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Abstract. This paper explores the potential for conformal bi-slant submer-
sions from a Sasakian manifold, specifically addressing the condition where the Reeb
vector field-ξ is vertical. Given that bi-slant submersions inherently involve slant
distributions, we investigate the integrability of these distributions and the geometry
of the corresponding distribution leaves. Additionally, the concept of pluriharmonic-
ity is examined, with illustrative evidence provided to support the findings of this
paper.
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1. Introduction

B. O’Neill [25] and A. Gray [14] were the ones who first proposed and developed
the concept of submersions and immersions. For Riemannian manifolds, they dis-
covered certain Riemannian equations by studying the geometrical characteristics.
Submersions theory becomes fascinating topic in differential geometry to discuss the
properties between differentiable structures. Riemannian submersions is the subject
of study throughout both mathematics and physics since it has numerous applica-
tions, most notably in Kaluza-Klein theory and Yang-Mills theory (see [9], [41], [23],
[20]). B. Watson [40] investigated the Riemannian submersions from almost Her-
mitian manifolds onto Riemannian manifolds in the year 1976. Later, B Sahin [32]
studied geometric characteristics and Riemannian submersions geometry. Using an
almost Hermitian manifold, he defined anti-invariant Riemannian submersions onto
Riemannian manifolds. He demonstrates that under the almost complex structure
of the total manifold, their vertical distribution is anti-invariant. Many authors
looked into and expanded on this research by studying anti-invariant submersions
[4], [32], semi-invariant submersions [33], slant submersions [12], [34], and semi-slant
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submersions [18], [26], among other topics. Tastan, Sahin, and Yanan [38] defined
and investigated hemi-slant submersions from almost Hermitian manifolds as a gen-
eralisation case of semi-invariant and semi-slant submersions.

From almost Hermitian to almost contact metric manifolds, D. Chinea [10] ex-
panded the notion of Riemannian submersions. He examined base space, total, and
fibre space from an instrinsic geometric perspective point. R. Prasad extended the
concept of hemi-slant submersions a step further, by defining quasi-bi-slant submer-
sions from almost contact metric manifold [28], [27]. The results he obtained for
submersions were interesting, and he also discovered some decomposition theorems.

B. Fuglede [15] and T. Ishihara [21] introduced the concept of conformal sub-
mersion as a generalisation of Riemannian submersions and talked about some of
their geometric characteristics. It is clear that conformal submersion with dilation
λ = 1 is a Riemannian submersion. Gudmundsson and Wood [17] investigated
conformal holomorphic submersion as a generalisation of holomorphic submersion.
They were able to obtain the necessary and sufficient conditions for harmonic mor-
phisms of conformal holomorphic submersions. Later on, conformal anti-invariant
submersions , [35], [29], conformal semi-invariant submersions [5], conformal slant
submersions [3], and conformal semi-slant submersions [2] have been studied and
defined by Akyol and Sahin. A number of researchers have recently explored the
geometry of conformal hemi-slant submersions [36], [37], conformal bi-slant submer-
sions [6] , and quasi bi-slant conformal submersions [7] and they have discussed some
decomposition theorems. Additionally, they expanded the idea of pluriharmonicity
from almost Hermitian manifolds to almost contact metric manifolds.

In this paper, we investigate conformal bi-slant submersions from Sasakian man-
ifold onto a Riemannian manifold with vertical vector field ξ. The structure of the
paper is as follows. Section 2 introduces almost contact metric manifolds, precisely
the Sasakian manifold with the properties required for this study. Our paper’s
third section includes a definition of conformal bi-slant submersion as well as some
noteworthy discoveries. Section 4 detailed the conditions needed for distribution in-
tegrability as well as the total geodesicness of its leaves. This section also discusses
how a total space becomes a locally twisted product manifold. Finally, at the end
of the study, the concept of ϕ-pluriharmonicity is addressed.

Note: Throughout the paper, we will consider abbreviations as follows:
Almost contact metric manifold-ACM manifold
Conformal bi-slant submersion- CBSS
Riemannian manifold - RM
Riemannian submersion - RS
Sasakian manifold- SM
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2. Preliminaries

We start off by providing a few definitions and findings that will be quite helpful for
our research and will aid in exploring the central idea of the research paper.

Definition 1. [8] Let J be a RS from an ACM manifold (Ō1, ϕ, ξ, η, g1) onto a
RM (Ō2, g2). Then J is called a horizontally conformal submersion, if there is a
positive function λ such that

g1(U1, V1) =
1

λ2
g2(J∗U1,J∗V1), (1)

for any U1, V1 ∈ Γ(kerJ∗)
⊥. It is obvious that every RS is a particularly horizontally

conformal submersion with λ = 1.

Let J : Ō1 → Ō2 be a RS. For any horizontal vector field W̄ , if J -related with
W̄ on Ō2 i.e J∗(W̄ (q)) = W̄J (q), for q ∈ Γ(TŌ1), then W̄ is said to basic vector
field.

The formulae for tensor fields T and A given by :

T (L1, L2) = TL1L2 = H∇VL1VL2 + V∇VL1HL2 (2)

A(L1, L2) = AL1L2 = V∇HL1HL2 +H∇HL1VL2 (3)

for all vector fields L1, L2 ∈ Γ(TŌ1) [13].
On using (2) and (3), we get

∇W̄1
Z̄1 = TW̄1

Z̄1 + ∇̄W̄1
Z̄1 (4)

∇W̄1
X̄1 = TW̄1

X̄1 +H∇W̄1
X̄1 (5)

∇X̄1
W̄1 = AX̄1

W̄1 + V∇X̄1
W̄1 (6)

∇X̄1
Ȳ1 = H∇X̄1

Ȳ1 +AX̄1
Ȳ1 (7)

for all W̄1, Z̄1 ∈ Γ(kerJ∗) and X̄1, Ȳ1 ∈ Γ(kerJ∗)
⊥ where ∇̄W̄1

Z̄1 = V∇W̄1
Z̄1. Then

TZ̄ and AW̄ are skew-symmetric, i.e.,

g(AW̄F1, F2) = −g(F1,AW̄F2), g(TZ̄F1, F2) = −g(F1, TZ̄F2) (8)

for all F1, F2 ∈ Γ(TpŌ1).
Now, we recall the definition of weakly horizontal conformal submersions.

Proposition 1. [16] Let J : Ō1 → Ō2 be horizontally conformal submersion with
dilation λ and Z̄, W̄ ∈ Γ(kerJ∗)

⊥, then

AW̄ Z̄ =
1

2
(V[W̄ , Z̄]− λ2g1(W̄ , Z̄) gradv

1

λ2
) (9)
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The second fundamental form of J is defined by

(∇J∗)(W̄ , Z̄) = ∇J
W̄
J∗Z̄ − J∗∇W̄ Z̄ (10)

A map is said to be totally geodesic if (∇J∗)(W̄ , Z̄) = 0 for all W̄ , Z̄ ∈ Γ(TpŌ1),
where Levi-Civita and pullback connections are ∇ and ∇J . [39].

Lemma 1. Let J : Ō1 → Ō2 be a horizontal conformal submersion. Then, we have

(i) (∇J∗)(W̄ , Z̄) = W̄ (lnλ)J∗(Z̄) + Z̄(lnλ)J∗(W̄ )− g1(W̄ , Z̄)J∗(grad lnλ),

(ii) (∇J∗)(Ū , V̄ ) = −J∗(TŪ V̄ ),

(iii) (∇J∗)(W̄ , Ū) = −J∗(∇J
W̄
Ū) = −J∗(AW̄ Ū).

for any horizontal vector fields W̄ , Z̄ and vertical vector fields Ū , V̄ [8].

