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ABSTRACT. Based on G—n-quasigroups we give straightforward methods
to solve the functional equations of generalized associativity, cyclic associa-
tivity and bisymmetry on quasigroups.
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In this paper we solve functional equations of generalized associativity
(1), cyclic associativity (2) and bisymmetry (or mediality) (3).

a1 (az(z,y), 2) = az(r, as(y, 2)) (1)
a1 (z, a(y, 2)) = az(y, au(z, 7)) = as(z, as(z,9)) (2)
ar(aa(z,y), as(z,u)) = au(as(z, 2), as(y, u)) (3)

where x,y,z,u are taken from an arbitrary set A and «; are quasigroup
operations on A.

The method used is an example of the application of our results developed
in [3].

All three equations have been investigated by Aczél, Belousov and Hosszu
[1] and Belousov [2]. The used methods to solve these equations have an
involved part: the proof that all quasigroups (A, «y;) are isotopic to the same
group (A, +). Our method reduces the proofs to a routine calculation.

For notions and notations see [3].

1. THE EQUATION OF GENERALIZED ASSOCIATIVITY

Theorem 1. The set of all solutions of the functional equation of gener-
alized associativity over the set of quasigroup operations on an arbitrary set
A is described by the relations

Ffl(F3($)+F4(y))> (4)
Fy Y (Fy(x) + Fa(y)),

al(x7y) = Fl(x> + FQ(Z/)? 052(5673/)
az(z,y) = F3(x) + F5(y), aa(z, y)

317



A. Petrescu — G — n-quasigroups and functional equations on quasigroups

where (A, +) is an arbitrary group and Fy, ..., Fy are arbitrary substitutions
of the set A.

Proof. 1t is obvious that all (A, ;) defined by relations (4) are quasigroups
isotopic to group (A, +). Substituting these values of the functional variables
in (1) we obtain for the both sides the same expression.

Conversely, let aq, ..., a4 be four quasigroup operations on A and forming
a solution of the functional equation (1). We define o : A> — A by

a(z,y,z) = ar(az(z,y), 2) = as(z, au(y, 2)) ()

It is easy to prove that (A, «) is a 3-quasigroup. Moreover, cf. Theorem 6.
3] (4, ) is a G-quasigroup, i.e. a(x,y,z) = Ti(x) + To(y) + T3(z), where
(A,+) is a group and T; are translations by a = (a3) € A% in (A, ). The
zero element of (A, +) is 0 = T1(a1) = Ta(az) = T3(as).

Putting z = a3 in (5) we obtain

ar(a(,y), a3) = az(r, au(y, az)) = Ti(z) + Ta(y) (6)

Since (A, 1) and (A, ay4) are quasigroups, the mappings f(x) = ay(zx,as)
and g(z) = a4(x, az) are substitutions of A.
From (6) we get

as(z,y) = [ (Ti(x) + Ta(y)

and
as(z,y) = Ti(x) + Ta(g ™' (v))-
If in equality (5) we put = = a; then we get

ar(az(ar,y), 2) = as(ar, au(y, 2)) = Ta(y) + Ta(2) (7)

The mappings h(x) = as(ay, z) and u(z) = as(a;, ) are substitutions of A
((A, a2) and (A, as) are quasigroups). Therefore, from (7) we have

a1(y, 2) = Ta(h ™ (y)) + Ts(2)

u(y, z) = u (Ta(y) + Ts(2).

f(h(z)) = ai(h(x),a3) = aq(az(a, ), a3) = alar, x,a3) = Te(x)
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we obtain 75 o h™! = f and from

u(g(x)) = as(ar, g(x)) = as(ar, ou(z, a3)) = (a1, x, a3) = To(x)

we get Tho g™t = u.
Taking into account the above results we have

ar(z,y) = flx) + Ts(y), aalr,y) = f(Ti(x) + Ta(y)), (8)
az(z,y) = Ti(z) + uly), au(z,y) =u(Ta(z) + T3(y)).

Thus, it follows from (8) that any solution of the equation (1) has the form

(4).
2. THE EQUATION OF GENERALIZED CYCLIC ASSOCIATIVITY

Theorem 2. The set of all solutions of the functional equation of general-
ized cyclic associativity over the set of quasigroup operations on an arbitrary
set A 1s described by the relations

al(xu y) - Fl(x) + FQ(y)a (12(17, y) = F2_1<F3(:L‘) + F4(y))7
az(z,y) = F3(z) + F5(y), oulz,y) = F5 ' (Fu(z) + Fi(y)), (9)
as(z,y) = Fy(z) + Fs(y), as(z,y) = Fy '(Fi(z) + F(y))
where (A, +) is an arbitrary commutative group and Fi, ..., Fg are arbitrary
substitutions of the set A.
Proof. Let aq,...,ag be six quasigroup operations on A and forming a

solution of equation (2). We define o : A3 — A by

Oz(l'7y, 2) = O[l({L‘,OéQ(y, Z)) = 013(y70{4(2,l’)) = a5(z,oz6(x,y)) (1())

It is obvious that (A, «) is a 3-quasigroup.

From a(z,y,2) = ai(x,as(y, 2)) it follows immediately that condition
Dy 5 holds in (A, a), a(z,y, z) = as(y, as(z,z)) implies that condition D;_j;
holds in (A, @) and from a(z,y, z) = as(z, ag(x,y)) we obtain that condition
D 5 holds in (A, «). Therefore, cf. Theorem 9 [3] (A, «) is a G,-quasigroup,
ie. a(x,y,z) =Ti(x)+ Ta(y) + T3(z), where (A, +) is a commutative group,
T; are translations by an arbitrary element a = (a}) € A% in (A, «) and
Ti(a1) = To(az) = T3(az) = 0 - zero element of (A, +).

