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ABSTRACT. In [Coupled fixed points for a class of contractions in partially or-
dered spaces and applications, J. Comput. Anal. Appl. vol. 13, no. 6, (2011),
1123-1131], Jiandong Yin introduced the concept of a mixed g-comparable mapping
F : X? — X and proved coupled coincidence point theorems for a class of non-
linear contractive mappings. In this paper, we introduce the concept of a mixed
g-comparable mapping F : X3 — X and we present some tripled coincidence fixed
point theorems for nonlinear contractions in the setting of partially ordered metric
spaces.
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1. INTRODUCTION AND PRELIMINARIES

Impact of fixed point theory in different branches of mathematics and its applica-
tions is immense. The first important result on fixed points for contractive type
mappings was the much celebrated Banach’s contraction principle by Banach [9] in
1922. Because of its importance and usefulness for mathematical theory, its has
been become a very popular tool in solving existence problems in many branches
of mathematical analysis and it has been extended in many directions. Several
authors have obtained various extensions and generalizations of Banach’s theorem
by considering contractive mappings on many different metric spaces. In [4], Alber
and Guerre-Delabriere introduced the concept of weak contraction in Hilbert spaces.
Rhoades [22] has shown that the result which Alber et al. proved in [4] is also valid
in complete metric spaces.

Existence of fixed points in partially ordered metric spaces was first investi-
gated in 2004 by Ran and Reurings [21], and then by Nieto and Lépez [20]. Fur-
ther results in this direction under weak contraction condition were proved, see
[2,3,4,5,10,11,12,13,16,17,19,25]. Various results on coupled fixed point have been
obtained, for more details see [6,7,14,15,18,23].

Samet and Vetro [24] introduced the notion of fixed point of N-order as natural
extension of that of coupled fixed point and established some new coupled fixed
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point theorems in complete metric spaces, using a new concept of F-invariant
set. Recently, in the same spirit, the case N = 3 (tripled case) is treated by Berinde
and Borcut [8]. We recall these known definitions:
Definition 1.Let (X, <) be a partially ordered set and F: X x X x X — X. The
mapping F is said to has the mized monotone property if for any x,y,z € X

T, T2 € X, r1 ST — F(‘Tlay7z) < F(.Tg,y,Z),

Y1, ?/2€X7 ?/1§y2:>F($ay1,Z)2F($ay2aZ)a
21, 22€Xa 2’1322:>F(33>y721)§F(x7y722)'
Definition 2.(see [8]) Let F: X x X x X — X. An element (x,y,z) is called a

tripled fixed point of F' if

F(z,y,2) =z, F(y,z,y)=vy, F(z,y,2) =z

Berinde and Borcut [8] proved the following theorem:

Theorem 1.Let (X, <,d) be a partially ordered set and suppose there is a metric d
on X such that (X,d) is a complete metric space. Suppose F': X x X x X — X
such that F' has the mized monotone property and

d(F(z,y,2), F(u,v,w)) < jd(z,u) + kd(y,v) + ld(z,w), (1)

for any x,y,z € X for which x < u, v < y and z < w. Suppose either F is
continuous or X has the following properties:

1. if a non-decreasing sequence x,, — x, then x, < x for all n,
2. if a non-increasing sequence Yy, — y, then y < y, for all n,
3. if a non-decreasing sequence zp, — z, then z, < z for all n.

If there exist xo,yo,20 € X such that xo < F(x0,v0,20), yo > F(yo,20,20) and
20 < F(20,90,0), then there exist x,y,z € X such that

F(z,y,2) =z, F(y,z,y)=y, F(zy,2)=z,

that is, F' has a tripled fized point.

In this paper, we establish tripled coincidence point theorems for F' : X x X X
X — X and g : X — X satisfying a class of contractions in partially ordered metric
spaces.

2. MAIN RESULTS
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In a recent paper, Abbas, Aydi and Karapmar [1] introduced the following con-
cepts:
Definition 3.(see [1]) Let (X, <) be a partially ordered set. Let F: X x X x X — X
and g : X — X. The mapping F is said to has the mixed g-monotone property if
for any x,y,z € X

T, T2 € Xv gri < gro — F(l’l,y,Z) < F(x27y72)7

v, 2 € X, gy < gy = F(x,y1,2) > F(x,12,2),
21, 22 € X, gz1 < gz = F(x,y,21) < F(x,y, 22).

