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1. INTRODUCTION

The study of the geometry of slant immersions was initiated by B.Y. Chen [2]
as a natural generalization of both holomorphic and totally real immersions. Since
then many researchers have studied slant immersions of almost Hermitian as well
as almost contact manifolds. On the line of semi-slant submanifolds A. Carriazo
defined and studied bi-slant submanifolds of almost Hermitian and almost contact
metric manifolds and then he gave the notion of pseudo-slant submanifold [1]. Later
on, V.A. Khan and M.A. Khan studied pseudo-slant submanifolds of a Sasakian
manifold [4]. The purpose of the present paper is to study totally umbilical pseudo-
slant submanifolds of a nearly Kaehler manifold. In this paper, we have obtained
a classification theorem for a totally umbilical pseudo-slant submanifold of a nearly
Kaehler manifold.

1. PRELIMINARIES

Let M be an almost Hermitian manifold with almost complex structure J and
a Riemannian metric g satisfying [7]:

(a) J2=—1I, (b) g(JX,JY)=g(X,Y)
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for any XY € [(TM), where T'(TM) is the Lie algebra of the vector fields on M.
Further let V, the covariant differential operator on M with respect to g. If the
almost complex structure J satisfies

(VxJ)Y + (VyJJ)X =0 (2.1)

for any X,Y € I'(TM), then the manifold M is called a nearly Kaehler manifold.
From the structure equation it is obvious that every Kaehler manifold is nearly
Kaehler.

For an arbitrary submanifold M of a Riemannian manifold M, the Gauss and
Weingarten formulae are respectively given by

?XY =VxY +h(X,Y) (2.2)
and B
VxV =—AyX + VxV (2.3)

for all X, Y € I'(TM), where V is the induced Riemannian connection on M, V is a
vector field normal to M, h is the second fundamental form of M, V= is the normal
connection in the normal bundle, 7+M and Ay is the shape operator of the second
fundamental form. Moreover,

9(AvX,Y) = g(h(X,Y),V) (2.4)

where g denotes the Riemannian metric on M as well as the metric induced on M.
The mean curvature vector H of M is given by

H= :LG:h(ei,ei) (2.5)
=1

where n is the dimension of M and {ej,es, - ,e,} is a local orthonormal frame of
vector fields on M.

For any X € I'(TM) and V € T(T+ M), the transformations JX and JV are
decomposed into tangential and normal parts respectively as

JX =TX +NX (2.6)

JV =tV + fV (2.7)

A distribution D on a submanifold M of an almost Hermitian manifold M is
said to be slant distribution if for each U € D,. The angle 6 between JU and D, is
constant i.e., independent of x € M and U € D,. A submanifold M of an almost
Hermitian manifold M is said to be slant if the tangent bundle TM of M is slant.
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A pseudo-slant submanifold M of a almost Hermitian manifold M is a subman-
ifold which admits two orthogonal complementary distributions Dy and D+ such

that Dy is slant distribution with slant angle § € (0, %) and D is a totally real

distribution i.e., JD+ C T-M. In this case the tangent bundle TM is decomposed
as

TM = Dy & D™.
Moreover, for a slant distribution Dy, we have
T?°X = —cos® X (2.8)
for any X € Dy [2]. Then from (2.8), we can calculate
g(TX,TY) = cos* 0g(X,Y) (2.9)

g(NX,NY) =sin?0g(X,Y) (2.10)

for all X,Y € Dy.
If 1 is the invariant subspace of the normal bundle T M then, in the case of
pseudo-slant submanifold the normal bundle T+M can be decomposed as

T+M = NDy & ND* @ pu. (2.11)

Now, denoting by PxY and QxY the tangential and normal parts of (VxJ)Y,
for any X,Y € I'(T'M), then making use of (2.6), (2.7) and the Gauss-Weingarten
formulae, the following equations may be obtained easily

PxY = (VxT)Y — Ayy X —th(X,Y) (2.12)

OxY = (VxN)Y +h(X,TY) — fh(X,Y) (2.13)

_ Similarly, for any V' € I'(T L M), denote the tangential and normal parts of
(VxJ)V by PxV and QxV respectively, then we find that

PxV = (Vxt)V+TAy X — Ay X (2.14)

OxV = (Vxf)V+h(tV,X)+ NAy X (2.15)

where the covariant derivatives of T, N, t and f are respectively defined by

(VxT)Y =VxTY —TVxY (2.16)
(VxN)V =VxNY — NVxY (2.17)
(Vxt)V = VxtV —tVxV (2.18)
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(Vxf)V =V%fV — fVx%V (2.19)

for all X, Y € T(TM) and V € T(T+M).
A submanifold M of an almost Hermitian manifold M is said to be totally
umbilical if the second fundamental form h satisfies

h(X,Y) = g(X,Y)H. (2.20)

The submanifold M is totally geodesic if h(X,Y) = 0, for all X, Y € I'(T'M) and
minimal if H = 0.

