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SOME RESULTS CONCERNING CALCULATION OF THE TEST
FUNCTIONS BY BERNSTEIN TYPE OPERATORS
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ABSTRACT. In the present paper, we establish some results concerning calcula-
tion of the test functions by Bernstein type operators and also present in every case
an appropriate application.
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1. INTRODUCTION

Let N be the set of positive integers and Ng = N U {0}.
The operators B,, : C[0,1] — C|0, 1] given by

n
k
Ba(Fi2) = 3 pusl@)f (n) | 1)
k=0
where p,, j, are the fundamental Bernstein’s polynomials defined by
n _
puada) = ()1 -2 @)
for any « € [0,1], any k € {0,1,...,n} and any n € N, are called Bernstein operators.

These operators were first introduced by S.N. Bernstein [5] in 1912.

Let p € Ny be a fixed natural number. The operators B, , : C[0,1+ p] — C]0,1]
given by

- ntp k
Bhp(f;r) = Zﬁn,k(ﬂf)f (n) ) (3)
k=0
where py, ;. are the fundamental Schurer’s polynomials defined by
_ n+p et
pusta) = ("7t =, (@)
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for any « € [0,1], any k € {0,1,...,n 4+ p} and any n € N, are called Schurer
operators [8].
Let the real parameters a, 3 be given, such that 0 < o < 3. The operators P,ga’ﬁ ).

C10,1] — C]0, 1] defined by

PO (f,2) = 3 pusla)f (k : “) , (5)
k=0

n+p

for any z € [0,1], any & € {0,1,...,n} and any n € N, where p, i(z) are the
fundamental Bernstein’s polynomials given at (2), are called Stancu operators [9].
Let p € Ny be a fixed natural number and let the real parameters «, 3 be given,
such that 0 < o < 3. The operators gr(s;ﬁ) : C[0,1+ p] — C[0, 1] defined by

&) ary - k+ «

Sn,p (f,(l?) - kzopn,k<x)f (n—l—ﬁ) y (6)
for any x € [0,1], any k£ € {0,1,...,n + p} and any n € N, where p, () are the
fundamental Schurer’s polynomials given at (4), are called Schurer-Stancu operators.
These operators were first introduced by H.H. Gonska and J. Meier [6], then studied
intensively by D. Barbosu [3], [4].

Remark 1. More results and properties concerning (1), (3), (5) and (6) can be
found also in monographs [2], [1], [4].

The purpose of this paper is to establish in every case a general result concerning
calculation of the test functions by Bernstein type operators, similar with the result
proved by O.T. Pop, D. Barbosu and P.I. Braica [7], for Bernstein operators.

2. PRELIMINARIES

In what follows, we recall the main results from [7], which we shall use afterwards
in the paper. Before to mention the results we set (Z) =0 and A¥ =0, where AF
are arrangements of n taken k, for any n € Ny and k € Z\{0,1,...,n}.

Let e;(z) = 27, with j € Ny be the test functions.
Lemma 1. [7] For any k,n € Ny and j € N, the following identity

j—1 S
i) _ (i) gj—i n—j+1
" <k:> ;“3 & <k—j+i) 7

holds, where

>0, i=Tj-2 oV=d"V=1 (8)
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and ‘ ‘
ay_)H ={G—i+ 1)a§l_1) + ag.z), for1<i<j—1. (9)

Theorem 1. [7] For any j,n € N and any x € [0,1], the following

n(ejs @ Zal AJ I (10)

holds.
3. MAIN RESULTS

We set ("}?) = 0 and A%, =
Z\{0,1,...,n+ p}.
Lemma 2. For any k,n,p € Ng, with p # 0, the following identity

7—1 . .
N AN (i) gi—i (PP —J+i
k( k ) 2 AMP< k—j+i (11)

=0

= 0, for any n,p € Ny, with p # 0 and k €

holds, where the coefficients ag.i) are given at (8) and (9).

Proof. We assume that (11) holds and taking into account the mathematical
induction with respect j, we get

7j—1 . .
jrfntr\ _, L i(ntr) _ (i) gj—i (PHP—J+i
ke ( N ) k k( N kz;z vl ki
jil () n+p—7+1
. . 1) 1j—1 -
GO gitr (ntp—g—1 0, (W) 4 (ntP—J
An+p< ke i1 )+<jaj +a; )An+p< k- j +...

G-2) | (G-1\ 42 (nt+tp—2 G-1) a1 (nt+tp—1
+<2aj +a; >An+p( L — 9 )—l—aj An+p( E_1 )

Taking (8) and (9) into account, it follows

J
j+1 n+p _ () Aj i+ n+p—j7+i—1
k ( k > ZZ; JH1ntp k—j+i—1 )

In the case of Schurer operators, we get:
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Theorem 2. For any j,n,p € N and any z € [0, 1], the following

Buaplesiz) = o5 Z%)%éﬂl (12)
holds.
Proof.
~ n+p j ) n+p |
Busteia) =3 (") F)eHaar et (D) = S etamayr i (M),
k=0 =0

Taking (11) into account, it follows

: 1"ﬂ’k kT gl g n+P jti
By plej;z) = 2.t Z a; Ay, _ il
k=0 ]
—1 n—+p . .
1 % (3) 45—1 n+p—j-+1 k—j+i
_ J—1i —j+i . n+p—~k
_njiz;a Ap T kzo kgt x (1—x)

1j_1

— )]Z j’L

_njg a; Ay
i=0

Application 1. For j € {1,2,3,4}, we present the first four cases concerning
calculation of the test functions by Schurer operators.