Here, we giving the definition of twisted product manifold given by R. Ponge
[30]. Let (Ō1, g) be a RM with M1 and M2 be submanifolds of Ō1. Then a product
manifold of the form Ō1 = M1×λM2 is said to be a twisted product manifold if and
only if M1 is a totally geodesic foliation and M2 is a totally umbilic foliation

Let M be a differentiable manifold of dimension n, is said to be having an almost
contact structure (ϕ, ξ, η) if, it carries a tensor field ϕ, vector field ξ and 1-form η
on M satisfying

ϕ2 = −I + η ⊗ ξ, ϕξ = 0, η ◦ ϕ = 0, η(ξ) = 1, (11)

where, I is identity tensor. The almost contact structure (ϕ, ξ, η) is said to be normal
if N +dη⊗ ξ = 0, where N is the Nijenhuis tensor of ϕ. Suppose that a Riemannian
metric tensor g is given in M and satisfies the condition

g(ϕW̄ , ϕZ̄) = g(W̄ , Z̄)− η(W̄ )η(Z̄), η(W̄ ) = g(W̄ , ξ), (12)

for all Z̄, W̄ ∈ Γ(TM). Then (ϕ, ξ, η, g)-structure is called an ACM structure. Let
Φ be the fundamental 2-form on M , i.e, Φ(Ū , V̄ ) = g(Ū , ϕV̄ ). If Φ = dη, M is said
to be a contact manifold. A normal contact metric structure is called a Sasakian
structure, which satisfies

(∇W̄ϕ)Z̄ = g(W̄ , Z̄)ξ − η(Z)W (13)

where ∇ is the Levi-Civita connection of g. From above formula, we have for SM

∇W̄ ξ = −ϕW̄ , (14)

and the covariant derivative of ϕ is defined by

(∇W̄ϕ)Z̄ = ∇W̄ϕZ̄ − ϕ∇W̄ Z̄, (15)

for any vector fields W̄ , Z̄ ∈ Γ(TM).
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3. Conformal bi-slant submersions (CBSS)

Definition 2. Let (Ō1, ϕ, ξ, η, g1) be an ACM manifold and (Ō2, g2) be a RM. A
conformal submersion J is said to be a CBSS if Dθ1 and Dθ2 are slant distributions
with slant angel θ1 and θ2 such that kerJ∗ = Dθ1 ⊕Dθ2⊕ < ξ >, where < ξ > is a
1-dimensional distribution spanned by ξ and J is called proper if θ1, θ2 ̸= 0, π2 .

If n1, n2 ̸= 0, 0 < θ1 < π
2 and 0 < θ2 < π

2 then, J is said to be proper CBSS,
where n1, n2 are the dimensions of Dθ1 and Dθ2 respectively.

In this part, we provide a non-trivial example to support our research. Note that
R2n+1 denote a SM with the structure (ϕ, ξ, η, g) defined as

ϕ

(
n∑

i=1

(
Ui

∂

∂ui
+ Vi

∂

∂vi

)
+W

∂

∂w

)
=

n∑
i=1

(
Vi

∂

∂ui
− Ui

∂

∂vi

)
,

η =
1

2

(
dw −

n∑
i=1

vidui

)
, ξ = 2

∂

∂w

g = η ⊗ η +
1

4

n∑
i=1

(
dui ⊗ dui + dvi ⊗ dvi

)
,

where
(
u1, . . . , un, v1, . . . , vn, w

)
are the Cartesian coordinates.

Now, taking into account the definition above, we can provide the following
examples:.

Example 1. Let J : (R9, gR9) −→ (R5, gR5) be a conformal submersion defined by

J (u1, u2, u3, u4, v1, v2, v3, v4, w)

= π6

(
cos θ1u1 − sin θ1u3,

u2 + u4√
2

, sin θ2v3 + cos θ2v4, v1, w

)
then

kerF∗ =< W1 = sin θ1∂u1 + cos θ1∂u3,W2 =
1√
2
(∂u2 − ∂u4)

W3 = cos θ2∂v3 − sin θ2∂v4,W4 = ∂v2,W5 = ξ = ∂w > and

(kerF∗)
⊥ =< Z1 = cos θ1∂u1 − sin θ1∂u3, Z2 =

1√
2
(∂u2 + ∂u4)

Z3 = sin θ2∂v3 + cos θ2∂v4, Z4 = ∂v1 >

Thus, the submersion J is CBSS with Dθ1 = ⟨W1,W3⟩ with slant angle θ̄1 such

that cos θ̄1 = sin(θ2 − θ1) and Dθ2 = ⟨W2,W4⟩ with the slant angle θ̄2 =
π

4
.
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Example 2. Let J : (R9, gR9) −→ (R5, gR5) such that

(u1, u2, u3, u4, v1, v2, v3, v4, w) = e5

(
u1 +

√
3u2

2
, sin θ1u3 + cos θ1u4, v1, v2, w

)
.

Then it follows that

Dθ1 =< W1 =
1

2

(√
3∂u1 − ∂u2

)
,W3 = ∂v3,W5 = ξ = ∂w >,

Dθ2 = span ⟨W2 = cos θ1∂u3 − sin θ1∂u4,W4 = ∂v4⟩ and

(kerF∗)
⊥ = < X1 =

1

2
(∂u1 +

√
3∂u2), X2 = sin θ1∂u3 + cos θ1∂u4,

X3 = ∂v1, X4 = ∂v2 > .

Hence, J is a CBSS with the slant angles θ̄1 =
π

3
and θ̄2 = θ1, respectively and

λ = e
√
5.

Suppose that J is a CBSS from SM (Ō1, ϕ, ξ, η, g1) onto a RM (Ō2, g2), then
for any Ū ∈ kerJ∗

Ū = KŪ + LŪ + η(Ū)ξ (16)

where KŪ ∈ Γ(Dθ1) and LŪ ∈ Γ(Dθ2).
Also, for Ū ∈ Γ(kerJ∗)

ϕŪ = ωŪ + ζŪ (17)

where ωŪ ∈ Γ(kerJ∗) and ζŪ ∈ Γ(kerJ∗)
⊥. For any X̄ ∈ Γ(kerJ∗)

⊥, we have

ϕX̄ = tX̄ + fX̄ (18)

where tX̄ ∈ Γ(kerJ∗) and fX̄ ∈ Γ(kerJ∗)
⊥.

The horizontal distribution (kerJ∗)
⊥ is decomposed as

(kerJ∗)
⊥ = ζDθ1 ⊕ ζDθ2 ⊕ µ (19)

such that µ is the complementary distribution to ζDθ1 ⊕ ζDθ2 in Γ(kerJ∗)
⊥.

Given that J : Ō1 → Ō2 is a CBSS, let’s present some insightful findings that
will be used throughout the work.

Theorem 2. Let J : (Ō1, ϕ, ξ, η, g1) → (Ō2, g2) be a CBSS from ACM manifold
onto a RM with slant angles θ1 and θ2. Then we have

(i) ω2W̄ = −(cos2 θ1)W̄
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(ii) g1(ωW̄ , ωZ̄) = cos2θ1g1(W̄ , Z̄)

(iii) g1(ζW̄ , ζZ̄) = sin2θ1g1(W̄ , Z̄),

for any vector fields W̄ , Z̄ ∈ Γ(Dθ1)

Proof. Let J be a CBSS from ACM manifold (Ō1, ϕ, ξ, η, g1) onto a RM (Ō2, g2).
Then for any W̄ ∈ Γ(Dθ1), we have

cos θ1 =
|ωW̄ |
|ϕW̄ |

(20)

cos θ1 =
g1(ϕW̄ , ωW̄ )

|ϕW̄ ||ωW̄ |
.

From equation (38), we have

cos θ1 = −g1(W̄ , ω2W̄ )

|ϕW̄ ||ωW̄ |
. (21)

By using (11), (20) and (21), we get

ω2U = (− cos2 θ1)W̄

. For (ii) part, for any vector field W̄ , Z̄ ∈ Γ(Dθ1) with using equation (17), we have

g1(ωW̄ , ωZ̄) = gM (ϕW̄ , ωZ̄).

Taking account fact from (17) and from Theorem 2, we get

g1(ωW̄ , ωZ̄) = cos2 θ1g1(W̄ , Z̄). (22)

Again, by using equations (17), we have

g1(ζU, ζV ) = g1(ϕW̄ , ϕZ̄)− g1(ϕW̄ , ωZ̄).

From equations (17) (22)and , we have

g1(ζW̄ , ζZ̄) = sin2 θ1g1(W̄ , Z̄),

from which we get result.

In a similar way, we can provide the following result.

Theorem 3. Let J : (Ō1, ϕ, ξ, η, g1) → (Ō2, g2) be a CBSS from ACM manifold
onto a RM with slant angles θ1 and θ2. Then we have
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(i) ω2Ū = −(cos2 θ2)Ū

(ii) g1(ωŪ, ωV̄ ) = cos2θ2g1(Ū , V̄ )

(iii) g1(ζŪ , ζV̄ ) = sin2θ1g1(Ū , V̄ ),

for any vector fields Ū , V̄ ∈ Γ(Dθ2)

Proof. The proof of this is similar to the proof of Theorem 2. Therefore, we skip
the proof.