Definition 4.(see [1]) Let F' : X x X x X — X and g : X — X. An element
(x,y,2) is called a tripled coincidence point of F' and g if

F(x,y,z) =gz, F(y,z,y) =gy, F(z,y,x)=gz

(92, gy, gz) is said a tripled point of coincidence of F' and g.
Definition 5.(see [1]) Let F : X x X xX — X and g : X — X. An element (z,y, z)
1s called a tripled common fized point of F' and g if

F(z,y,z) =gz =z, F(y,z,y)=9y=y, Fl(z,y,2)=g9z=z2

Definition 6.Let X be a non-empty set. Then we say that the mappings I :
XXX xX—=X and g: X — X are commutative if for all x,y,z € X

9(F(z,y,2)) = F(gz, 9y, g2).

Yin [26] introduced the following concepts:

Definition 7.(see [26]) Let (X, <) be a partially ordered set and x,y € X. The pair
(x,y) is called comparable if either x < y or y < x holds. We say that the pairs
(a,b) and (x,y) are comparable in the same direction if either x <y and a < b or
y < x and b < a hold. We say that the pairs (a,b) and (z,y) are comparable in the
opposite direction if either x < y and a > b or y < x and b > a hold. A sequence
{zn} C X is comparable if x,, and x,11 are comparable for each n =0,1,2,---.
Definition 8.(see [26]) Let (X, <) be a partially ordered set. We say that F has
the mized g-comparable property if for any x1, x2, y1, y2 € X, if g(x1), g(x2) are
comparable and g(y1), g(y2) are comparable implies that F(x1,y1), F(z2,y2) are
comparable.

Inspired with Definition 8, we introduce the following concept of a mixed g-comparable
mapping F : X3 — X.

Definition 9.Let (X, <) be a partially ordered set. A mapping F : X3 — X is said
to have a mized g-comparable property if for any (x,vy,2), (p,r,s) € X3 we have the
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Jollowing property: if the pairs (9(x), g(p)), (9(y),9(r))) and (g(2),g(s)) are compa-
rable then F(x,y,z) and F(p,r,s) are comparable.
For a metric space (X, d), the function p : X® — [0, o), given by,

p((m’, Y, Z)? (uv 1),7“)) = d(:(:,u) + d(y,v) + d<27 7’)

forms a metric space on X3, that is, (X3, p) is a metric induced by (X, d).

Let @ denote all the functions ¢ : [0, 4+00) — [0, +00) satisfying ¢(t) < ¢ for each
t > 0. Our result is the following:
Theorem 2.Let (X, <) be a partially ordered set and suppose there is a metric d
on X. Suppose F': X x X x X — X and g : X — X are such that F' has the
mized g-comparable property and Assume also that there exist p,q,r € [0,1) with
p+2q+1r <1 such that

d(F(z,y,2), F(u,v,w)) < ¢ (pd(gfﬂ, gu) + qd(gy, gv) + rd(gz, gw)> , (2

forallz,y, z,u,v,w € X for which the pairs (9(x), g(u)), (9(y), 9(v))) and (9(2), g(w))
are comparable, where p € ®. Suppose F(X x X xX) C g(X) and g(X) is a complete
subset of (X,d). Suppose also X has the following properties:

(i) if a comparable sequence x,, — x, then the pairs (x,,x) are comparable for all
n?

(1) if a comparable sequence y, — x , then the pairs (yn,y) are comparable for all
n7

(7it) if a comparable sequence z, — x , then the pairs (zp,z) are comparable for all
n’

(iv) if {tn} is comparable sequence, then for any n and m, the pair (tn,tm) is
comparable.

If there exist xq,yo,z0 € X such that the pairs (gxo, F(xo0, Y0, 20)), (9y0, F (Y0, Zo, Y0))
and (gzo, F(z0,Y0, o)) are comparable, then there exist x,y,z € X such that

F(z,y,z) =gz, F(y,z,y)=gy, F(zy,z) =gz,
that is, F' and g have a tripled coincidence point.