For the integrability of the distributions involved in the definition of pseudo-
slant submanifolds we have the following preparatory results:

Proposition 2.1. Let M be a pseudo-slant submanifold of a nearly Kaehler
manifold M, then the slant distribution Dy is integrable if and only if

h(X,TY) = h(Y,TX)+ VxNY — V& NX — 20xY € T'(NDy).
for any X,Y € I'(Dy).
Proof. For any X,Y € I'(Dp) and Z € ['(D%), then from (2.2), (2.3), (2.6) and
the normal components of (VxJ)Y, we have
g(NIX,)Y|,NZ)=g(h(X,TY) - h(Y,TX),NZ)
+ g(VxNY — VENX — 20xY,NZ).
The result follows from the above equation and the fact that NDg and ND=+ are
orthogonal.
Proposition 2.2. Let M be a pseudo-slant submanifold of a nearly Kaehler
manifold M, then the totally real distribution D+ is integrable if and only if
AgwZ — Az W +2PzW € T(D?)
for all Z,W € T'(DV).
Proof. For any Z,W € I'(D+) and X € I'(Dy), by (2.6), we have
9([Z, W), TX) = g(VwJZ — (VwJ)Z =V zJW + (VzJ)W, X)
Using (2.2) and (2.3), the above equation reduced to
9([Z, W], TX) = g(AswZ — AjzW + 2Pz W, X).

Thus the assertion follows from the above equation.
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3. TOTALLY UMBILICAL PSEUDO-SLANT SUBMANIFOLDS

Through out the section we consider M as a totally umbilical pseudo-slant sub-
manifold of a nearly Kaehler manifold M. We have the following results for later use.

Theorem 3.1. Let M be a totally umbilical pseudo-slant submanifold of a
nearly Kaehler manifold M. Then the following conditions are equivalent

(i) The submanifold M has a nearly Kaehler structure (T, g)
(i) H € I'(p)

where H 1s the mean curvature vector on M.

Proof. As M is a totally umbilical pseudo-slant, then for any X € T'(T'M), we
have
WX, TX) = g(X,TX)H = 0.

Using (2.2), we obtain B
VxTX —-VxTX =0.

Then from (2.6), we get
VxJX —VxNX =VxTX.

Thus by the covariant derivative property of J, we arrive at

(Vx )X +JVxX —VxNX =VxTX.
Using (2.1), (2.2) and (2.3), we get

J(VxX 4+ h(X, X))+ AvxX — VxNX = VxTX.
Then from (2.6) and (2.7), we obtain
TVxX + NVxX 4+ th(X,X) + fh(X,X) + Anx X — VxNX = VxTX.

Equating the tangential components of the above equation, we get

TVxX +th(X,X)+ AvxX = VxTX.
As M is totally umbilical, the above equation takes the form

(VxT)X = g(X, X)tH + g(H, NX)X.
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The above equation has a solution if H € T'(u), then (VxT)X = 0 and vice-versa.
This completes the proof of the theorem.

Note. The above result is not only true for a totally pseudo-slant submanifold
but also true for all totally umbilical submanifolds of a nearly Kaehler manifold.

Theorem 3.2 [6]. Let M be a totally umbilical proper slant submanifold
of a nearly Kaehler manifold M. Then M is totally geodesic with nearly Kaehler
structure (T, g).

Now, we consider M as a pseudo-slant submanifold of a nearly Kaehler manifold
M and Dy and D+ are integrable distributions corresponding to the slant and totally
real submanifolds of M, respectively. Now, for any U € T'(T M), we have (VyJ)U =
0, using this fact, we get

(VzJ)Z =0 (3.1)

for any Z € T'(D*). Therefore the tangential and normal parts of the above equation
are PzZ = 0 and QzZ = 0, respectively. From (2.12) and the tangential component
of (3.1), we obtain

PyZ =0= (NVzT)Z — ANz Z —th(Z, 7).
The above can be written as
(?ZT)Z = AnzZ + th(Z, Z). (3.2)

As M is totally umbilical and for any Z € I'(D+), TZ = 0, using these two facts
and (2.16), the above equation takes the form

TV2Z = —g(H,NZ)Z — || Z||*tH. (3.3)
Taking the inner product in (3.3) with W € I'(D%), we obtain
9(H,NZ)g(Z,W) — | Z|*g(tH, W) = 0. (3.4)
Thus the equation (3.4) has a solution if one of the following holds:
(a) dimD+ =1
(b) H €T (u).

Now, we are in the position to prove our main result.

Theorem 3.3. Let M be a totally umbilical pseudo-slant submanifold of a
nearly Kaehler manifold M. Then at least one of the following statements is true

(i) M has a nearly Kaehler structure (7, g),

284



S. Uddin, M. Ali Khan and K. Singh - A note on totally umbilical pseudo-slant...

(ii) M is totally geodesic submanifold with nearly Kaehler structure (7', g),
(iii) dimD* = 1.

Proof. We consider two cases: either H € I'(u) or H € I'(u). If H € T'(p), then
by Theorem 3.1, there is a nearly Kaehler structure (7, ¢) on M, this is the part (i)
of the theorem. Moreover, if H € T'(u) and M has a nearly Kaehler structure then
by Theorem 3.2, M is totally geodesic, which proves part (ii). Finally, if H & I'(u),
then the equation (3.4) has a solution if dimD~ = 1, which is part (iii). This proves
the theorem completely.
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