Lemma 4. Let (Ō1, ϕ, ξ, η, g1) be a ACM manifold and (Ō2, g2) be a RM. If
J : Ō1 → Ō2 is a CBSS, then we have

ζtX̄ + f2X̄ = −X̄, ωtX̄ + tfX̄ = 0

−Ū + η(Ū)ξ = ω2Ū + tζŪ , ζωŪ + fζŪ = 0

for any Ū ∈ Γ(kerJ*) and X̄ ∈ Γ( kerJ∗)
⊥.

Proof. Equations (14), (17) and (18) are used to obtain outcomes from simple cal-
culations.

Let (Ō2, g2) is a RM and that (Ō1, ϕ, ξ, η, g1) is a SM. We now consider how
the Sasakian structure on Ō1 affects the tensor fields T and A of a BSCS J :
(Ō1, ϕ, ξ, η, g1) → (Ō2, g2)

Lemma 5. the If J : Ō1 → Ō2 is a CBSS where (Ō1, ϕ, ξ, η, g1) be a SM and
(Ō2, g2) be a RM. , then we have

AX̄tȲ +H∇X̄fȲ = fH∇X̄ Ȳ + ζAX̄ Ȳ (23)

V∇X̄tȲ +AX̄fȲ = tH∇X̄ Ȳ + ωAX̄ Ȳ − g1(X̄, Ȳ )ξ (24)

V∇X̄ωV̄ +AX̄ζV̄ = tAX̄ V̄ + ωV∇X̄ V̄ + g1(X̄, V̄ )ξ (25)

AX̄ωV̄ +H∇X̄ζV̄ = fAX̄ V̄ + ζV∇X̄ V̄ − η(V̄ )X̄ (26)

V∇V̄ tX̄ + TV̄ fX̄ = ωTV̄ fX̄ + tH∇V̄ X̄ + g1(V̄ , X̄)ξ (27)

TV̄ tX̄ +H∇V̄ fX̄ = ζTV̄ X̄ + fH∇V̄ X̄ (28)

V∇ŪωV̄ + TŪζV̄ + η(V̄ )Ū = tTŪ V̄ + ωV∇Ū V̄ + g1(Ū , V̄ )ξ (29)

TŪωV̄ +H∇ŪζV̄ = fTŪ V̄ + ζV∇Ū V̄ (30)

for any Ū , V̄ ∈ Γ(kerJ∗) and X̄, Ȳ ∈ Γ(kerJ*)
⊥.
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Proof. By some simple steps of calculation with using equations (18), (7) and (15),
(23) and (24) easily obtained. In the same manner, from equations (17), (18), (4)-(6)
and (15), we will get the desired results.

We will now go through some fundamental findings that can be used to investi-
gate the CBSS J : Ō1 → Ō2 geometry. Define the following in this regard:

(∇Ūω)V̄ = V∇ŪωV̄ − ωV∇Ū V̄ (31)

(∇Ūζ)V̄ = H∇ŪζV̄ − ζV∇Ū V̄ (32)

(∇X̄t)Ȳ = V∇X̄tȲ − tH∇X̄ Ȳ (33)

(∇X̄f)Ȳ = H∇X̄fȲ − fH∇X̄ Ȳ (34)

for all Ū , V̄ ∈ Γ(kerJ∗) and X̄, Ȳ ∈ Γ(kerJ∗)
⊥.

Lemma 6. Let (Ō1, ϕ, ξ, η, g1) be a SM and (Ō2, g2) be a RM. If J : Ō1 → Ō2 is
a CBSS, then we have

(∇Ūω)V̄ = tTŪ V̄ − TŪζV̄ + g1(Ū , V̄ )ξ − η(V̄ )Ū

(∇Ūζ)V̄ = fTŪ V̄ − TŪωV̄

(∇X̄t)Ȳ = ωAX̄ Ȳ −AX̄fȲ + g1(X,Y )ξ

(∇X̄f)Ȳ = ζAX̄ Ȳ −AX̄tȲ ,

for any Ū , V̄ ∈ Γ(kerJ*) and X̄, Ȳ ∈ Γ(kerJ*)
⊥.

Proof. By taking account the fact of equations (13), (4)-(7), (23), (24), (29), (30),
equations (31)-(34), it is easy to get the proof of the lemma.

It is Given that the ∇ is the connection of SM Ō1. let us suppose that the
tenors ω and ζ are parallel, we can write

tTŪ V̄ = TŪζV̄ − g1(Ū , V̄ )ξ + η(V̄ )Ū , fTŪ V̄ = TŪωV̄ ,

for any X̄, Ȳ ∈ Γ(TŌ1).
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4. Geometry of leaves of distributions

We studied the concept of CBSS from SM in this present paper. As per the idea
that to ensure the presence of two slant distributions Dθ1 and Dθ1 , it is extremely
significant to investigate the integrability specifications for slant distributions.

Theorem 7. Let us suppose that J : (Ō1, ϕ, ξ, η, g1) → (Ō2, g2) be a CBSS, where
(Ō1, ϕ, ξ, η, g1) is a Sasakian manifold. Then Dθ1 is not integrable.

Proof. By using the equation g1([U1, V1], ξ) for U1, V1 ∈ Γ(Dθ1) with taking account
from equation (14), we get g1(∇U1V1 −∇V1U1, ξ) = 2g1(ϕU1, V1) ̸= 0. It clear that
g1([U1, V1], ξ) ̸= 0. Hence, the slant distribution Dθ1 is not integrable.

We assume that the Reeb vector field ξ is vertical throughout the study. The
above conclusion demonstrates that distribution Dθ1 is not integrable. We can solve
this problem if we figure out the integrability specifications for distribution Dθ2 .

Theorem 8. Let J : (Ō1, ϕ, ξ, η, g1) → (Ō2, gŌ2
) be a proper CBSS with slant

angles θ1 and θ2, where (Ō1, ϕ, ξ, η, g1) is a Kenmotsu manifold and (Ō2, g2) is a
RM. Then the distribution Dθ1⊕ < ξ > is integrable if and only if

λ−2g2((∇J∗)(Ū1, ζV̄1),J∗ζŪ2)

= λ−2{(g2(∇J
Ū1
J∗ζV̄1 −∇J

V̄1
J∗ζŪ1),J∗ζŪ2)}+ g1(TV̄1

ζωŪ1 − TŪ1
ζωV̄1, Ū2)

+ g1(TŪ1
ζV̄1 − TV̄1

ζŪ1, ωŪ2) + λ−2g2((∇J∗)(V̄1, ζŪ1),J∗ζŪ2)

+ g1(V̄1 − Ū1, ϕŪ2 + ξ),

for any vector fields Ū1, V̄1 ∈ Γ(Dθ1⊕ < ξ >) and Ū2 ∈ Γ(Dθ2)

Proof. For any Ū1, V̄1 ∈ Γ(Dθ1⊕ < ξ >) and Ū2 ∈ Γ(Dθ2) and on using equations
(12), (13) and from (17), we have

g1([Ū1, V̄1], Ū2) = g1(∇V̄1
ω2Ū1, Ū2)− g1(∇Ū1

ω2V̄1, Ū2)− g1(∇Ū1
ζωV̄1, Ū2)

+ g1(∇V̄1
ζωŪ1, Ū2) + g1(∇Ū1

ζV̄1, ϕŪ2)− g1(∇V̄1
ζŪ1, ϕŪ2)

+ g1(V̄1 − Ū1, ξ)g1(V̄1 − Ū1, ϕŪ2).

Considering Theorem 2, we have

sin2 θ1g1([Ū1, V̄1], Ū2) = −g1(∇Ū1
ζωV̄1, Ū2) + g1(∇V̄1

ζωŪ1, Ū2) + g1(∇Ū1
ζV̄1, ϕŪ2)

− g1(∇V̄1
ζŪ1, ϕŪ2) + g1(V̄1 − Ū1, ϕŪ2 + ξ).