PTOOf. Let 20, Y0, 20 € X such that the pairs (gx07 F($0, Yo, Z(])), (gy07 F(y07 Zo, Z/O))
and (gzo, F'(20, Yo, x0)) are comparable. Since F(X x X x X) C ¢g(X), we can choose
r1,y1, 21 € X such that

gx1 = F(x0,y0,20), 9y1 = F(y0,20,90) and gz1 = F(z0, Yo, o). (3)
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Again, from F(X x X x X) C ¢g(X), continuing this process, we can construct
sequences {z,},{y,} and {z,} in X such that

9Tn41 = F(xn,yn,zn), 9Yn+1 = F(ynyxnazn) and 9zn+1 = F(Zmyn7l'n)~ (4)

We shall show that

(9Zn, 9%n41),  (9Yn> 9Yn+1) and (g2n,gzn41) are comparable for all n >0, (5)

We shall use the mathematical induction. Due to the assumption we know that

the pairs (gxo, F(z0, Y0, 20)), (990, F'(¥0, To, ¥0)) and (gzo, F'(20, Yo, o)) are compa-
rable. As gz1 = F(o0,Y0,20),9%1 = F(yo,70,v0) and gz1 = F(z0,%0,%0), then
(970, 971), (9y0, gy1) and (gzo, gz1) are comparable for all n > 0. Thus, the asser-
tion (5) holds for n = 0.

Suppose (5) holds for some n > 0. Regarding (5) and by mixed g-comparable
property of F' and (4), we have

9Tn+1 = F(Tn, Yn, zn) is comparable to gxni2 = F(Tpi1,Ynt1, 2n+1)-  (6)

Analogously, we can get that the pairs (gzn, 92n+1), (9Yn, 9Yn+1) are comparable.
Thus, (5) holds for any n € N, that is, {gz,}, {g9yn} and {gz,} are comparable
sequences.

If for some n € N,

9Tn = 9Tny1, GYn = 9Yn+1 and g2 = GZn41,

then, by (4), (zn,Yn,2n) is a tripled coincidence point of F' and g. From now on,
assume for any n € N that at least

9Tp # gTng1  OF  gYn 7 GYnt1  OF  GZn # GZny1. (7)

Set
on+1 = p((9%n, gYns 92n)s (9Tn+1, GYn+1, 92n+1)) = A(9Tn, 9Tn41)+d(GYn,s 9Yn+1)+d(92n, 92n+1)-
Due to assumption (iv) of theorem, and (2), (4), we have
d(92n, gzn+1) < @(pd(92n—1,92n) + qd(gyn—1, gyn) + rd(92n-1,92n)),  (8)

d(9Yn> 9Yn+1) < @(PA(gYn—1,9Yyn) + @d(gTn_1, 92n) + 7d(gYn-1,9yn)),  (9)

and
d(92n, 92nt1) < @(pd(92n—1,92n) + qd(gYn—1, gYn) + rd(gTn—1, g70)). (10)
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Thus, from (8)-(10) and using the property ¢(¢) < ¢, we obtain that

d(9n, 9Tny1) + d(GYn, GYnt1) + d(92n, g2n+1)
< [P +q+ T]d(g$n—1a g$n) + [p +2q+ T]d(gyn—la gyn) + [p + r]d(gzn—lagzn) (11)
< [P +2q + T] (d(gxn—la gmn) + d(gyn—la gyn) + d(gzn—lv an))

Take k = p + 2q + r, then (11) becomes
6n+l S k5n7 (12)

which implies that
On < kb1 < k"L0y. (13)

By assumption, we have 0 < p+2¢+1r < 1, then k € [0,1). ;From (13) we get that

lim 6, =0, (14)
n—o0o
that is,
n—oo n—oo

Now, we shall prove that {gz,}, {gyn} and {gz,} are Cauchy sequences. Sup-
pose, to the contrary, that at least one of {gz,}, {gyn} and {gz,} is not Cauchy. So,
there exists an € > 0 for which we can find subsequences {gx,, )}, {9Tmk)} of {gn};
{909 1> 190miay} Of {99} and {g2n10}, 197mqay} of {920} with (k) > m(k) > b
such that

(9T r(k)> 9Tm(k)) + AGYn(k)> Ym k) + A92Zn(k)> 9Zm(k)) = € (16)

