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1. INTRODUCTION

The notions of weakly symmetric and weakly Ricci-symmetric manifolds were intro-
duced by L.Tamassy and T.Q.Binh in [12] and [13].

A non-flat (2n+1)-dimensional differentiable manifold (M?2"*1, g),n > 2, is called
pseudo symmetric ([12], [13]) if there exists a 1-form o on M?"*! such that

(VxR)(Y,Z,V) = 2a(X)R(Y,Z)V + a(Y)R(X, Z)V + a(Z)R(Y, X)V
+a(V)R(Y, Z)X + g(R(Y, Z)V, X) A,

where XY, Z,V € x(M?"*1) are vector fields and « is a 1-form on M?"+1, A ¢
x(M?"+1) is the vector field corresponding through g to the 1-form a which is given
by g(X,A) = a(X).

A non-flat (2n + 1)-dimensional differentiable manifold (M?*"™! g), n > 2 is
called weakly symmetric ([12],[13]) if there exist 1-forms a, 3, p and ~ such that the
condition

(VxR)(Y,Z,V) = o(X)R(Y,Z)V +B(Y)R(X,Z)V +~(2)R(Y, X)V
+o(V)R(Y, Z)X + g(R(Y, Z)V, X)P, (1)
holds for all vector fields X, Y, Z,V € X( ). A weakly symmetric manifold (M?"+1, g)
is pseudosymmetric if ﬁ =v=0= 2a and P = A, locally symmetric if o = B =

v=0=0and P =0. A weakly symmetric manifold is said to be proper if at least
one of the 1-form a, 3, and ¢ is not zero or P # 0.
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A non-flat (2n + 1)-dimensional differentiable manifold (M?"*! g), n > 2 is
called weakly Ricci-symmetric ([12],[13]) if there exist 1-forms p, u and v such that
the condition

(Vx9)(Y, Z2) = p(X)S(Y, Z) + p(Y)S(X, Z) + v(2)S(X,Y), (2)

holds for all vector fields X,Y, Z,V € x(M). If p = p = v then M?"*! is called
pseudo Ricci-symmetric ([5]).
If M is weakly symmetric, from (1), we have ([13])

(VxS)(Z,V) = a(X)S(Z,V)+ B(R(X, 2)\WV)+~v(2)R(X,V)
+o(V)S(X,Z2) +g(R(X,V)Z), (3)

In [13], L. Tamassy and Q. Binh studied weakly symmetric and weakly Ricci-
symmetric Einstein and Sasakian manifolds and in [6] and [?], the authors studied
weakly symmetric and weakly Ricci-symmetric K-contact manifolds and Lorentzian
para-Sasakian manifolds respectively.

The notion of special weakly Ricci symmetric manifold was introduced and stud-
ied by H. Singh and Q. Khan [11].

An n-dimensional Riemannian manifold (M™", g) is called a special weakly Ricci
symmetric (SW RS),, manifold if

(Vx9S (Y, Z2) =2a(X)SY,Z)+a(Y)S(X,Z) + a(Z2)S(Y, X), (4)
where « is a 1-form and is defined by
a(X) = g(X, p), (5)
where p is the associated vector field.
2.PRELIMINARIES

A differentiable manifold of dimension (2n+ 1) is called Lorentzian §-Kenmotsu
manifold if it admits a (1, 1)-tensor field ¢, a contravariant vector field £, a covariant
vector field n and a Riemannian metric g which satisfy ([1],[8],[9])

né=-1, ¢ =0, n@X)=0, (6)
P*X =X +n(X)¢, 9(X,&) =n(X), (7)
9(¢X,9Y) = g(X,Y) + n(X)n(Y), (8)

forall X, Y € TM.
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Also an Lorentzian $-Kenmotsu manifold M?"*! is satisfying ([2],[7])

Vx¢ = BIX —n(X)¢E], 9)
(Vxn)(Y) = Blg(X,Y) —n(X)n(Y)], (10)

where V denotes the operator of covariant differentiation with respect to the Rie-
mannian metric g.
Further, on an Lorentzian S-Kenmotsu manifold M?"+! the following relations hold

([11,03]; [7])

REX)Y = BhY)X - g(X,Y), (11)
RX,Y)¢ = B (X)Y —n(Y)X], (12)
S(X.€) = —2n8%(X), (13)

where S is the Ricci curvature and @ is the Ricci operator given by S(X,Y
9(QX.Y).