On using equation (5), we have

sin2 θ1g1([Ū1, V̄1], Ū2) = g1(TV̄1
ζωŪ1 − TŪ1

ζωV̄1, Ū2)− g1(TŪ1
ζV̄1 − TV̄1

ζŪ1, ωŪ2)

+ g1(H∇Ū1
ζV̄1 −H∇V̄1

ζŪ1, ζŪ2) + g1(V̄1 − Ū1, ϕŪ2 + ξ).

130



M. Shuaib and T. Fatima – Conformal bi-slant submersions

Now considering Lemma 1 and equation (10), we yields

sin2 θ1g1([Ū1, V̄1], Ū2)

= λ−2g2((∇J
Ū1
J∗ζV̄1 −∇J

V̄1
J∗ζŪ1),J∗ζŪ2)}+ g1(TV̄1

ζωŪ1 − TŪ1
ζωV̄1, Ū2)

− g1(TŪ1
ζV̄1 − TV̄1

ζŪ1, ωŪ2)− λ−2g2((∇J∗)(Ū1, ζV̄1),J∗ζŪ2)

+ λ−2g2((∇J∗)(V̄1, ζŪ1),J∗ζŪ2) + g1(V̄1 − Ū1, ϕŪ2 + ξ).

In same manner, we study the necessary and sufficient conditions under which
slant distribution Dθ2 is integrable.

Theorem 9. Let us suppose that J : (Ō1, ϕ, ξ, η, g1) → (Ō2, g2) be a CBSS, where
(Ō1, ϕ, ξ, η, g1) is a SM. Then Dθ2 is not integrable.

Proof. By using the equation g1([U2, V2], ξ) for U2, V2 ∈ Γ(Dθ2) with taking account
from equation (14), we get g1(∇U2V2 −∇V2U2, ξ) = 2g1(ϕU2, V2) ̸= 0. It clear that
g1([U2, V2], ξ) ̸= 0. Hence, the slant distribution Dθ2 is not integrable.

Above mentioned result shows that the same condition with slant distribution
Dθ2 for integrability, so again we discuss the necessary and sufficient condition of
integrability for distribution Dθ2⊕ < ξ > as follows :

Theorem 10. Let J : (M,ϕ, ξ, η, g1) → (Ō2, g2) be a proper CBSS with slant angles
θ1 and θ2, where (M,ϕ, ξ, η, g1) is a Kenmotsu manifold and (Ō2, g2) is a RM. Then
the distribution Dθ2⊕ < ξ > is integrable if and only if

λ−2g2((∇J∗)(W̄ , ζV̄2),J∗ζŪ2)

= λ−2{(g2(∇J
W̄
J∗ζV̄2 −∇J

V̄2
J∗ζŪ2),J∗ζŪ1)}+ g1(TV̄2

ζωW̄ − TW̄ ζωV̄2, W̄ )

+ g1(TW̄ ζV̄2 − TV̄2
ζW̄ , ωW̄ ) + λ−2g2((∇J∗)(V̄2, ζW̄ ),J∗ζW̄ )

+ g1(V̄2 − Ū2, ϕŪ1 + ξ)

for any Ū2 ∈ Γ(Dθ1) and Ū2, V̄2 ∈ Γ(Dθ2⊕ < ξ >).

Proof. For any Ū2, V̄2 ∈ Γ(Dθ1⊕ < ξ >) and W̄ ∈ Γ(Dθ2) and on using equations
(12), (13) and from (17), we have

g1([Ū2, V̄2], W̄ ) = g1(∇V̄2
ω2Ū2, W̄ )− g1(∇Ū2

ω2V̄2, W̄ )− g1(∇Ū2
ζωV̄2, W̄ )

+ g1(∇V̄2
ζωŪ2, W̄ ) + g1(∇Ū2

ζV̄2, ϕW̄ )− g1(∇V̄2
ζŪ2, ϕW̄ )

+ g1(V̄1 − Ū1, ξ)g1(V̄1 − Ū1, ϕŪ2).
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Considering Theorem 2, we have

sin2 θ1g1([Ū2, V̄2], W̄ ) = −g1(∇Ū2
ζωV̄2, W̄ ) + g1(∇V̄2

ζωŪ2, W̄ ) + g1(∇Ū2
ζV̄2, ϕW̄ )

− g1(∇V̄2
ζŪ2, ϕW̄ ) + g1(V̄1 − Ū1, ϕŪ2 + ξ).

On using equation (5), we have

sin2 θ1g1([Ū2, V̄2], W̄ )

= g1(TV̄2
ζωŪ2 − TŪ2

ζωV̄2, W̄ )− g1(TŪ2
ζV̄2 − TV̄2

ζŪ2, ωW̄ )

+ g1(H∇Ū2
ζV̄2 −H∇V̄2

ζŪ2, ζW̄ ) + g1(V̄1 − Ū1, ϕŪ2 + ξ).

Now considering Lemma 1 and equation (10), we yields

sin2 θ1g1([Ū2, V̄2], W̄ )

= λ−2g2((∇J
Ū2
J∗ζV̄1 −∇J

V̄2
J∗ζŪ1),J∗ζŪ2)}+ g1(TV̄2

ζωŪ2 − TŪ2
ζωV̄2, W̄ )

− g1(TŪ2
ζV̄2 − TV̄2

ζŪ2, ωW̄ )− λ−2g2((∇J∗)(Ū2, ζV̄2),J∗ζW̄ )

+ λ−2g2((∇J∗)(V̄2, ζŪ2),J∗ζW̄ ) + g1(V̄1 − Ū1, ϕŪ2 + ξ).

Studying distribution leaves will be significant since they are crucial to the ge-
ometry of CBSS from the SM. In order to do this, we are determining the circum-
stances in which distributions define totally geodesic foliation on M.

Theorem 11. Let J : (Ō1, ϕ, ξ, η, g1) → (Ō2, g2) be a CBSS from a SM onto a
RM Ō2. Then Dθ1 is not totally geodesic on M .

Proof. By taking the vector field Ū , V̄ ∈ Γ(Dθ1) and since V̄ and ξ are orthogonal,
we have

g1(∇Ū V̄ , ξ) = −g1(V̄ ,∇Ūξ)

By considering the equations (14), we get

g1(∇Ū V̄ , ξ) = g1(ϕŪ, V̄ ).

Since, Ū , V̄ ∈ Γ(Dθ1), g1(ϕŪ, V̄ ) ̸= 0, that is g1(∇Ū V̄ , ξ) ̸= 0. Hence, the distribu-
tion is not defines totally geodesic foliation on Ō1.

Since the Reeb vector field ξ is assumed to be vertical, the slant distribution
Dθ1 does not defines totally geodesic foliation. In order to deal with this issue, the
geometry of the leaves of the slant distribution Dθ1⊕ < ξ > is being examined here.
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Theorem 12. Let (Ō1, ϕ, ξ, η, g1) be a SM and (Ō2, g2) be a RM such that J is
a CBSS from M onto Ō2. Then the distribution Dθ1⊕ < ξ > is defines totally
geodesic foliation on M if and only if

λ−2g2((∇J∗)(Ū1, ζV̄1),J∗ζŪ2) + η(V̄1)g1(ϕŪ2, Ū1)

= g1(TŪ1
ζV̄1, ωŪ2)− g1(TŪ1

ζωV̄1, Ū2) + λ−2g2(∇J
Ū1
J∗ζV̄1,J∗ζŪ2),

(35)

and

λ−2g2(∇J
X̄
J∗ζŪ1,J∗ζV̄1) + g1(AX̄ζŪ1, ωV̄1)− g1(Ū1 + V̄1, ξ)g1(tX̄, Ū1 + V̄1)

= sin2 θg1([Ū1, X̄], V̄1) + g1(AX̄ζωŪ1, V̄1) + g1(grad lnλ, X̄)g1(ζŪ1, ζV̄1)

+ g1(grad lnλ, ζŪ1)g1(X̄, ζV̄1)− g1(grad lnλ, ζV̄1)g1(X̄, ζŪ1),

(36)

for any Ū1, V̄1 ∈ Γ(Dθ1⊕ < ξ >), Ū2 ∈ Γ(Dθ2) and X̄ ∈ Γ(kerJ∗)
⊥.