Additionally, corresponding to m(k), we may choose n(k) such that it is the smallest
integer satisfying (16) and n(k) > m(k) > k. Thus,
A(GZn(k) =15 9Tm(k)) T AGYn(k)—1, 9Ymk)) + A(G2Znk)=15 9Zmk)) <& (17)
By using triangle inequality and having (16), (17) in mind
e <t = d(gTnk) 9Tmk)) + AGYUn(k)s 9Ym(k)) + AI2n(k)> 92m(k))
< d(GZn(k)s 9Tnk)—1) T AG9Tn(k)—1: 9Tm(r)) + AGYn(r)s 9Ynk)—1) + AGYn(k) 1> 9Ym(k))
+d(92n(k)s 92n(k)—1) + A(9Zn(k)—15 9Zm(k))
< d(GTn(k)s 9Tn(k)—1) T AGYn(k)> 9Yn(k)—1) + A(GZn (k) 92n(k)-1) + €.
(18)
Letting £ — oo in (18) and using (15)

Jim t, = Hm d(g2n(k), 9Tmk)) + dGYn(r) 9Ymk)) + d(G2n(k): 92mer)) = - (19)
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Again by triangle inequality,

Trn(k)) + A(GYn (k) GYm(k)) + A(9Zn(k)s 9Zmi))
Tr(ky+1) T AGTnk) 415 9Tmk)+1) + AITm(k)+15 9Tm(k))
(k) 9Yn(k)+1 ) + d(gyn(k)+17 gym(k)+1) + d(gym(k)er 9Ym k))
(k)> 9Zn(k)+1) + AGZn(k)+15 9Zm(k)+1) T A9Zm(k)+15 I2m(k))
< On(k)+1 T Omk)+1 + AITn(k) 115 9Tm(k)+1) + AGYn(k)+1> 9Ym(k )+1)
+d(gzn(k)+lagzm( )Jrl)

te = d(9Tpnm),
+d(gyne

20
+d(9znk (20)

o o o v
¥

We have in mind
(9%nk)> 9Tmk))s (9Yn(k)» IYm@k)) a0d (92n(k)s GZm(k)) are comparable. — (21)
Hence from (2), (4) and (21), we have using ¢(t) < ¢

= d(F(Tpk)s Yn(k) Znk))s F (@) Ym(k)> Zm(k))
< @ (pd(gZn (), 9Tm()) + A4 GYn(k)> Gm(k)) + 74920 (0)> 92m(k)))
<p

d(GZn k) gﬂfm( k) + A GYn()s GYm(k)) + 7A(GZn (k) 9Zm(k))
(22)

A(GT (k)15 ITm(k)+1)

d(gyn(k)+1agym(k)+l) :d( (yn(k)a n(k)s yn(k)) (ym(k) Tm(k)> ym(k)))
< 0 (P(9Yn(k) GYmk)) + 4AGTn k), 9Tmk)) + TAGYn(k)> GYm(r)))
PA(GYn(k)» 9Ym(k)) + 9A(9Tn(k)s 9Tm(k)) + 7A(GYn(k)s 9Ym(k))
(23)

N

A(G2n(k)+1> 9Zmk)+1) = AE (Znk)s Yn(k)s Tnk))s F'(Zm(k)s Ym(k)> Tmk)))
< ¢ (pd( gzn(k 9Zm(k)) + 4 GYnk)> 9Ym)) + 99T (k) GTm(i)))

< pd(gzy, m(k)) T 9 GYn(k)s 9Ym(k)) + I (k)s 9Tm(k))-
(24)

(JFrom (22)-(24) we get that
A(GTr(k)+1, 9Tm(k)+1) T AGYnk)+1, IYmk)+1) T AITr)+1, IZmk)+1)
<(p+ g+ 1)d(9Tn k), 9Tmk)) + (P + 2¢ + 1)A(9Yn(k)> 9Ym(k)) + ( + 7)A(G2n (k) 92m(k))
<(p+ 2+ 7) (d(gZn()> 9Tmi)) + AGYn k) 9Ymr)) + A9Zn(k)y 9Zm()))
=(p+ 2q + 7)tg.