Casel. j =1
~ 1 (n+p)x
Buglerse) = o Al o = S2E
Case 2. j =2
- 1
By, p(e2; ) Za(ZA%+;2Z:n—<()A?L+px —i—a()A}Iﬂ))
_ (n+pn+p—1)z* (n+p)z
N n? * n?
Case 3. j =3
- 1
B p(es;x) = ZGS Agﬂém = nf( af’ )Ai+px +a§; )A3L+px —l—aé )Awll-l-p )
A?Hp ° 3An+p A711+px
5 T 3 T3
n n n

138



D. Miclaus, P. I. Braica - Some results concerning calculation of the test functions...

where agl) = 2a§0) + agl) = 3.
Case 4. j =4

», 4—i 4—1
By, p(eq;z) = E a4 An+p

1
Tt ( ( )Aiﬂﬂx + afl )Aiﬂ,x + af)Aier:c + a(S)ArlHrp >

4 4 343 2 .2 1
An+p + 6An+p + 7An+p + An+p

n4 n n4 n

Y

where afll) = 3a§0) + a(l) =6, a(2) 2a§ ) + ag ) =7.
In the case of Stancu operators, we get:
Theorem 3. For any l,n € N, any x € [0,1] and 0 < o < 3, the following

l jil s . . . .
PP (5 x) CEL Z < ) =i Zay)AiL_Z:UJ_Z (13)

]:O =0

holds.
Proof.

(@B) (o ;) — —~ (n k1 _ . \n—k k+ o l_ _ n k n
Py (ez,:v)—kzo <k>:v (1—x) <n+ﬁ> = n+ﬁle (k + ) <k>

l n

R

k=0

Taking (7) into account, it follows

l n 7j—1 . .
]_ l s o . . n—j —|—Z

P(a:ﬁ) (6['.73) — E < >al J E CUk(l o x)n k E :a(l)AJ z( >
n 3 1 . 0 n o .
(n+B) o M P k—j+i

1=0
1 @ n—j+i
- = g 1.1 - k—j+i n—k
-W)lz() fza ata Y (3 e
J]= k=0
1 ! l — (i)
_ l—j lAj—i J—1
— S (e S g
(n+8) = \J pard

Application 2. For [ € {1,2,3}, we present the first three cases concerning
calculation of the test functions by Stancu operators.
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Case 1. 1=1
Plh)( 21: 1—jjz_:1 () gi—igi—i — 1 ( + (O)Al )_OH“m?
e T a; Al _n—i—ﬂa a "m_n—i—ﬁ'
j=0 i=0
Case 2. 1=2
1 (2 = o
ples) _ 2—j i) i i
(exi2) = Gy e 2 (;)e 2
j= i=
1 0 0 1
= 7(71 wop <a2 + 204@5 )A}nba; + aé )A%x2 + aé )Aix)
1
Y (a? 4+ 2anz + n(n — 1)z* + nz)
~ n(n—1)2? N (2a+1)nx n a?
4B (B (B
Case 3. 1=3
PP (e3;0) = 1 23: J a3 jz_:l all AT—igi—i = 1 (a?

" ’ (n+6)% < \J ) (n+ )
+3a2ago) Az + 3a (ag)) A22% 4 ag)Aix) + aéO)Aix?’ + aél)AimJ + aéZ)A,llx>
_ nn—1)(n-2)z% 3(a+1)n(n—1)z? N (302 + 3a + 1)nx n a?

(n+8)° (n+ ) (n+ ) (n+p)*

In the case of Schurer-Stancu operators, we get:
Theorem 4. For any l,n,p € N, any x € [0,1] and 0 < a < 3, the following

l 7j—1
1 l -
( )67 = — <_>al_] a)AJZ:):JZ 14

holds.
Proof.

n+p l
k+ a
(CEEDIE (n+ 6)
n+p
_ )R (k n+p
G D >< :

n—+p

_mjw;(l) VIR (")
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Taking (11) into account, it follows

S( ﬂ)( zl: ! l—jni_:p k n+p kz )Ajz n+p—j+i
o n+ﬁl j ! e\ k-t
Jj= k=0
-1

LN Q S (np—j+i
- - l=j R - k—j+i(] _ pyntp—k
(n+ﬁ)l;<j>a Z% et kzzo< k—j+i )x S
L (e S
= —_— —J ZAJ i Jj— Z
7 e a; Ap i
(n+0) <= \J prd

Jj=0

Application 4. For [ € {1,2,3}, we present the first three cases concerning
calculation of the test functions by Schurer-Stancu operators.

Casel. =1
1 j—1
S(aﬁ)(el;x) = 1 Z <1)a1j Za(l A] +Z P
P n+ 04~ \Jy — e
7=0 =0
_ 1 (0) 41 _(n+p) o
n+p (a—i—al Antp® )  n+p +n+ﬁ'
Case 2.l =2
2
~ 1
S(a,,@)(@.x) _ Z < ) 2— ]Z Aj b d =i
n,p ) 2 . n+p
(n+0)2 < \J
1 0
= m (OL2 —+ 20&@5 )A},H_pﬂf + (I( )A%_,'_p.’l,' + aé )A’}z-i—p )
AR N 20+ 1)A}, o N a?
(n+B)? (n+3)? (n+0B)%
Case 3. 1=3
1 3 Jj—1
Sﬁa’ﬁ)e;xzi () 37 a; Afllle
Y ( 3 ) (n—f—ﬁ)?’ ]Z; g Z +p
1
CEYOD (a3 + a?af] )Awlwpx +a < (O)A?wﬂ + af! )Aiw )
0
( )A%—i—px +ai(’> )A?H-px +ai(’> )Aiz-i-p )
Ag-&-p 4 (o +3)A7, 22 i (@®+a+1) A, @ I o’
(n+3)3 (n+B)3 (n+p)3 (n+3)%
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