Proof. For any Ū1, V̄1 ∈ Γ(Dθ1⊕ < ξ >) and Ū2 ∈ Γ(Dθ2) with using equations (12),
(13) and (17), we have

g1(∇Ū1
V̄1, Ū2) = g1(∇Ū1

ζV̄1, ϕŪ2)− g1(∇Ū1
ζωV̄1, Ū2)

− g1(∇Ū1
ω2V̄1, Ū2)− η(V̄1)g1(ϕŪ2, Ū1).

From Theorem 2, we can write

sin2 θ1g1(∇Ū1
V̄1, Ū2) = −g1(∇Ū1

ζωV̄1, Ū2) + g1(∇Ū1
ζV̄1, ϕŪ2)− η(V̄1)g1(ϕŪ2, Ū1).

On using equation (5), we have

sin2 θ1g1(∇Ū1
V̄1, Ū2) = g1(TŪ1

ζV̄1, ωŪ2)− g1(TŪ1
ζωV̄1, Ū2)

+ g1(H∇Ū1
ζV̄1, ζŪ2)− η(V̄1)g1(ϕŪ2, Ū1).

Considering equation (10) and Lemma 1, we obtain

sin2 θ1g1(∇Ū1
V̄1, Ū2)

= g1(TŪ1
ζV̄1, ωŪ2)− g1(TŪ1

ζωV̄1, Ū2)− λ−2g2((∇J∗)(Ū1, ζV̄1),J∗ζŪ2)

+ λ−2g2(∇Ū1
J∗ζV̄1,J∗ζŪ2)− η(V̄1)g1(ϕŪ2, Ū1),

which is the equation first in Theorem 12.
On the other hand, On using (12), (13) and (17), we can write

g1(∇Ū1
V̄1, X̄) = −g1([Ū1, X̄], V̄1) + g1(ϕ∇X̄ωŪ1, V̄1)− g1(∇X̄ζŪ1, ϕV̄1)

+ g1(Ū1 + V̄1, ξ)g1(tX̄, Ū1 + V̄1),
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for any Ū1, V̄1 ∈ Γ(Dθ1) and X̄ ∈ Γ(kerJ∗)
⊥ .Considering Theorem 2, we obtained

sin2 θ1g1(∇Ū1
V̄1, X̄) = −g1([Ū1, V̄1], X̄) + g1(∇X̄ζωŪ1, V̄1)

− g1(∇X̄ζŪ1, ϕV̄1) + g1(Ū1 + V̄1, ξ)g1(tX̄, Ū1 + V̄1).

On using equation (7), we have

sin2 θ1g1(∇Ū1
V̄1, X̄)

= sin2 θ1g1([Ū1, X̄], V̄1) + g1(AX̄ζωŪ1, V̄1)− g1(AX̄ζŪ1, ωV̄1)

− λ−2g2(J∗∇X̄ζŪ1,J∗ζŪ1) + g1(Ū1 + V̄1, ξ)g1(tX̄, Ū1 + V̄1)

Using Lemma 1, we yields

sin2 θ1g1(∇Ū1
V̄1, X̄)

= sin2 θ1g1([Ū1, X̄], V̄1) + g1(AX̄ζωŪ1, V̄1)− λ−2g2(∇J
X̄
J∗ζŪ1,J∗ζV̄1)

+ g1(grad lnλ, X̄)g1(ζŪ1, ζV̄1) + g1(grad lnλ, ζŪ1)g1(X̄, ζV̄1)

− g1(grad lnλ, ζV̄1)g1(X̄, ζŪ1)− g1(AX̄ζŪ1, ωV̄1)

+ g1(Ū1 + V̄1, ξ)g1(tX̄, Ū1 + V̄1).

This completes the proof of the Theorem.

Theorem 13. Let J : (Ō1, ϕ, ξ, η, g1) → (Ō2, g2) be a CBSS from a SM onto a
RM Ō2. Then Dθ2 is not defines totally geodesic on Ō1.

Proof. By taking the vector field X̄, Ȳ ∈ Γ(Dθ2) and since Ȳ and ξ are orthogonal,
we have

g1(∇X̄ Ȳ , ξ) = −g1(Ȳ ,∇X̄ξ)

By considering the equations (14), we get

g1(∇X̄ Ȳ , ξ) = g1(ϕX̄, Ȳ ).

Since, X̄, Ȳ ∈ Γ(Dθ2), g1(ϕX̄, Ȳ ) ̸= 0, that is g1(∇X̄ Ȳ , ξ) ̸= 0. Hence, the distribu-
tion is not defines totally geodesic foliation on Ō1.

Since, again distribution Dθ2 not defines totally geodesic foliations. In same
manner, we examine the conditions for distribution Dθ2⊕ < ξ > is totally geodesic.

Theorem 14. Let (M,ϕ, ξ, η, g1) be a SM and (Ō2, g2) be a RM such that J is
a CBSS from M onto Ō2. Then the distribution Dθ2⊕ < ξ > is defines totally
geodesic foliation on M if and only if

λ−2g2((∇J∗)(Ū2, ζV̄2),J∗ζW̄ ) + η(V̄2)g1(ϕŪ2, Ū2)

= g1(TŪ2
ζV̄2, ωW̄ )− g1(TŪ2

ζωV̄2, W̄ ) + λ−2g2(∇J
Ū2
J∗ζV̄1,J∗ζŪ2),

(37)
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and

λ−2g2(∇J
Ȳ
J∗ζŪ2,J∗ζV̄2) + g1(AȲ ζŪ2, ωV̄2)− g1(Ū2 + V̄2, ξ)g1(tX̄, Ū2 + V̄2)

= sin2 θg1([Ū2, Ȳ ], V̄2) + g1(AȲ ζωŪ2, V̄2) + g1(grad lnλ, Ȳ )g1(ζŪ2, ζV̄2)

+ g1(grad lnλ, ζŪ2)g1(Ȳ , ζV̄2)− g1(grad lnλ, ζV̄2)g1(Ȳ , ζŪ2),

(38)

for any Ū2, V̄2 ∈ Γ(Dθ2⊕ < ξ >), W̄ ∈ Γ(Dθ1) and Ȳ ∈ Γ(kerJ∗)
⊥.

Proof. For any Ū2, V̄2 ∈ Γ(Dθ2⊕ < ξ >) and W̄ ∈ Γ(Dθ1) with using equations (12),
(13) and (17), we have

g1(∇Ū2
V̄2, W̄ ) = g1(∇Ū2

ζV̄2, ϕW̄ )− g1(∇Ū2
ζωV̄2, W̄ )

− g1(∇Ū2
ω2V̄2, W̄ )− η(V̄2)g1(ϕŪ2, Ū2).

From Theorem 2, we can write

sin2 θ1g1(∇Ū2
V̄2, W̄ ) = −g1(∇Ū2

ζωV̄2, W̄ ) + g1(∇Ū2
ζV̄2, ϕW̄ )− η(V̄2)g1(ϕŪ2, Ū2).

On using equation (5), we have

sin2 θ1g1(∇Ū2
V̄2, W̄ ) = g1(TŪ2

ζV̄2, ωW̄ )− g1(TŪ2
ζωV̄2, W̄ )

+ g1(H∇Ū2
ζV̄2, ζW̄ )− η(V̄2)g1(ϕŪ2, Ū2).

Considering equation (10) and Lemma 1, we obtain

sin2 θ1g1(∇Ū2
V̄2, W̄ )

= g1(TŪ2
ζV̄2, ωW̄ )− g1(TŪ2

ζωV̄2, W̄ )− λ−2g2((∇J∗)(Ū2, ζV̄2),J∗ζW̄ )

+ λ−2g2(∇Ū2
J∗ζV̄1,J∗ζŪ2)− η(V̄2)g1(ϕŪ2, Ū2),

which is the equation first in Theorem 14.
On the other hand, Ū2, V̄2 ∈ Γ(Dθ1) and Ȳ ∈ Γ(kerJ∗)

⊥ with using (12), (13)
and (17), we can write

g1(∇Ū2
V̄2, Ȳ ) = −g1([Ū2, Ȳ ], V̄2) + g1(ϕ∇Ȳ ωŪ2, V̄2)− g1(∇Ȳ ζŪ2, ϕV̄2)

+ g1(Ū2 + V̄2, ξ)g1(tX̄, Ū2 + V̄2).