Combining (20) with (25), we obtain that

te < On)+1 + Om)+1 T AGTn)+15 9Tm(k)+1) T AGYn(k)+1> IYm(k)+1)
+d(gzn(k)+17 gzm(kz)—i—l) (26)
< Onk)+1 + Ompyr1 + (P + 29 + 1)ty
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Letting k — oo and having in mind (15) we get
e<(p+2¢q+r)e<e

which is a contradiction. This shows that {gz,}, {gyn} and {gz,} are Cauchy
sequences.
Since g(X) is complete, there exist x,y,z € X such that

lim gz, =gz, lim gy,=gy, and lim gz, = gz. (27)
n—-+0o00

n—-+0o n—-+00

Due to properties (i) — (i), for any n > 0, the pairs (gxn, gx), (9yn, gy) and
(92zn,gz) are comparable. Hence, by (2) we have

A(F(2n,Yn, 2n), F(2,y,2)) < ¢ (pd(grn, g7) + qd(gyn, gy) +1d(920,92)) . (28)
Since p(t) < t for each t > 0, then we have lim+ o(r) = 0. Letting n — oo in (28), we
r—0
get that lim d(F(zp,yn,2n), F(x,y,2)) = 0. Thus, lim F(z,,yn,2,) = F(z,y, 2)
n—00 n—0o0
and by (27)

gr = lim g(zpy1) = lim F(zp,yn, 2n) = F(x,y, 2).
n—oo n—0o0

Analogously we have F(y,z,y) = gy and F(z,y,x) = gz. Hence F' and g have a
tripled coincidence point.

Corollary 1.Let (X, <) be a partially ordered set and suppose there is a metric
don X. Suppose F : X x X x X — X and g : X — X are such that F' has the

mized g-comparable property and assume also that there exist p,q,r,k € [0,1) with
p+2q+r <1 such that

d(F(z,y,2), F(u,v,w)) < kpd(gx, gu) + kqd(gy, gv) + krd(gz,gw),  (29)

forallz,y,z,u,v,w € X for which the pairs (9(z), g(u)), (9(y), 9(v))) and (g(z), g(w))
are comparable. Suppose F(X x X x X) C g(X) and g(X) is a complete subset of

(X, d). Suppose also X has the following properties:

(i) if a comparable sequence x,, — x, then the pairs (x,,x) are comparable for all
n7

(ii) if a comparable sequence y, — x , then the pairs (yn,y) are comparable for all
n7

(#i1) if a comparable sequence z, — x , then the pairs (z,,z) are comparable for all
n,
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() if {tn} is comparable sequence, then for any n and m, the pair (tn,tm) is
comparable.

If there exist xo, Yo, z0 € X such that the pairs (gxo, F(xo, Y0, 20)), (9y0, F (Y0, Zo, Y0))
and (gzo, F(z0,Y0, o)) are comparable, then there exist x,y,z € X such that

F(x,y,2z) =gz, F(y,z,y) =gy, F(z,y,2) =gz,

that is, F' and g have a tripled coincidence point.

Proof. Taking ¢(t) = kt in Theorem 2 we obtain Corollary 1.

Recall that (X, <) is a partially ordered set and d is a metric on X such that
(X,d) is a complete metric space. Further, we endow the product space X3 with
the following partial order:

for (x,y,z), (a,b,c) € X3, (z,,2) < (a,b,¢) <=z <a, y>b and z <c.

We say that (z,y, z) is T-comparable to (a,b,c) if (z,y,z) < (a,b,c) or (a,b,c) <
(x,y,z), that is, the pair (z,a) is comparable in the same direction to (z,c) and
comparable to (y,b) in opposite direction.

Theorem 3.1n addition to hypothesis of Theorem 2, suppose that for all (z,y, z), (u,v,1) €
X x X xX, there exists (a,b,c) € X x X x X such that (F(a,b,c), F(b,a,b), F(c,b,a))
is T-comparable to (F(x,y,2), F(y,x,y), F(z,y,x)) and (F(u,v,r), F(v,u,v), F(r,v,u)).
Also, assume that F' commutes with g. Then, F and g have a unique tripled common
fized point (x,y, z) such that

r=gr=F(z,y,2), y=gy=F(y,z,y) and z=gz=F(z,y,x).

