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1. INTRODUCTION

As the development of singular integral operators, their commutators have been
well studied(see [1][3-5][10-12]). Let T be the Calderén-Zygmund singular inte-
gral operator. A classical result of Coifman, Rocherberg and Weiss (see [3]) state
that commutator [b,T](f) = T(bf) — bT'(f)(where b € BMO(R")) is bounded on
LP(R") for 1 < p < oo. In [10-12], the sharp estimates for some multilinear com-
mutators of the Calderén-Zygmund singular integral operators are obtained. The
Marcinkiewicz operator is an important operator in harmonic analysis(see [6-8]). As
the Morrey space may be considered as an extension of Lebesgue space, it is natural
and important to study the boundedness of multilinear commutator related to the
Marcinkiewicz operator on the Morrey Spaces. The purpose of this paper has two,
first, we establish a sharp estimate for the multilinear commutator related to the
Marcinkiewicz operator, and second, we prove the boundedness for the multilinear
commutator related to the Marcinkiewicz operator on the generalized Morrey spaces
by using the sharp estimate.

2. PRELIMINARIES AND THEOREM

Let us introduce some notations(see [2][4][15]). In this paper, @ will denote a
cube of R™ with sides parallel to the axes. For a locally integrable function f on R"
and a cube Q, let fo = |Q|™! fQ f(x)dx and the sharp function of f is defined by

# — L _ d
@) = s /Q F(y) — foldy.

45



X. Huang, C. Huang, L. Liu - Sharp function estimate and boundedness on...

It is well-known that (see [4])

# _
£ () = sup inf o /Q F(y) — Cldy.

Qoz c€C

We say that f belongs to BMO(R"™) if M#(f) belongs to L>°(R") and define
l|f|lBaro = ||M#(f)||ze. It has been known that (see [4])

|f = fargllBmo < Ckl| flIBmo-

Let M be the Hardy-Littlewood maximal operator defined by

M) @) = s QI [ 17y
We write that M,(f) = (M (]f\p))% for 0 < p < co. For k € N, we denote by M*
the operator M iterated k times, i.e., M (f)(x) = M(f)(z) and
ME(f) () = M(M*1(£))(x) when & > 2.

Let 0 <d <n, 0<r < o0, set

1 . 1/r
Mys(9)) = sup (s [ lay)

Let ® be a Young function and ® be the complementary associated to ®, we
denote that the ®-average by, for a function f,

HfH@,Q:inf{»o:@/Q@(Wf)') w=1)

and the maximal function associated to ® by

Mo (f)(x) = sup |[flla,q-
rEQ

The Young functions to be using in this paper are ®(t) = t(1 + logt)" and ®(t) =
exp(t'/"), the corresponding average and maximal functions denoted by ||| L(logL)™,Q>
Mpogry and || - ||eppri/r.gs Megprr/r- Following [12][15], we know the generalized
Holder’s inequality:

QI/ [ W9W)ldy < lIfllecllglls o
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and the following inequality, for r,r; > 1,j =1,---,m with 1/r =1/ri+---+1/ry,,
and any © € R", b € BMO(R"),

HfHL(logL)l/r,Q < ML(lagL)l/r (f) < CML(ZOQL)m (f) < CMerl(f)?

|16 = bg|lexprr.@ < Cl[bl[BMO,
|b2k+1Q — bag| < CE||b]|BMmo-

Given a positive integer m and 1 < j < m, we denote by C]" the family of
all finite subsets o = {o(1), - -,0(j)} of {1,---,m} of j different elements and
o(i) < o(j) when i < j. For o € CJ", set 0¢ = {1,---,m} \ 0. For b= (b1, -, b)

- j
and ¢ = {o(1),---,0(j)} € C7, set by = (bo(1),* 1 ba(j))s bo = 11 bg(;) and
i=1
o J
|0 || Brr0 = .I_Tl 163yl | BMO-
We denote the Muckenhoupt weights by A, for 1 < p < oo(see [4]), that is
A ={w: M(w)(z) < Cw(x),a.e.}

and

Ay = {w : sgp <Mlﬂ /Qw(a:)dx) (@/Qw(:n)_l/(p_l)dz‘)p_l < oo} , 1< p<oo.