3.WEAKLY SYMMETRIC LORENTZIAN (3-KENMOTSU MANIFOLDS

~—

Assume that M?"*! is a weakly symmetric Lorentzian S-Kenmotsu manifold.
Taking covariant differentiation of the Ricci tensor S with respect to X we have

(VxS)(Z,V)=VxS(Z,V)—-S(VxZ,V)-S(Z,VxV). (14)
Replacing V' with ¢ in (14) and using (7), (10) and (13) we obtain
(Vx8)(Z,€) = —2n3B9(X, Z) — S(Z, X). (15)

On the other hand replacing V' with ¢ in (3) and using (7), (11), (12) and (13)
we get

(VxS)(Z.6) = —2n82a(X)n(Z) + BB*n(X)Z — BB*1(Z)X — 2n8°v(Z)n(X)
+0(£)S(X, Z) + B%9(X, Z)P(€) — B*n(Z)P(X). (16)

Hence, comparing the right hand side of the equations (15) and (16) we have

—2nﬂ2ﬂg(X,Z)—,BS(Z,X)
= —2nB%a(X)n(2) + BB°n(X)Z — Bﬂ2 (Z2)X — 2032y (Z)n(X)
+0(§)S(X, Z) + B*9(X, Z)P(§) — B°n(Z)P(X). (17)

Now putting X = Z = £ in (17) and using (6) and (13), we get

)
0 =2n8%a(&) +v(&) + a(&)). (18)
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Since 2n3% # 0, so we obtain

a(§) +7(§) +0(§) = 0. (19)

Now we will show that o+~ + o = 0 holds for all vector fields on M?"+1. In (3)
taking Z = £ similar to the previous calculations it follows that

’ ’

0 = —20f%a(X)n(V)+ B29(X,V)B(E) - B7n(V)BX) +7(£)S(X,V)
—2nf%0 (V)n(X) + B°n(X)P(V) — B7n(V) P(X). (20)

Putting V = ¢ in (20) and by virtue of (6) and (13), we get
0 = 2nB%a(X)+ BB(EN(X) + B2B(X) — 2082 (E)n(X)
~2nB20(E)(X) + Fn(X)P(€) + FP(X). (21)
Now taking X = ¢ in (20), we have
0 = —2082a(&)n(V) — 2082 (E)n(V) + 2n8%(V) — B2P(V) — B*n(V)P(€). (22)
Replacing V with X in (22) and summing with (21), in view of (19), we find
0 = 2n8%(X)+2n8%a(X) + 828(€)n(X)
+32B(X) — 2n8%y(E)n(X). (23)
Now putting X = ¢ in (17) we have
0 = —208%(n(2) — 2mFPa(&)n(Z) — B°5(Z)
—3B(Em(Z) + 2mBP(Z). (24)
Replacing Z with X in (24) and taking the summation with (23), we have
0 = 203 a(X) +o(X) +7(X)] - 208%(X)[a(€) + o (£) +7(&)).

So in view of (19) we obtain [a(X) + y(X) 4+ o(X)] = 0 for all X on M+,
Hence we can state the following:

Theorem 1 In a weakly symmetric Lorentzian B-Kenmotsu manifold M*"1, the
sum of 1-forms a, v, and o is zero everywhere.

Suppose that M is a weakly Ricci-symmetric Lorentzian 8-Kenmotsu manifold.
Replacing Z with £ in (2) and using (13) we have

(VxS)(Y,€) = =208 [p(X)n(Y) + p(Y)n(X)] + v(€)S(X,Y). (25)
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In view of (25) and (15) we obtain
_277‘629()(7 Y) - /BS(Yv X)
= —208°[p(X)n(Y) + u(Y)n(X)] + v(€)S(X,Y).
Taking X =Y = ¢ in (26) and by the use of (6) and (13) we get
0 = 2n8[p(€) + u(&) +v(©),
which gives (since 2n3? # 0)
p(&) + p(§) +v(§) = 0.
Now putting X = £ in (26) we have by virtue of (6) and (13) that
0= —2n6%n(Y)[p(€) + v(€)] + 2nB2u(Y).
Using (28) this yields
0 = 2032 [u(€)n(Y) + u(Y)),
which gives (since 2n3% # 0)
p(Y) = —p(&)n(Y).
Similarly taking Y = £ in (26) we also have
p(X) =n(X)[pu(§) +v(E)]-
Hence applying (28) into the last equation we find
p(X) = —p(&)n(X).
Since (V¢S)(€, X) = 0, from (2) we obtain
n(X)[p(§) + pu(&)] = v(X).