From (10), for z = a; we obtain

ar(ar, aa(y, 2)) = az(y, au(z, a1)) = as(z, as(ar, y)) = Ta(y) + T3(2).
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Therefore

HTu(y )+T3(Z)), where f(z) = ai(ar,z),
as(y, z) = g(y) +T3(g7(2)), where g(z)= as(z,a),
as(z,y) = T3(2) + To(h™*(y)), where h(z) = agla, ).

Putting z = a3 in (10) we get
a1 (, ax(y, as)) = as(as, as(z,y)) = Ti(z) + Ta(y).
In consequence

ai(z,2) = Ti(z) + To(u=(y)), where u(z)= as(z,as),
ag(z,y) = v (T (x) + To(y)), where v(z

)
If in (10) we put y = ay then we obtain ag(as, as(z,z)) = T1(x)+T5(z) hence
ay(z,z) = w (T (x) + T3(z)) where w(z) = as(as, z).

Now,

—

(u(x)) = ay(ay, as(z,a3)) = To(x), ie. f=Tyou !,
(g9(z)) = as(as, ay(x,ay)) = Ty(z), ie. w=Ty30g " and
(h(z)) = as(as, agar, z)) = To(x), ie. v=Tyoh L

< g

In conclusion,

f
) =w ( Ti(z) + Ts(y)), (11)

Thus, it follows from (11) that any solution of the equation (2) has the form

(9).

The converse is obvious.
3. THE EQUATION OF GENERALIZED BISYMMETRY

Theorem 3. The set of all solutions of the functional equation of gener-
alized bisymmetry over the set of quasigroup operations on an arbitrary set
A is described by the relations

ay(z,y) = Fi(z) + Fa(y), ay(z,y) = Fy ' (Fs(x) + Fu(y)),
as(z,y) = Fy '(F5(x) + Fs(y)), au(z,y) = Fr(z) + Fs(y), (12)
as(z,y) = Fr ' (Fs(x) + F5(y)), as(z,y) = F5 ' (Fa(z) + Fo(y)),
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where (A, +) is an arbitrary commutative group and Fy, ..., Fy are arbitrary
substitutions of the set A.
Proof. Let a,...,aq be six quasigroup operations on A and forming a

solution of equation (3). We define a : A* — A by

alz,y, z,u) = ay(as(z,y), az(z,u) = agas(z, 2), as(y, w)) (13)

It is obvious that (A, «) is 4-quasigroup. According to Theorem 11 [3] (A, «)
is a G,-quasigroup, i.e.

a(x,y, z,u) = Ty (z)+To(y)+T5(2)+T4(u), where (A, +) is a commutative
group with zero element 0 = T’ (a1) = Th(a2) = T3(as) = Ty(as), T; being
translations by a = (a}) € A* in (4, a).

Putting z = a3 and u = a4 in (13) we get

041(042(1’, y)a a3(a37 a4)) = 044(@5(.%, a3)7 aﬁ(ya a4)) = Tl(x) + TQ(y) (14)
Since (A,aq), (A,a;5) and (A, ag) are quasigroups the mappings f(z) =
ap(x, as(as, aq)), fi(x) = as(z,a3) and fo(z) = ag(x, ay) are substitutions of

the set A. From (14) we obtain ay(z,y) = f~1(Ti(x) + Tx(y)) and ay(z,y) =
Ti(f;7 (x)) + Ta(f5 *(y)). For = a; and y = ay in (13) we have

a1 (as(ar, az), as(z,u)) = Ts(z) + Ty(u)
and thus
ag(z,u) = g~ (Ts(2) + Tu(w)), where g(x) = ar(as(ar, az), x).
If we put y = as and z = a3 in (13) then we get
ar(aa(z, az), as(as, u)) = Ti(z) + Ty(u)
Hence ay(z,u) = Ti (g7 (2)) + Ty(gy ' (u)). Putting y = ay and u = ay in
(13) we obtain ay(as(x, 2), ag(ag, as)) = Ti(z) + T5(z) and then as(z,z) =
h=Y(Ty(x) + T3(z)) where h(x) = ay(z, ag(az, as)).

Finally, if we put z = a; and z = a3 in (13) then we have

as(as(ar, az), as(y,u)) = Ta(y) + Tu(u)

and thus ag(y, u) = by (Ta(y) + Tu(u)) for hy(z) = au(as(as, az), ).

321



A. Petrescu — G — n-quasigroups and functional equations on quasigroups

Now, f(g1(z)) = a1(g1(x), az(as, as)) = aq(aa(x, az)), as(as, as)) = T1(x)
implies that T} o g;! = f,

9(92()) = ar(az(ar, az), g2(x)) = ar(aslar, az), az(as, x)) = Tu(x)

implies that Ty o g, ' = g,

h(fi(z)) = as(fi(x), aslaz, as)) = aulas(x, as), as(az, as)) = T1(z)

implies that T} o f;* = h and

hi(f2(z)) = au(as(ar, az), f2(7)) = as(as(ar, az), as(z, as)) = Ta(z)

implies that Ty o f; ' = hy.
Taking into account the above results we have

ay(z,y) = f(z) +g9(y), ar(z,y) = fi {(Th(x) + Ta(y)),
az(z,y) = g (T3(x) + Ta(y), aul(z,y) = h(z)+ Mh(y), (15)
as(z,y) = h ' (Ti(z) + Ts(y))), as(z,y) = hy ' (Ta(z) + Taly)).

Thus, it follows from (15) that any solution of the equation (3) has the form
(12).
The converse is clear.
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