Throughout this paper, ¢ will denote a positive, increasing function on R* and
there exists a constant D > 0 such that

©(2t) < Dp(t) for t>0.

Let w be a weight function on R"(that is w is a non-negative locally integrable
function on R™) and f be a locally integrable function on R™. Define, for 1 < p < oo,

1 1/p
flliso = _sup ( / If(y)l”w(y)dy> ,
B(z,d)

zER™, d>0 ‘P(d)

where B(z,d) = {y € R" : |x — y| < d}. The generalized weighted Morrey spaces is
defined by
Lp,cp(Rn,,w) = {f S Llloc(Rn) : HfHLP*‘P(w) < OO}

If ¢(d) = d°, § > 0, then LP¥(R™, w) = LP(R",w), which is the classical Morrey
spaces (see [9][13][14]).
In this paper, we will study some multilinear commutators as following.
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Definition. Let 0 < § < n, 0 < v < 1 and  be homogeneous of degree zero
on R™ such that [g.—1 Q(2)do(2') = 0. Assume that Q € Lip,(S™'), that is there
exists a constant M > 0 such that for any z,y € S*1, |Q(z) — Qy)| < M|z — y|".
The Marcinkiewicz multilinear commutator is defined by

. o - 1/2
(@) = ([T D@PS)

where
s = [ [lej(x) - bj<y>>} o
Set
Baf)w) = [ g
B R R

we also define that

os(f) (@) = ( /. |Ft,5<f><x>|2dt) "

13
which is the Marcinkiewicz operator(see [16]).
1/2
Let H be the space H = {h: [|h]| = (fooo |h(t) 2%) / < oo} Then, it is clear

that . -
pas(f)(@) = [[Fis(f) (@)l and pgs(f)(x) = [[F5(f)(@)]]-

Note that when b1 = - - - = by, '“?275 is just the m order commutator. It is
well known that commutators are of great interest in harmonic analysis and have
been widely studied by many authors (see [1][5-8][10-12][16]). Our main purpose
is to establish the sharp inequality and boundedness on the Morrey spaces for the
multilinear commutator.

We shall prove the following theorems.

Theorem 1. Let b; € BMO for j = 1,---,m. Then for any 1 < r < oo and
0 <19 <1, there exists a constant C > 0 such that for any f € C3°(R"™) and any
z e R,

(Mlgz,s(f))i (@) < C | |bllBrmoMrs(f)(@) + > 3 HgaHBMoMmH(M?{fs(f))(f)

j=1 O'GCJT-”
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Theorem 2. Let 1 <p<qg<n/d,1/g=1/p—35/n,0< D <2", w e A;. Then
there exists a constant C > 0 such that for any f € LP?(R", w),

1462, ()| o () < ClIF1 Lo )

3. PROOFS OF THEOREMS

To prove the theorem, we need the following lemmas.

Lemma 1.(see [6][8]) Let0 <o <n, 1 <p<n/d,1/¢g=1/p—0d/n and w € A;.
Then pq s is bounded from LP(w) to L(w).

Lemma 2.(see [4]) Let 0 < 6 <n, 1 <r <p <n/d, 1/g =1/p—4/n and
w € Ay. Then M, is bounded from LP(w) to LI(w).

Lemma 3. Let 1 <17 < 00, 0 € CJ* with k < m and m € N, b; € BMO(R")
forj=1,--- k and k € N. Then, we have

|Q|/ H\J baldy < € T s llwo,

7j=1

1/r k
(!Q\/ H!b Irdy) < C [T Ibjlizr0,

j=1
Q|/r )Q)aldy < Cllbs|lmaro
and
1/r
(737 L 10) = @a)elrdy) " < Clbellano.

