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THE (G'/G)-EXPANSION METHOD FOR SOLVING THE
COMBINED AND THE DOUBLE COMBINED
SINH-COSH-GORDON EQUATIONS

H. KHEIRI, A. JABBARI

ABSTRACT. In this paper, the (G'/G)-expansion method is applied to seek
traveling wave solutions of the combined and the double combined sinh-cosh-Gordon
equations. This traveling wave solutions are expressed by the hyperbolic functions
and the trigonometric functions. It is shown that the proposed method is direct,
effective and more general.
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1. INTRODUCTION
The sinh-Gordon equation,
Uy — Ugg + sinhu = 0, (1)

gained its importance because of the kink and antikink solutions with the colli-
sional behaviors of solitons that arise from this equation. The equation appears in
integrable quantum field theory, kink dynamics, and fluid dynamics [1-8].

Many powerful methods, such as Backlund transformation, inverse scattering
method, Hirota bilinear forms, pseudo spectral method, the tanh method, the tanh-
sech method, the sine-cosine method [9-12], and many others were successfully used
to nonlinear equations. Recently, Wang et al. [15] proposed the (G'/G)-expansion
method and showed that it is powerful for finding analytic solutions of PDEs. Next,
Bekir [16] applied the method to some nonlinear evolution equations gaining trav-
eling wave solutions. More recently, Zhang et al. [17] proposed a generalized (%/)—
expansion method to improve and extend Wang et al.’s work [15] for solving vari-
able coefficient equations and high dimensional equations. Also Zhang [17] solved
the equations with the balance numbers of which are not positive integers, by this
method. In this paper we will apply the (G'/G)-expansion method to the combined
sinh-cosh-Gordon and double combined sinh-cosh-Gordon equations.
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2.DESCRIPTION OF THE (G’/G)-EXPANSION METHOD

We suppose that the given nonlinear partial differential equation for u(zx,t) to
be in the form
P(u7u$7ut7uxx7ul’t7utt7"') = 07 (2)

where P is a polynomial in its arguments. The essence of the (G’/G)-expansion
method can be presented in the following steps:

step 1. Seek traveling wave solutions of Eq. (2) by taking u(x,t) = U(), £ = x—ct,
and transform Eq. (2) to the ordinary differential equation

QU U U",..)=0, (3)

where prime denotes the derivative with respect to &.

step 2. If possible, integrate Eq. (3) term by term one or more times. This yields
constant(s) of integration. For simplicity, the integration constant(s) can be set to
Z€ero.

step 3. Introduce the solution U(€) of Eq. (3) in the finite series form

G'(§)
G(¢)

where a; are real constants with ay # 0 to be determined, N is a positive integer
to be determined. The function G(§) is the solution of the auxiliary linear ordinary
differential equation

), (4)

N
U©) = ail
=0

G"(&) + AG'(§) + uG(8) =0, (5)

where A and p are real constants to be determined.

step 4. Determine N. This, usually, can be accomplished by balancing the linear
term(s) of highest order with the highest order nonlinear term(s) in Eq. (3).

step 5. Substituting (4) together with (5) into Eq. (3) yields an algebraic equation
involving powers of (G'/G). Equating the coefficients of each power of (G'/G) to
zero gives a system of algebraic equations for a;, A, p and c. Then, we solve the
system with the aid of a computer algebra system, such as Maple, to determine
these constants. On the other hand, depending on the sign of the discrimmant
A = X2 — 4y, the solutions of Eq. (5) are well known to us. So, as a final step, we
can obtain exact solutions of the given Eq. (2).

3. THE COMBINED SINH-COSH-GORDON EQUATION
We first solve the combined sinh-cosh-Gordon equation

Ugt — kUgy + asinhu + Bcoshu = 0, (6)
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where v and (3 are nonzero real constants. Making the transformation u(x,t) = u(§),
¢ = x — ct and integrating once with respect to £, Eq. (6) we get

(¢* — k)u” + asinhu + B coshu = 0. (7)

By applying the Painlevé transformation,

v =e", (8)
or equivalently
u=Inwv. 9)
we have . .
- v+
inhu = hu = 10
sinh u 5> coshu 5 (10)
Then
v+ vl

u = arccosh|

I (11)
Consequently, we can write the combined sinh-cosh-Gordon equation (7) to the ODE
(a+ B)v® — (a — B)v+2(c? — k)v” —2(c* — k)(v')? = 0. (12)
Balancing the v3 with vv” gives
M =2. (13)
The (G’ /G)-expansion method allows us to use the finite expansion
/ /

v(€) =ao+ai(—=)+ a2(5)2,

e az # 0. (14)

Substituting (14) into (12), setting coefficients of (%/)Z(z =0,1,...,6) to zero, we
obtain the following under-determined system of algebraic equations for ag, a1, as,
¢, A and p:

G/
(5)0 aap® + Bag® + 4ctagasp® — dkagasp® — aag + Bag + 2cagari A\

—2kagai Ap — 202a12,u2 + 2/<:a12,u2 =0,

G/

(6)1 . —aa + Bai + 3aaiag? + 3Parag? + 2c2agar N2 + 4t agar p
+1202a0a2)\u — 202a12)\u — 402a1a2,u2 — 2ka0a1)\2 — dkagaip
—12kagas e + 2kar Ay + dkarasp’® = 0,

G/
(6)2 . —aag + Bas + 3aasag? + 3aar’ag + 3Basag? + 3Ba1%ag + 6ctagal A
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+862aoaz)\2 + 1602a0a2u — 202a1a2)\u — 402a22u2 — 6kagai A
—8kagas\? — 16kagazp + 2kaiasip + 4kaspu® = 0,

(6)3 : aa13 + ,Balg + 6aaiasag + 6Baiasag + 462a0a1 + 2062(10@2/\
+2¢%a12 ) + 2 aas )\’ + 462a1a2,u — 4c2a22)\,u — 4kagaq
—20kagasX — 2kai*X — 2kaiasr? — dkaiasp + 4kas* Iy = 0,

G/
(E) 2c2a12 — 2ka12 + 3&(122@() + 3oza12a2 + 3Ba22a0 + 3ﬂa12a2
+1202a0a2 +10c%ajas\ — 12kagas — 10kaias A = 0,
G/
(6) 3aaias’® 4 3Bayas® + 8ctajas + 4ctas® X\ — 8kajay — 4ka3\ = 0,
G/
(5)6 aas® + Bas® + 4c%as? — 4kas® = 0.

Solving this system by Maple, gives

_ 4 a—p08 N S a—pF3 4 a— 0
N a+pBN—4u T a+ BN —4u a+ B\ — 4u

Va2 -2 2
=+4/k k 1
c ¢A_4M,a>ﬁ,c>, (15)

where A and p are arbitrary constants. Substituting Eq. (15) into Eq. (14) yields

a—F N a—pf - p %
a+ [N\ — 4M a+ﬂ)\2 4u G oz+ﬂ/\2 ){16)
Whereg—x—(i\/k:FiVLﬁ)t

Substituting general solutions of Eq. (5) into Eq. (16), we have two types of trav-
eling wave solutions of the combined sinh-cosh-Gordon equation as follows:
When A2 — 4 > 0,

o (€) L la — 3 clslnh VA2 — E—l—czcosh VA2 — f (17)

o+ ¢y cosh §/A2 — 4pé + cosinh 14/A2 — §

from (11), we therefore obtain the solutions

a—pf clslnh VA2 — §+czcosh VA2 —4p
a+p clcosh VA2 — {—i—CQSlnh VAZ —4pué
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:I:\/m clsinh%\/m5+62008h%\/m5)_z})
/8 )

¢y cosh $4/A2 — 4pé + cosinh $1/A% — 4pé

where { =2 — (£\/k F 7”)3:52)15.

When A2 — 4, < 0,

o — (—clsln VAR — N2 + ¢ cos $/4p — )\25
a+ 3" ¢y cos 5/Ap— N2 + cosin i /A — )\25

from (11), we therefore obtain the solutions

1 -3 - LA — N6+ VAp — N2

us(€) = arccosh(={F/ % ﬁ( csin 5 VA - 25 c2o0s 5 VA - 25

2 a+pf 010035\/4;1—/\§+02s1n§\/4u—)\§
a—|—ﬂ(—clsin%\/4u—)\2£+CQCOS%\/4M—)\2§)_2})

=B c1cos 34/ — N2 + cosin §/4p — N ’

v2(€)

(19)

)*

(20)

where { =z — (£(/k F 752)t

A2—4p
In solutions (18) and (20), ¢; and ¢y are left as free parameters.
In particular, if ¢; # 0 and ¢ = 0, then u; becomes

u1(§) = arccosh(+=

if co # 0 and ¢; =0,

u1(§) = arccosh(+ o 62 (x — ct)]

i1 j” a2 LE =, (22)
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where a > 3 and ¢ > k, which are the solitary solutions of the combined sinh-cosh-
Gordon equation.
If ¢1 # 0, co = 0, then us becomes

1
ug(&) = arccosh(i§ Z+ 3 tan

+ ngcotQ[m (z — et))), (23)

ifCQ#O, 61:0,

_ A/2 32
us(€) = axceosh(F 5[4 cor’ ﬂ( ~ )

1 [a+p 2 m
3 a_ﬂtan [ZW (z —ct)]), (24)

where o > 8 and k > ¢?, which are the periodic solutions of the combined sinh-
cosh-Gordon equation.

The solutions (21)-(24) are same Eq. (28)- Eq. (31) in [18] respectively. There-
fore the solutions in [18] are only a special case of the our solutions.