Proof. The set of tripled coincidence points of F' and ¢ is not empty due to
Theorem 2. Assume, now, (z,y,z) and (u,v,r) are two tripled coincidence points
of F' and g, that is,

F(z,y,z) =gz, F(u,v,r)= gu,
F(y,z,y) =gy, F(v,u,v) = gv,
F(z,y,z) =9z, F(r,v,u)=gr,

We shall show that (gz, gy, gz) and (gu, gv, gr) are equal. By assumption, there

exists (a,b,¢) € X x X x X x X such that (F(a,b,c),F(b,a,b), F(c,b,a)) is T-

comparable to (F(z,y, z), F(y,x,y), F(z,y,z)) and (F(u,v,r), F(v,u,v), F(r,v,u)).
Define sequences {gan}, {gb,} and {gc,} such that

a=ay, b=by, c=cy, and
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gan = F(an—la bn—hcn—l),
gbn = F(bnfly an—1, bnfl)a (30)
gtn = F(Cn—la bn-1, an—l);

for all n. Further, set g =z, yo = ¥y, 20 = z and ug = u, vg = v, r9 = r, and on the
same way define the sequences {9z, }, {gyn}, {920} and {gu,}, {gvn}, {grn}. Then,
it is easy that

gz, = F(z,y, 2), gun = F(u,v,7),

9yn = F(y,z,vy,), gun, = F(v,u,v), (31)

9zn = F(z,y,x), grn = F(r,v,u),

for all n > 1. Since (F(,y,2), F(y,%,9), F(2,y,7)) = (921, 9y1, 921) = (97, 9y, 92)
is T-comparable to (F'(a,b,c), F'(b,a,b), F(c,b,a)) = (ga1, gb1, gc1), therefore (gx, gy, gz) >
(gai, gbi, gc1). Recursively, we have

(92, 9y,92) > (gan, gbn, gcn)  for all n. (32)

This implies that (g, gan), (gy, gbn) and (gz, gc,,) are comparable. By this and (2),
we have

d(gxagan-&—l) d(F(UU,Z/,Z),F(ambn,Cn))

_ 33
< p(pd(gr, gan) + qd(gy. gba) + rd(gz.ge)), )
d(gbn+17gy) = d(F(bnvanabn)7F(y7xuy>) (34)
< p(pd(gbn, gy) + qd(gan, gz) + rd(gbn, gy)),
and
d(gz,gcn+1) = d(F(z,y,z), F(cp,bp,an) (35)
< ¢(pd(9z, gcn) + qd(gy, gbn) + rd(gz, gan)).
Set
Y = d(g, gan) + d(gy, gbn) + d(9z, gen).-
We deduce from (33)-(35) and the property ¢(t) < t, that
Yn+1 < K n,
where k = p+ 2qg + r < 1. It follows that
Y < K" 0- (36)
Therefore, lim -, = 0. Thus,
n—-+00
lim d(gx,ga,) =0, lim d(gy,gb,) =0,

lim d(gz, gcn) = 0.
n—oo
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Analogously, we show that

lim d(gu,ga,) =0, lim d(gv,gb,) =0,
lim d(gr, gcn,) = 0.
n—oo

Combining (37) and (38) yields that (gz, gy, gz) and (gu, gv, gr) are equal. Since
gr = F(x,y,2), gy = F(y,x,y) and gz = F(z,y,x), by commutativity of F' and g,
we have

g’ = g(gz) = g(F(z,y,2)) = F(g=, 9y, 92),

9y' = glgy) = 9(F(y,2,y)) = F(9y, 92, 9y),
and

92" = g(92) = 9(F(2,y,2)) = F(92, gy, 9),
where gz = 2/, gy = ¢ and gz = 2’. Thus, (2/,y/,2’) is a tripled coincidence point
of F and g. Consequently, (g2/, gy, gz') and (gz, gy, gz) are equal. We deduce

g =gr =12, gy =gy=19y and g =gz="7.
Therefore, (2/,y',2") is a tripled common fixed of F' and g. Its uniqueness follows
easily from (2).
Example 1.Let X = R with the usual metric d(z,y) = |x —y|, for all z,y € X
and the usual ordering.
Set gx = x. Let F : X3 — X be given by

6z — 6y + 62+ 5
36

F(z,y,2)= , forall x,y,z € X

Let ¢ : [0,00) — [0,00) be given by ¢(t) = & for all t € [0, 00).
Takep=q=1= % and To =1y = 29 = %. It is easy to check that all the conditions

of Theorem 2 are satisfied and (%, %, %) s the unique common tripled fixed point of
F oandg.
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