Considering Theorem 2, we obtained

sin2 θ1g1(∇Ū2
V̄2, Ȳ ) = −g1([Ū2, V̄2], Ȳ ) + g1(∇Ȳ ζωŪ2, V̄2)

− g1(∇Ȳ ζŪ2, ϕV̄2) + g1(Ū2 + V̄2, ξ)g1(tX̄, Ū2 + V̄2).
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On using equation (7), we have

sin2 θ1g1(∇Ū2
V̄2, Ȳ ) = sin2 θ1g1([Ū2, Ȳ ], V̄2) + g1(AȲ ζωŪ2, V̄2)− g1(AȲ ζŪ2, ωV̄2)

− λ−2g2(J∗∇Ȳ ζŪ2,J∗ζŪ2) + g1(Ū2 + V̄2, ξ)g1(tX̄, Ū2 + V̄2)

Using Lemma 1, we yields

sin2 θ1g1(∇Ū2
V̄2, Ȳ )

= sin2 θ1g1([Ū2, Ȳ ], V̄2) + g1(AȲ ζωŪ2, V̄2)− λ−2g2(∇J
Ȳ
J∗ζŪ2,J∗ζV̄2)

+ g1(grad lnλ, Ȳ )g1(ζŪ2, ζV̄2) + g1(grad lnλ, ζŪ2)g1(Ȳ , ζV̄2)

− g1(grad lnλ, ζV̄2)g1(Ȳ , ζŪ2)− g1(AȲ ζŪ2, ωV̄2) + g1(Ū2 + V̄2, ξ)g1(tX̄, Ū2 + V̄2).

This completes the proof of the Theorem.

now, we study the geometry of leaves of vertical distributions. We commence by
giving the findings for vertical distribution.

Theorem 15. Let J : (Ō1, ϕ, ξ, η, g1) → (Ō2, g2) be CBSS from a SM
(Ō1, ϕ, ξ, η, g1) onto a RM (Ō2, g2). Then the vertical distribution (kerJ∗) is not
defines totally geodesic foliation on Ō1.

Proof. Taking W̄ ∈ Γ(kerJ∗)
⊥ and V̄ ∈ Γ(kerJ∗), g1(∇V̄ ξ, W̄ ). Taking account

the fact of equation (14), we have, g1(ϕV̄ , W̄ ) ̸= 0, that is g1(∇V̄ ξ, W̄ ) ̸= 0. Hence,
vertical distribution kerJ∗ is not totally geodesic foliation on Ō1.

Now, that we have a one-dimensional distribution < ξ > that spans ξ, we can
analyse the impact of ξ in this geometry of the vertical distribution leaf by looking
at the results that follow.

Theorem 16. Let (Ō1, ϕ, ξ, η, g1) be a Kenmotsu manifold and (Ō2, g2) be a RM
such that J is a CBSS from M onto Ō2. Then vertical distribution (kerJ∗− < ξ >)
is defines totally geodesic foliation on M if and only if

λ−2g2(∇J
X̄1

J∗ζŪ1,J∗ζV̄1)

= (cos2 θ2 − cos2 θ1)g1(∇X̄1
LŪ1, V̄1) + g1(AωV̄1, ζŪ1)− g1(AX̄1

V̄1, ζωŪ1)

+ g1(grad lnλ, X̄1)g1(ζŪ1, ζV̄1) + g1(grad lnλ, ζŪ1)g1(X̄1, ζV̄1)

− g1(grad lnλ, ζV̄1)g1(X̄1, ζŪ1)− sin2 θ1g1([Ū1, X̄1], V̄1),

(39)

for Ū1, V̄1 ∈ Γ(kerJ∗) and X̄1 ∈ Γ(kerJ∗)
⊥.
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Proof. On taking Ū1, V̄1 ∈ Γ(kerJ∗) and X̄1 ∈ Γ(kerJ∗)
⊥ with using (12), (13) and

(17), we have

g1(∇Ū1
V̄1, X̄1) = −g1([Ū1, X̄1], V̄1) + g1(∇X̄1

ϕωŪ1, V̄1)− g1(∇X̄1
ζŪ1, ϕV̄1).

On using decomposition (16) and Theorem 2, we get

g1(∇Ū1
V̄1, X̄1)

= −g1([Ū1, X̄1], V̄1)− cos2 θ1g1(∇X̄1
KŪ1, V̄1)− cos2 θ2g1(∇X̄1

LŪ1, V̄1)

+ g1(∇X̄1
ζωŪ1, V̄1)− g1(∇X̄1

ζŪ1, ωV̄1)− g1(∇X̄1
ζŪ1, ζV̄1).

On using equation (7), we can write

sin2 θ1g1(∇Ū1
V̄1, X̄1)

= (cos2 θ2 − cos2 θ1)g1(∇X̄1
LŪ1, V̄1)− sin2 θ1g([Ū1, X̄1], V̄1)

+ g1(AX̄1
ωV̄1, ζŪ1)− g1(AX̄1

V̄1, ζωŪ1)− g1(H∇X̄1
ζŪ1, ζV̄1).

Using equation (10), we yields

sin2 θ1g1(∇Ū1
V̄1, X̄1)

= (cos2 θ2 − cos2 θ1)g1(∇X̄1
LŪ1, V̄1) + g1(AX̄1

ωV̄1, ζŪ1)

− g1(AX̄1
V̄1, ζωŪ1) + λ−2g2((∇J∗)(X̄1, ζŪ1),J∗ζV̄1)

− λ−2g2(∇J
X̄1

J∗ζŪ1,J∗ζV̄1)− sin2 θ1g1([Ū1, X̄1], V̄1).

Considering Lemma 1, have

sin2 θ1g1(∇Ū1
V̄1, X̄1)

= (cos2 θ2 − cos2 θ1)g1(∇X̄1
LŪ1, V̄1) + g1(AX̄1

ωV̄1, ζŪ1)− g1(AX̄1
V̄1, ζωŪ1)

+ g1(grad lnλ, X̄1)g1(ζŪ1, ζV̄1) + g1(grad lnλ, ζŪ1)g1(X̄1, ζV̄1)

− g1(grad lnλ, ζV̄1)g1(X̄1, ζŪ1)− λ−2g2(∇J
X̄1

J∗ζŪ1,J∗ζV̄1)

− sin2 θ1g1([Ū1, X̄1], V̄1).

This completes the proof of the Theorem.
Similarly, we focused on the totally geodesic prerequisite for horizontal distribu-

tions.

Theorem 17. Let (Ō1, ϕ, ξ, η, g1) be a SM and (Ō2, g2) be a RM such that J is
a CBSS from M onto Ō2. Then horizontal distribution (kerJ∗)

⊥ is defines totally
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geodesic foliation on Ō1 if and only if

λ−2g2(∇J
X̄1

J∗ζŪ1,J∗fX̄2)− g1(grad lnλ, X̄1)g1(ζŪ1, fX̄2)

= −g1(AX̄1
ζŪ1, tX̄2)− η(Ū1)g1(X̄1, fX̄2) + η(ωŪ1)g1(X̄1, X̄2)

+ g1(grad lnλ, ζŪ1)g1(X̄1, fX̄2)− g1(grad lnλ, fX̄2)g1(X̄1, ζŪ1)

− g1(grad lnλ, X̄1)g1(ζωŪ1, X̄2)− g1(grad lnλ, ζωŪ1)g1(X̄1, fX̄2)

+ g1(grad lnλ, X̄2)g1(X̄1, ζωŪ1) + λ−2g2(∇J
X̄1

J∗ζωŪ1,J∗X̄2),

(40)

for any X̄1, X̄2 ∈ Γ(kerJ∗)
⊥, Ū1 ∈ Γ(ker J∗).

Proof. For any X̄1, X̄2 ∈ Γ(kerJ∗)
⊥ and Ū1 ∈ Γ(ker J∗) with using (12), (13) and

(17), we have

g1(∇X̄1
X̄2, Ū1) = g1(∇X̄1

ϕωŪ1, X̄2)− g1(∇X̄1
ζŪ1, ϕX̄2)− η(Ū1)g1(X̄1, fX̄2).

Taking account the fact from Theorem 2, we can write

sin2 θ1g1(∇X̄1
X̄2, Ū1)

= g1(∇X̄1
ζωŪ1, X̄2)− g1(∇X̄1

ζŪ1, ϕX̄2)− η(Ū1)g1(X̄1, fX̄2) + η(ωŪ1)g1(X̄1, X̄2).