In fact, we just need to choose p; > 1 and ¢; > 1, where 1 < j < k, such that
1/pr+---+1/pr =1and r/q + -+ r/q = 1. After that, using the Holder’s
inequality with exponent 1/p;+---+1/p, = 1 and r/q1 +---+7/q, = 1 respectively,
we may get the results.

Lemma 4. Let 1 <p<o00,0< D < 2" andw € A;y. Then, for f € LP?(R", w),

(a) HMU)HLM’(w) < CHf#HLPW(w)y

(b) NMg(F )l Leew) < CllfllLpew) for 1 < g <p.

Proof. (a). Let f € LP¥(R", w). Note that the following inequality (see [4],
p.410): for any u € Ay,

| M@ @y < © [ 174w Pat)dy
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For a ball B = B(z,d) C R", we get
| Py
< [ IMO@PMwxs)w)dy
< C [ P Coxs) 0y

- C /|f# )P M (wys) (y dy+2/

|F#( )\pM(wXB)(y)dy]

2k+1B\2k B
< C / () |Pw(y)dy + Z /k+1B\sz !f#(yﬂp’;ii)ﬂdy]
< C /|f# ) Pw(y dy+2/k+13 275(k4)r(1))d1

IN

0/|f# )Py dy+2/k+lB|f# e dy]

oo

< Oy 22 F0(251d)
k 0

< Oy 227" D) (d)
k 0

< Ol ey (),

thus,
HM(f)HLW(w) < CHf#HLp,w(w).

(b). Let f € LP?(R™ w). Note that 1 < q < p and for any u € Ay,

| M@y <€ [ 1f@Pudy

For a ball B = B(xz,d) C R", a similar argument as in the proof of (a), we get

| M)ty

[, ML) )M o) ()

IN

w(B)

p p
[/ F @)ty dy+z/k+13\2k3 \2k+1B]dy
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< [/ [f)Fuly dy+Z/kHB mdyl
= [/ Fw)Fely dy+z/k+13 zni)dy]
< Cllf I pey 227D (d)
k: 0
< Clf 1 pe ()P (d),

thus,
[[Mg()l|Lrewy < ClFIre(w)

Lemma 5. Let 0 < d <n, 1 <r<p<n/d, 1/g=1/p—5/n, 0 < D < 2" and
w € Ay. Then, for f € LP¥(R™, w),

HMT,é(f)HLQW(w) < HfHLp,cp(w)

Lemma 6. Let 0 < d <n, 1 <p<mn/d, 1/¢g=1/p—45/n, 0 < D < 2" and
w € Ay. Then, for f € LP¥(R™, w),

ie,6 ()l Laew) < ClF I Lrew)

The proofs of two Lemmas are similar to that of Lemma 4 by Lemma 1 and 2,
we omit the details.

Proof of Theorem 1. It suffices to prove for f € C§°(R"™) and some constant
Cy, the following inequality holds:

l/To
—C ’"de)
(!Q\/ ’MQ(S 0’

< C | 1tllBaroMy.s(f) +Z S ke |\BMoMm+1um<f>>< )
j= 1J€Cm

Fiz a cube Q = Q(z0,d) and T € Q, we write fi = fx2q and fo = fXg). We will
consider the cases m =1 and m > 1, and choose Cy = pq s(((b1)2g —b1) f2)(x0) and

m

Co = pas([J (b5 — (bj)20) f2)(x0), respectively.
j=1
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We first consider the Case m = 1. For Cy = g 5(((b1)20 — b1) f2)(x0), we write

(b1(2) = (b1)2@) Fr.5(f) () = F1.5((b1=(b1)2@) 1) (2) = F1,5 (1= (b1)2@) f2) (%),

FP5(f)(@) =

then

IN A

183 5(F) (@) = p0,5(((br)ag — b1) f2) (wo)|

IES (D) @) = [[Fus((b1)ag = br) fo) (o)
IELS(F)(@) = Fus((br)oq — b1) fo) (o)l

[1(b1(2) = (b1)20) Frs (1) (@)]] + 1 Eus((b1 = (b1)a@) 1) (@)

[ Frs (b1 = (b1)2) f2) (2) — Frs((br — (b1)2) f2) (o)
A(z) + B(z) + C(x).

