Lie bracket, we have
[E1, Ea] = 0, [En, Es] = B, [Es, B3] = Es.

Let V be the Levi-Civita connection with respect to g. From Koszula formula (38),
we have

Vg B3 =Ey, VgE3=FE; VgFE;=0,

Vg B2 =0, VgFEy=—FE3 VgE =0,

VElEl = —Fj3, VE2E1 =0, VE3E1 =0. (44)
The tangent vectors X and Y to M are expressed as linear combination of E1, o, E3,
that is X = 32 a;E; and Y = Y23, b;E;, a;, b; are scalars. Clearly (¢,€,7,9) is a

Kenmotsu structure. Thus M is a Kenmotsu manifold.
The non zero terms g(R(X, E;)E;,Y ), i = 1,2,3 by virtue of (44) are given by

R(Ey, E2)Ey = —Ey, R(E:, E3)E3=—FE), R(Eq E1)E) = —En,
R(E, E3)E3 = —E3, R(E3,E\)Ey = —FE3, R(E3, Ey)Ey = —Ej3. (45)
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Now we have to check whether the example satisfies the equation (10) or not:

If X =Y =7 =E,;, in (10) and by virtue of (31), (32), we obtain Rot B = 0.
Thus the Theorem 2 holds true.

However, if the component (Rot B)(E;, E;)E; of (Rot B)(X,Y)Z where X #
Y # Z = F;, is non zero. Hence in general if X = Z?:l a; ;Y = ?:1 b E;,
Z = Z;-Q’Zl ciFi, a;, b;, c¢; are scalars, then (Rot B)(X,Y)Z # 0. In this case the
converse of the Theorem 2 does not hold true.
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