From (7), we get

sin2 θ1g1(∇X̄1
X̄2, Ū1) = −g1(AX̄1

ζŪ1, tX̄2)− λ−2g2(J∗∇X̄1
ζŪ1,J∗fX̄2)

+ λ−2g2(J∗∇X̄1
ζωŪ1,J∗X̄2)− η(Ū1)g1(X̄1, fX̄2)

+ η(ωŪ1)g1(X̄1, X̄2).

Considering Lemma 1, we have

sin2 θ1g1(∇X̄1
X̄2, Ū1)

= −g1(AX̄1
ζŪ1, tX̄2)− η(Ū1)g1(X̄1, fX̄2) + η(ωŪ1)g1(X̄1, X̄2)

− λ−2g2(∇J
X̄1

J∗ζŪ1,J∗fX̄2) + g1(grad lnλ, X̄1)g1(ζŪ1, fX̄2)

+ g1(grad lnλ, ζŪ1)g1(X̄1, fX̄2)− g1(grad lnλ, fX̄2)g1(X̄1, ζŪ1)

− g1(grad lnλ, X̄1)g1(ζωŪ1, X̄2)− g1(grad lnλ, ζωŪ1)g1(X̄1, fX̄2)

+ g1(grad lnλ, X̄2)g1(X̄1, ζωŪ1) + λ−2g2(∇J
X̄1

J∗ζωŪ1,J∗X̄2).

It is now fascinating to investigate if the whole space M can become a locally
twisted product manifold under specific circumstances. We find some criteria that
make total space M a locally twisted product manifold in the following result.
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Theorem 18. Let J be a CBSS from SM (Ō1, ϕ, ξ, η, g1) onto a RM (Ō2, g2).
Then M is a locally twisted product manifold of the form Ō1(kerJ∗) × Ō1(kerJ∗)⊥ if
and only if

1

λ2
g2(∇J

ϕW̄
J∗ϕV̄ ,J∗ϕfX̄) + η(W̄ )g1(V̄ , tX̄)

= g1(ϕV̄ , ϕW̄ )g1(grad lnλ,J∗ϕfV̄ )− g1(∇V̄ ϕW̄ , tX̄),
(41)

and

g1(X̄, Ȳ )H = tAX̄tȲ − tX̄(lnλ)fȲ + t(grad lnλ)g1(X̄, f Ȳ )

+ ϕJ∗(∇J
X̄
J∗fȲ ) + g1(fX̄, Ȳ )ξ,

(42)

where H is mean curvature vector and for any V̄ , W̄ ∈ Γ(kerJ∗) and X̄, Ȳ ∈
Γ(kerJ∗)

⊥.

Proof. For any V̄ , W̄ ∈ Γ(kerJ∗) and X̄, Ȳ ∈ Γ(kerJ∗)
⊥, we have

g1(∇V̄ W̄ , X̄) = g1(H∇V̄ ϕW̄ , fX̄) + g1(TV̄ ϕW̄ , tX̄) + η(W̄ )g1(V̄ , tX̄).

Since ∇ is torsion free, [V̄ , ϕW̄ ] ∈ Γ(kerJ∗), we have

g1(∇V̄ W̄ , X̄) = g1(∇V̄ ϕW̄ , tX̄) + g1(∇ϕW̄ϕV̄ , ϕfX̄) + η(W̄ )g1(V̄ , tX̄).

Since J is CBSS, by using Lemma 1 and from the fact that g1(fX̄, ϕV̄ ) = 0 for
X̄ ∈ (kerJ∗)

⊥and V̄ ∈ (kerJ∗), we have

g1(∇V̄ W̄ , X̄) = g1(∇V̄ ϕW̄ , tX̄) +
1

λ2
g2(∇J

ϕW̄
J∗ϕV̄ ,J∗(ϕfX̄))

− g1(ϕV̄ , ϕW̄ )g1(grad lnλ,J∗(ϕfV̄ )) + η(W̄ )g1(V̄ , tX̄).

It follows that Ō1(kerJ∗) is totally geodesic if and only if the equation (41) holds

good. On the other hand, for X̄, Ȳ ∈ Γ(kerJ∗)
⊥, V̄ ∈ Γ(kerJ∗), we have

g1(∇X̄ Ȳ , V̄ ) = g1(AX̄tȲ + V∇X̄tȲ , ϕV̄ ) + g1(AX̄fȲ +H∇X̄fȲ , ϕV̄ )

+ g1(fX̄, Ȳ )η(V̄ ).

From above equation, we get

g1(∇X̄ Ȳ , V̄ ) = g1(AX̄tȲ , ϕV̄ ) + g1(H∇X̄fȲ , ϕV̄ ) + g1(fX̄, Ȳ )η(V̄ ).
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Since J is CBSS, on using equation (4) and Lemma 1, we arrived at

g1(∇X̄ Ȳ , V̄ ) = g1(AX̄tȲ , ϕV̄ )− 1

λ2
g2(grad lnλ, X̄)

1

λ2
g2(J∗fȲ ,J∗ϕV̄ )

− 1

λ2
g2(grad lnλ, fȲ )

1

λ2
g2(J∗X̄,J∗ϕV̄ )

+
1

λ2
g2(X̄, f Ȳ )

1

λ2
g2(J∗grad lnλ,J∗ϕV̄ )

+
1

λ2
g2(∇J

X̄
J∗fȲ ,J∗ϕV̄ ) + g1(fX̄, Ȳ )η(V̄ ).

Moreover using the fact that g1(fX̄, ϕV̄ ) = 0, for X̄ ∈ Γ(kerJ∗)
⊥, V̄ ∈ Γ(kerJ∗),

we arrived at

g1(∇X̄ Ȳ , V̄ ) = g1(AX̄tȲ , ϕV̄ ) +
1

λ2
g2(∇J

X̄
J∗fȲ ,J∗ϕV̄ )

− 1

λ2
g2(grad lnλ, fȲ )

1

λ2
g2(J∗X̄,J∗ϕV̄ )

+
1

λ2
g2(X̄, f Ȳ )

1

λ2
g2(J∗grad lnλ,J∗ϕV̄ ) + g1(fX̄, Ȳ )η(V̄ ),

from which, we get the complete result.

5. ϕ-Pluriharmonicity of CBSS

Now, we recall the concept of J -pluriharmonicity which is defined by Y. Ohnita [24]
and extend the notion from a almost Hermitian manifold to ACM manifold.

Let J be a CBSS from Kenmotsu manifold (Ō1, ϕ, ξ, η, g1) onto a RM (Ō2, g2)
with slant angles θ1 and θ2. Then CBSS is ϕ-pluriharmonic, Dθi-ϕ-pluriharmonic,
kerJ∗-ϕ-pluriharmonic, (kerJ∗)

⊥-ϕ-pluriharmonic and
((kerJ∗)

⊥ − kerJ∗)-ϕ-pluriharmonic if

(∇J∗)(W̄ , Z̄) + (∇J∗)(ϕW̄ , ϕZ̄) = 0, (43)

for any W̄ , Z̄ ∈ Γ(Dθi), for any W̄ , Z̄ ∈ Γ(kerJ∗), for any W̄ , Z̄ ∈ Γ(kerJ∗)
⊥ and

for any W̄ ∈ Γ(kerJ∗)
⊥, Z̄ ∈ Γ(kerJ∗).

Theorem 19. Let J be a CBSS from SM (Ō1, ϕ, ξ, η, g1) onto a RM (Ō2, g2) with
slant angles θ1 and θ2. Suppose that J is Dθ1-ϕ-pluriharmonic. Then Dθ1 defines
totally geodesic foliation M1 if and only if

J∗(ζTωŪζωV̄ + fH∇ωŪζωV̄ )− J∗(AζŪωV̄ +H∇ωŪζV̄ )

= cos2 θ1J∗(fTωŪ V̄ + ζV∇ωŪ V̄ ) +∇J
ωŪ

J∗ϕV̄

− ζŪ(lnλ)J∗ζV̄ − ζV̄ (lnλ)J∗ζŪ + g1(ζŪ , ζV̄ )J∗(grad lnλ)
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for any Ū , V̄ ∈ Γ(Dθ1).