For A(x), we get

oo e
- IQ!/ 1b1(x) — (b1)20l|1a,s(f)(z)|dz

Cllbr = (b1)2gllexp £.2@11110,6 ()] Laog L) ,20
Cllbr][BroM? (na.s() ().

IN N

For B(z), denotingr =ps, 1 <p <q<n/d, 1/qg=1/p—d/n, by the boundness of
pa,s from LP(R™) to LY(R"™) and Hélder’s inequality with exponentl/s +1/s' =1,

(’22‘/62|B(x)‘mdx>l/m ’Q‘/ B(x)|da

@ /Q[MQ’5((Z)1 — (b1)20) f1)(z)]dz

we have

IN

IN

IN

(W;I/ lua.s((br — (b1)2Q)fX2Q)(x)]qu)

1/q

1/p
!Q\l/q </ [b1(2) = (b1)20"| f (2 )X2Q(:c)|de)

1 ANV
(=1/q)+(1/ps")+(1—dps/n)/ps _ ps
clQl (12 [, 10— (P
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, 1 ;o\ Vps
_ (=1/q)+Q1/ps")+(1=o6r/n)/r [ _~ _ ps
ClQ| <|2Q\ /2Q b1 — (b1)20] dx)

1 ) 1/r
- <2Q|157“/71/2Q‘f($)\ da:)
< CllllBmo M, s(f)(%).

For C(x), note that |z¢ — y| = |z — y| for y € Q°, we have
Clz) = [[Fs((br - (b1)2Q)f2)( z) = Fi5((b1 = (b1)2) f2) (xo)|

B ( |/|ac y|<t |:13— |nf?(5)(bl(y)—(b1)2cg)dy
2dt>1/2
3
2 1/2
</0 [/f”—y|<tlro—y|>t |Q|<x— \ZJ|{2<5)"( () (b1)2Q>’dy ;l;)

1/2
- a0~ )lf2(v) 2 )
+ (/0 [/$y|>t,|x0y|§t lzg — y[n—1-9 |(b1(y) — (lﬁ)gQﬂdy] 153)

i </0°° [/lx—y|<t,xo—y<t T

‘33 _ y‘nflfé ‘-TO _ y|n7175
1/2
wwaw—waMMb@waﬁ)

/ W(bl(y) — (b1)20)dy

zo—y|<t |330 -

IN

3
= L1+ 1+ Is.
By the Minkowski’s inequality and Holder’s inequality with exponent 1/r' +1/r =1,
1/2
/()] di
O Ay B s ) R
' (2@)6‘( W)= Ol s o=yl <t<|zo—y| T°
£ ()] 1 e
< C bi(y) — (b — dy
gy W) PG | T =
[f ()| |wo — '/
< C b —(b
> (20)° |( l(y) ( 1)2Q)‘|x_y|n_1_§ \x—y]3/2 Y
V2 £ (y)]
; el
N CZ/}H_IQ\Z"’Q ) (b1)2Q)HxO | ’ y‘n+1/2dy

IN

c Z 27 (M‘l‘s/” /2k+1Q (br(y) = (b1)zQ||f(y)|dy>
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IN

, 1/r!
CZ 2 (g feng 010 = G020

1 . 1/r
y <|2k+1 S / g 1) dy)
1

3 1/r
= —k/219k+1 | (6/r'n)+6(1—r)/rn ( ___* B o
crrerae (g oy 0100 = @020)" )

1 . 1/r
% <I2’“+1Q!1“W” /ng £ ()] dy)

< C YR |b | a0 My s(f) (&)
k=1

< COl|b1||lBMo M, 5(f)(Z);