4. THE DOUBLE COMBINED SINH-COSH-GORDON EQUATION
In this section we consider the double combined sinh-cosh-Gordon equation
Ut — kg + asinhu + o cosh u + G sinh(2u) + ( cosh(2u) = 0, (25)

where v and (3 are nonzero real constants. Making the transformation u(x,t) = u(§),
& =z — ct and integrating once with respect to &, we get

(¢ — k)u” + asinhu 4 o cosh u + Bsinh(2u) + £ cosh(2u) = 0. (26)
Using the transformation
v=e", (27)
or equivalently
u=Inwv. (28)
We have . ) L
sinh(u) = voY , sinh(2u) = %,

190



H. Kheiri, A. Jabbari - The (G’/G)-expansion method for solving...

v+v_1 v2 —1—1/_2

cosh(u) = , cosh(2u) = — (29)

Then
v+ o7t

J (30)

Consequently, we can write the double combined sinh-cosh-Gordon (26) in ODE
form

u = arccosh|

26v* 4 200 + 2(c? — B)yvv” — 2(¢* — k)(v')? = 0. (31)

Balancing the v* with vo” gives
M=1. (32)

Proceeding as before, we use the finite expansion

!

o(€) = ao + ar (&

o) wa#o (33)

Substituting (33) into (31), setting coefficients of (%)Z(z =0,1,...,4) to zero, we
obtain the following under-determined system of algebraic equations for ag, a1, ¢, A
and p:

(g)o : 2Bap* 4 20a® + 2P agar A\ — 2% a1 p? + 2kar?p? — 2kagai A\ = 0,
+2kai?p? =0,

(g)l : 8Barag® + 6aarag? + 2ctagari \? + 4ctagarp — 2¢%ar* Ay — 2kagal N
—4kagaip + 2kai 2 p = 0,

(g)2 : 12Ba1%ap? + 6aa;®ag + 6cagar X — 6kagai A = 0,

G/

(5)3 © 201 + 8Barag + 4cagar + 2¢% a1\ — dkagar — 2kai*A = 0,
G/

(6)4 o 28a1t + 2%a1% — 2kai? = 0.

Solving this system by Maple, gives

o o?
— a2y =+ e -
25( )\2—4,u) ! B/ A2 —4p B(A2 —4p)

k>c, (>0, (34)
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where A\ and p are arbitrary constants. Substituting Eq. (34) into Eq. (33) yields

a A @ G’
v(§) = —%(1¢ )\2—4M)i5 /7)\2—4M(5)7

where £ =z — (£,/k — B(Agiilu))t'

Substituting general solutions of Eq. (5) into Eq. (35), we have two types of trav-
eling wave solutions of the double combined sinh-cosh-Gordon equation as follows:
When A2 — 4 > 0,

(35)

() = _g(l:‘: c1 sinh 3 VA2 —4pé +co cosh 1 VA2 — 5 (36)

28 c1 cosh 31/A2 — 4p€ + cpsinh £/ — {

from (30), we therefore obtain the solutions

1, « c1 sinh £4/A2 — 4p€ + o cosh /A% — 4pg
ur (&) = arccosh(§ —%(143 ey — = )
c1 cosh 54/ A% — 4ug + cosinh 54/ A% — 4ug

¢y sinh 31/A% — 4p€ + ¢ cosh 3/A2 — 4pé

-——(1 + -1 )
o ( clcosh%\/)\z—4u§+CQSinh%\/)\2—4uf) )
(37)
a2
where 5 =T — (iﬁ/k — m)t
When \2 — 4p < 0,
© (1 LA sin 2 L\/4p — X2€ + ¢o cos 2 L\ /ap — )\25 (38)
v =
? 28 c1 €08 31/4p — A2 + cpsin 1/4p — )\25
from (30), we therefore obtain the solutions
1 —cysin $/4p — N2 L/4p — 22
us(€) = arceosh(L{— (1 4 L2 VAH T AEH eacosy Vi A,
2° 28 c1 cos 2y/Ap — N2E + cosin 5/4p — A2
25(1 LA sin 2v/4p — X2 + cg cos $4/4p — N2 =
a c1 cos 3/4p — N2 + easin /4y — )\2§ ’
(39)

where £ =z — (+ k—ﬁ(/\giim))t.
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In solutions (37) and (39), ¢; and ¢ are left as free parameters.
In particular, if ¢; # 0 and ¢ = 0, then u; becomes

25( T tanh[m(x —ct)))

20 )}, (40)

ui(§) = arccosh{%(

a(lF tanh[m(l‘ —ct)])
if ca #0, ¢ =0,
(€)= o5 (511 F orhl (o — )
2p

a1 T coth| )} (41)

=R
where k& > ¢? and 3 > 0, which are the solitary solutions of the double combined
sinh-cosh-Gordon equation.

The solution (40) and (41) are same Eq. (45) and Eq. (46) in [18] respectively.
Therefore the solutions in [18] are only a special case of the our solutions.

5.CONCLUSIONS

In this paper, the ( ) -expansion method is used to conduct an analytic study on
the combined smh—cosh Gordon and the double combined sinh-cosh-Gordon equa-
tions. The exact traveling wave solutions obtained in this study are more general,
and it is not difficult to arrive at some known analytic solutions for certain choices of
the parameters ¢; and CQ Comparing the proposed method with the methods used
in [18], show that the (& ")-expansion method is not only simple and straightforward,
but also avoids tedious calculatlons.
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