By making use of (28) the last equation reduces to

v(X) = —v(©)n(X).

(32)

(33)

(34)

(35)

Therefore replacing Y with X in (31) and by the summation of the equations (31),

(33) and (35) we obtain
p(X) + p(X) + v(X) = =[p(§) + u(&) + v(E)In(X).
In view of (28) it follows that
p(X) + u(X) + v(X) =0,
for all X, which implies p + p +v = 0 on M?"+1,

Hence we can state:

ol
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Theorem 2 In a weakly Ricci symmetric Lorentzian 3-Kenmotsu manifold M7+,

the sum of 1-forms p, u, and v is zero everywhere.

4.0ON SPECIAL WEAKLY RICCI SYMMETRIC LORENTZIAN -KENMOTSU MANIFOLD

Taking cyclic sum of (4), we get

(Vx9)(Y, 2) + (VyS)(Z,X) + (Vz9)(X,Y)

=4[a(X)S(Y,Z) + a(Y)S(Z,X) + a(Z2)S(X,Y)].
Let M?"*! admits a cyclic Ricci tensor. Then (38) reduces to
a(X)SY,Z)+a(Y)S(Z,X)+ a(Z2)S(X,Y) = 0.

Taking Z = ¢ in (39) and then using (5) and (13), we get
—2n82[a(X)n(Y) + a(Y)n(X)] + n(p)S(X,Y) = 0.
Again, taking Y = ¢ in (40) and then using (5), (6) and (13), we get
2n(p)n(X) = a(X).
Taking X = ¢ in (41) and using (5) and (6), we get
n(p) = 0.

Using (42) in (41), we have a(X) =0, VX.
This leads us to the following:

Theorem 3 If a special weakly Ricci symmetric Lorentzian 3-Kenmotsu manifold

M2+ admits a cyclic Ricci tensor then the 1-form a must vanish.

For an Einstein manifold, (VxS)(Y,Z) =0 and S(Y,Z) = kg(Y, Z), then (4) gives

20(X)g(Y, Z)+ a(Y)g(X,Z) + a(Z)g(Y,Z) = 0.
Taking Z = ¢ in (43) and then using (5) and (6), we get
20(X)n(Y) + a(Y)n(X) +n(p)g(X,Y) = 0.
Again, taking X = £ in (44) and using (5) and (6), we get
3n(p)n(Y) = a(Y).
Taking Y = ¢ in (45) and using (5) and (6), we get
n(p) =

Using (46) in (45), we get a(Y) = 0, VY. Thus we can state the following:

52

(43)



G.T. Sreenivasa, Venkatesha , C.S. Bagewadi and K. Naganagoud-On ...

Theorem 4 A special weakly Ricci symmetric Lorentzian [-Kenmotsu manifold
M2+ can not be an Einstein manifold if the 1-form a # 0.

Next taking Z = ¢ in (4), we have
(Vx9)(Y,€) = 2a(X)S(Y,§) + a(Y)S(X,§) + (&) S(Y, X). (47)
The left-hand side can be written in the form
(Vx9)(Y,¢) = XS(Y,§) — S(VxY,§) = S(Y, Vx§). (48)
In view of (5),(7), (10), (13) equation (47) becomes

2n3%Bg(X,Y) + BS(X,Y)
= 22n8%a(X)n(Y) + 2n8°a(Y)n(X) +n(p)S(Y, X). (49)

Taking Y = ¢ in (49) and then using (5), (6) and (13), we get
a(X) =0. (50)
Using (50) in (4), we get (Vx5)(Y, Z) = 0, Thus we have the following:

Theorem 5 A special weakly Ricci symmetric Lorentzian [(-Kenmotsu manifold
M?"*1 s an Einstein manifold.
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