Similarly, we have Iy < C||bi||BpoMys(f)(Z).
We now estimate I3. By the following inequality:

Qz-y)  Qzo—y)
‘.%' _ y‘n—l—cs ‘xO _ y|n—1—§ —

we gain

1/2
T —T dt
I3 < C/ b1(y) — (b1)2 ‘M (/ 3> dy
(2Q)° w0 — y| lwo—y|<t,Ja—y|<t t

1/2
()| — o] di
_|-C/ e ’bl(y) ) ‘| y’n 16+ /|zo—y|§t,|$—y§t t73 dy

Q" QP
<
< C'Z/kHQ\QkQ 1b1(y) — (b1)20] <‘$0 =y + 0 — g |f(y)|dy
1
—k —kyy_ - .
< ckgl R+ e [ ) — el f )y
< Cik(2—k+2—19’)/)’2k+1Q’(6/r’n)+5(1—r)/rn
k=1

1 , 1/r 1
X <|!2’“W-2\ 2k+1Q\(b1(y)—(bl)QQ)de> (I2’““Q”/” [ZMQ\f(y)\
< CllbillBmoMys(f) ().

This completes the proof of the case m = 1.
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Now, we consider the case m > 2. We write, for b= (b1, ooy b)),

A= [ Lﬁlwm ~ ()| )y
- [ . [ﬁ((bjm ~ (20) — (100) - (bj)m))] S rdy
- égezqm(‘l)m_j(b(m) ~Onale [ 000~ Oglee A sy
- j:<bj<x> (b1)2aFia(F)(z) + (1) Ftﬁ(jf;[l(b](y)—<bj>2Q>f><x>
SN O - (gl (@)
= .
thus, recall that Cy = g a(f[l(b — (b)20) f2)(z0),
() (2) - um(jﬁl(b ~ (b)20)f2)(w0)]
< IFR (@) - Fta(]ijl(b ~ (b2 )@l
< ij[l(bj(x) ~ (b)) Fus (D@ + mg 516~ 0oy (9]
¥ Hwﬁw — (020 @) |
+ HFta(]ﬁl(b ~ (b))f)la Faﬁ 2) f2) @)l

= Sl(x)+52(m)+53( )+S4( )

For Si(x), we get
1 TO 1/70
(@/ |S1(z)] dw) \Q!/ |S1()|dx
- ]QI/ |H bi)2gllka,s(f1)(z)|dz
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2Q HexpL J QQHMQ 5( )HL(logL)l/T,QQ

IN

billBroM™ ™ (na.s(f))(F).

ﬁ \

For Sy(z), by Lemma 3, we get

(a1 [, 5260 ”mdx)l/m |@\/ Sl

- m/ 5% 106) - ) Fy (w)lds

Jj= 1J€Cm
< X i 106 — Galollifs (1)@l
Jj= 1aeCm
< CZ S 110 = 5)20)ollexp 175 201155 iog 2y1/7-20

j=1 UECm

m—1 o
< YN UbollBaoM™H (ulys (£)(3)).

j=1ocecy

For S3(x), denotingr =ps, 1 <p<q<mn/d, 1/qg=1/p—3d/n, by the boundness of
pa,s from LP(R™) to LI(R™) and Holder’s inequality with exponent 1/s +1/s' =1,

we have
(a1 /. |ss<:c>mdx)”° o1 L 8@z

_ ml?' / Hpt,g(f[(bj—<bj>2Q>f1><x>de

IN

m 1/q
(Q\/ 1. H 7)2Q) [ X20) (% )qu)

1 i 1/p
Qe (/ 1:[ bj)2Q)P|f (x )XzQ(IU)Ipd:c)

1/ps’ .
< O (/ e, 2@>p3da:) ([ 1swpar)
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m

1/ps
— s’ —(dps/n)/ps 1 s’
< C|Q|Y+/ps)+(1=(9ps/n)/ps) \H(bj(x)—(bj)m)\p dx
2Q] )20 55