Proof. For any Ū , V̄ ∈ Γ(Dθ1) and since, J is Dθ1-ϕ-pluriharmonic, then by using
equation (3) and (4), we have

0 =(∇J∗)(Ū , V̄ ) + (∇J∗)(ϕŪ, ϕV̄ )

J∗(∇Ū V̄ ) = −J∗(∇ϕŪϕV̄ ) +∇J
ϕŪ

J∗(ϕV̄ )

= − J∗(AζŪωV̄ + V∇ζŪωV̄ + TωŪζV̄ +H∇ωŪζV̄ ) + J∗(ϕ∇ωŪϕωV̄

+ (∇J∗)(ζŪ , ζV̄ )−∇J
ζŪ

J∗ζV̄ +∇J
ϕŪ

J∗ϕV̄

On using equations (10), (16) with Theorem 2, the above equation finally takes the
form

J∗(∇ŪV ) = − cos2 θ1J∗(tTωŪ V̄ + fTωŪ V̄ + ωV∇ωŪ V̄ + ζV∇ωŪ V̄ ) +∇J
ϕŪ

J∗ϕV̄

+ J∗(ωTωŪζωV̄ + ζTωŪζωV̄ + tH∇ωŪζωV̄ + fH∇ωŪζωV̄ )

− J∗(AζŪωV̄ + V∇ζŪωV̄ + TωŪζV̄ +H∇ωŪζV̄ )−∇J
ζŪ

J∗ζV̄

+ ζŪ(lnλ)J∗ζV̄ + ζV̄ (lnλ)J∗ζŪ − g1(ζŪ , ζV̄ )J∗(grad lnλ)

from which we get the desired result.

Theorem 20. Let J be a CBSS from SM (Ō1, ϕ, ξ, η, g1) onto a RM (Ō2, g2) with
slant angles θ1 and θ2. Suppose that J is Dθ2-ϕ-pluriharmonic. Then Dθ2 defines
totally geodesic foliation M1 if and only if

J∗(ζTωZ̄ζωW̄ + fH∇ωZ̄ζωW̄ )− J∗(AζZ̄ωW̄ +H∇ωZ̄ζW̄ )

= cos2 θ2J∗(fTωZ̄W̄ + ζW̄∇ωZ̄W̄ ) +∇J
ωZ̄

J∗ϕW̄

− ζZ̄(lnλ)J∗ζW̄ − ζW̄ (lnλ)J∗ζZ̄ + g1(ζZ̄, ζW̄ )J∗(grad lnλ)

for any Z̄, W̄ ∈ Γ(Dθ2).

Proof. Since, proof of above result is same to Theorem 19. So we omit it.

Theorem 21. Let J be a CBSS from SM (Ō1, ϕ, ξ, η, g1) onto a RM (Ō2, g2)
with slant angles θ1 and θ2. Suppose that J is ((kerJ∗)

⊥−kerJ∗)-ϕ-pluriharmonic.
Then the horizontal distribution (kerJ∗)

⊥ defines totally geodesic foliation on Ō1 if
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and only if

cos2θ1J∗{fTtX̄KŪ + ζV∇tX̄KŪ + fACX̄KŪ + ζV∇CX̄KŪ}
+ cos2θ2J∗{fTtX̄LŪ + ζV∇tX̄LŪ + fAfX̄LU + ζV∇fX̄LU + η(ωU)fX̄}

= J∗{ζTtX̄ζωKŪ + fH∇tX̄ζωKŪ + ζTtX̄ζωLŪ + fH∇tX̄ζωLŪ}
+ J∗{ζAfX̄ζωKŪ + ζAfX̄ζωLŪ −H∇tX̄ζŪ}+∇J

ϕX̄
J∗ζŪ

− fX̄(lnλ)J∗ζωKŪ − ζωKŪ(lnλ)J∗fX̄ + g1(fX̄, ζωKŪ)J∗(grad lnλ)

− fX̄(lnλ)J∗ζωLŪ − ζωLŪ(lnλ)J∗fX̄ + g1(fX̄, ζωLŪ)J∗(grad lnλ)

+ J∗(∇X̄ Ū) +∇J
ϕX̄

J∗ζŪ +∇J
fX̄

J∗ζωKŪ +∇J
fX̄

J∗ζωLŪ ,

for any X̄ ∈ Γ(kerJ∗)
⊥ and Ū ∈ Γ(kerJ∗)

Proof. For any X̄ ∈ Γ(kerJ∗)
⊥ and Ū ∈ Γ(kerJ∗), since J is ((kerJ∗)

⊥ − kerJ∗)-
ϕ-pluriharmonic, then by using (4), (10) and (16), we get

J∗(∇fX̄ζŪ) = −J∗(∇tX̄ωŪ +∇tX̄ζŪ +∇fX̄ωŪ) + J∗(∇X̄ Ū) +∇J
ϕX̄

J∗ζŪ .

Taking account the fact from (11), we have

J∗(∇fX̄ζŪ) = −J∗(TtX̄ζŪ +H∇tX̄ζŪ) + J∗(∇X̄ Ū) +∇J
ϕX̄

J∗ζŪ

+ J∗{ϕ∇tX̄ϕωŪ − η(∇tX̄ωŪ)ξ − η(ωŪ)tX̄}
+ J∗{ϕ∇fX̄ϕωŪ − η(∇fX̄ωŪ)ξ − η(ωŪ)fX̄}.

Now on using decomposition (8), Theorem 2 with equations (10), we may yields

J∗(∇fX̄ζŪ) = J∗{− cos2 θ1ϕ∇tX̄KŪ − cos2 θ2ϕ∇tX̄LŪ + η(ωŪ)fX̄}
+ J∗{ϕ∇tX̄ζωKŪ + ϕ∇tX̄ζωLŪ + ϕ∇fX̄ζωKŪ + ϕ∇fX̄ζωLŪ}
+ J∗{− cos2 θ1ϕ∇fX̄KŪ − cos2 θ2ϕ∇fX̄LŪ}
− J∗(H∇tX̄ζŪ) + J∗(∇X̄ Ū) +∇J

ϕX̄
J∗ζŪ .

From equations (4)-(7) and after simple calculation, we may write

J∗(∇fX̄ζŪ)

= −cos2θ1J∗{fTtX̄KŪ + ζV∇tX̄KŪ + fAfX̄KŪ + ζV∇fX̄KŪ}
− cos2θ2J∗{fTtX̄LŪ + ζV∇tX̄LŪ + fAfX̄LŪ + ζV∇fX̄LŪ + η(ωŪ)fX̄}
+ J∗{ζTtX̄ζωKŪ + fH∇tX̄ζωKŪ + ζTtX̄ζωLŪ + fH∇tX̄ζωLŪ}
+ J∗{ζAfX̄ζωKŪ + ζAfX̄ζωLŪ −H∇tX̄ζŪ}+∇J

ϕX̄
J∗ζŪ

+ J∗(fH∇fX̄ζωKŪ + fH∇fX̄ζωKŪ) + J∗(∇X̄ Ū).
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Since J is conformal RS, the by using equations (4) and from Lemma 1, we finally
have

J∗(∇fX̄ζŪ)

= −cos2θ1J∗{fTtX̄KŪ + ζV∇tX̄KŪ + fACX̄KŪ + ζV∇CX̄KŪ}
− cos2θ2J∗{fTtX̄LŪ + ζV∇tX̄LŪ + fAfX̄LU + ζV∇fX̄LU + η(ωU)fX̄}
+ J∗{ζTtX̄ζωKŪ + fH∇tX̄ζωKŪ + ζTtX̄ζωLŪ + fH∇tX̄ζωLŪ}
+ J∗{ζAfX̄ζωKŪ + ζAfX̄ζωLŪ −H∇tX̄ζŪ}+∇J

ϕX̄
J∗ζŪ

− fX̄(lnλ)J∗ζωKŪ − ζωKŪ(lnλ)J∗fX̄ + g1(fX̄, ζωKŪ)J∗(grad lnλ)

− fX̄(lnλ)J∗ζωLŪ − ζωLŪ(lnλ)J∗fX̄ + g1(fX̄, ζωLŪ)J∗(grad lnλ)

+ J∗(∇X̄ Ū) +∇J
ϕX̄

J∗ζŪ +∇J
fX̄

J∗ζωKŪ +∇J
fX̄

J∗ζωLŪ ,

which completes the proof of theorem.
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