1 < 1/ps
' (pra/ /QQ\f@c)p dm)
< C|’5HBMOMT75(f)(j)_

For Sy(x), similar to the proof of C(x) in the case m =1, we get

Si@) = ||Fus ﬁ 20)02)(@) — Pl ﬁ )20)f2) o)
T15) - <bj>2Q>] dy

_ < |/ ) f2(y)
lz—y|<t |33_ |n -yl j=1

a / ($0_|73ff(6) |:H(bj(y) - (bj)QQ)] dy

zo—y|<t |x0 -

j=1
- 9 1/2
* 1z —y)|f2(v)] |15 dt
< d =
B /0 /|x—ysn|mo—y>t |z —y[n—170 1;[ i)20)| | 3
r 2 1/2
> 1Q(z0 — )| f2()] |15 dt
A w| %
0 o—y|>t|zo—yl<t  |To — y["” 1= 1;[ 2Q)| dy 3
+ /OO / Qz-y)  Qzo—y)
0 |Jle—yl<tlzo—yi<t ||z =y 170 g —y|n 10
9 1/2
i dt
< [T ;W) = (b5)20)|1f2(¥)|dy 3
j=1
= V1+‘/v2+‘/3a
thus
m 1/2
|f(y)l dt
vocof [fom- o 0L (] )",
(2Q)° ]1;[1 i) = (i) s o=yl <t<lzo—y| T
s |f(y)] 1 I
< C bi(y) — (b — dy
(2Q)° ]1;[1(]() N e e P R P
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dy

1/r'

s [f(W)|  |wo — 'V
< C b; b d
< 20)° 1;[1 i(y) — (bj)20) g1 w—ypr Y
. 51Q1"* 1 f(y)]
< CZ/kHQ\sz J(y) (b])QQ) |zo — yl %o y|"+1/2
k/2 ' .
< 022 |2k’+1Q]1 5/n /2k+1 1;[ — (b5)20)| | f(y)|dy
! 1/r
[o¢] 1 m
< —k/2 / (1) — (b
1 . 1/r
X (MP‘S/“ /2k+1Q |f(v)] dy)
[eS) 1 m
- O 2—k/2 ok+1 (8/r'n)+6(1—r)/rn b .
kgl | Q| |25H1Q) Jorr1g ]1;[1( i (y)
1 , 1/r
X (MP_&/" /2k+1Q | f()l dy)
< ClbllpmoMys(f)(@);
Similarly, we have Va < CHI;HBMOMT,(;(f)(aNU). For V3, we gain
m 1/2
[/ W)llz — ol di
V; < C bi(y) — (b;)ag)| AL = T01 / Z) d
’ (2Q)° jl;[l( = J)QQ)‘ 20— 9" \Jo-istpouize )
m 1/2
[fW)llz — x| / di
+C bi(y) — (b — d
(2Q)° jl;[l( 1) = 0ikaa)] fo — yperess jwo—y|<t, eyl <t T /
S r Q" Q"
< O g LI = () <|xo—yrn+1—6 + o= ypos ) F@)ldy
o 1 m
< oyt oo [T ) - G)2)| 1wy
kZ::l |2k+1Q‘176/n 2’““le;[1 J 7)2Q
< Y 27" [T IbjllsvoMys(£)(@)
k=1 j=1
< C|bllBroMys(f)(E).
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This completes the total proof of Theorem 1.
Proof of Theorem 2. Now we first consider the case m=1, we obtain, by
Lemma 5 and 6,

gt s(Dllaeqy < M s(P)zae ) < (i s (E)FE Lo )
< CllballBro (1M (Pl Lae w) + 1M (s ()] Lae ()
< Cllollsmo (| fllrrew) + [0, (Lo w))
< Cllollsmollfllzeew) < CllfllLre w)-

When m > 2, we may get the conclusion of Theorem by induction. This completes
the proof of Theorem 2.
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