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ABSTRACT. This paper explores the potential for conformal bi-slant submer-
sions from a Sasakian manifold, specifically addressing the condition where the Reeb
vector field-¢ is vertical. Given that bi-slant submersions inherently involve slant
distributions, we investigate the integrability of these distributions and the geometry
of the corresponding distribution leaves. Additionally, the concept of pluriharmonic-
ity is examined, with illustrative evidence provided to support the findings of this

paper.
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1. INTRODUCTION

B. O’Neill [25] and A. Gray [14] were the ones who first proposed and developed
the concept of submersions and immersions. For Riemannian manifolds, they dis-
covered certain Riemannian equations by studying the geometrical characteristics.
Submersions theory becomes fascinating topic in differential geometry to discuss the
properties between differentiable structures. Riemannian submersions is the subject
of study throughout both mathematics and physics since it has numerous applica-
tions, most notably in Kaluza-Klein theory and Yang-Mills theory (see [9], [41], [23],
[20]). B. Watson [40] investigated the Riemannian submersions from almost Her-
mitian manifolds onto Riemannian manifolds in the year 1976. Later, B Sahin [32]
studied geometric characteristics and Riemannian submersions geometry. Using an
almost Hermitian manifold, he defined anti-invariant Riemannian submersions onto
Riemannian manifolds. He demonstrates that under the almost complex structure
of the total manifold, their vertical distribution is anti-invariant. Many authors
looked into and expanded on this research by studying anti-invariant submersions
[4], [32], semi-invariant submersions [33], slant submersions [12], [34], and semi-slant
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submersions [18], [26], among other topics. Tastan, Sahin, and Yanan [38] defined
and investigated hemi-slant submersions from almost Hermitian manifolds as a gen-
eralisation case of semi-invariant and semi-slant submersions.

From almost Hermitian to almost contact metric manifolds, D. Chinea [10] ex-
panded the notion of Riemannian submersions. He examined base space, total, and
fibre space from an instrinsic geometric perspective point. R. Prasad extended the
concept of hemi-slant submersions a step further, by defining quasi-bi-slant submer-
sions from almost contact metric manifold [28], [27]. The results he obtained for
submersions were interesting, and he also discovered some decomposition theorems.

B. Fuglede [15] and T. Ishihara [21] introduced the concept of conformal sub-
mersion as a generalisation of Riemannian submersions and talked about some of
their geometric characteristics. It is clear that conformal submersion with dilation
A = 1 is a Riemannian submersion. Gudmundsson and Wood [17] investigated
conformal holomorphic submersion as a generalisation of holomorphic submersion.
They were able to obtain the necessary and sufficient conditions for harmonic mor-
phisms of conformal holomorphic submersions. Later on, conformal anti-invariant
submersions , [35], [29], conformal semi-invariant submersions [5], conformal slant
submersions [3], and conformal semi-slant submersions [2] have been studied and
defined by Akyol and Sahin. A number of researchers have recently explored the
geometry of conformal hemi-slant submersions [36], [37], conformal bi-slant submer-
sions [6] , and quasi bi-slant conformal submersions [7] and they have discussed some
decomposition theorems. Additionally, they expanded the idea of pluriharmonicity
from almost Hermitian manifolds to almost contact metric manifolds.

In this paper, we investigate conformal bi-slant submersions from Sasakian man-
ifold onto a Riemannian manifold with vertical vector field £&. The structure of the
paper is as follows. Section 2 introduces almost contact metric manifolds, precisely
the Sasakian manifold with the properties required for this study. Our paper’s
third section includes a definition of conformal bi-slant submersion as well as some
noteworthy discoveries. Section 4 detailed the conditions needed for distribution in-
tegrability as well as the total geodesicness of its leaves. This section also discusses
how a total space becomes a locally twisted product manifold. Finally, at the end
of the study, the concept of ¢-pluriharmonicity is addressed.

Note: Throughout the paper, we will consider abbreviations as follows:
Almost contact metric manifold-ACM manifold
Conformal bi-slant submersion- CBSS
Riemannian manifold - RM
Riemannian submersion - RS

Sasakian manifold- SM
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2. PRELIMINARIES

We start off by providing a few definitions and findings that will be quite helpful for
our research and will aid in exploring the central idea of the research paper.

Definition 1. /8] Let J be a RS from an ACM manifold (O1,¢,£,m,91) onto a
RM (O2,g2). Then J is called a horizontally conformal submersion, if there is a
positive function X\ such that

1
gl(Ub‘/l) = Fg2(j*U17\7*V1)7 (1)

for any Uy, Vi € T(kerJ,)*. It is obvious that every RS is a particularly horizontally
conformal submersion with A = 1.

Let J : O — O3 be a RS. For any horizontal vector field W, if J-related with
W on Oy ie J.(W(q)) = WJT(q), for ¢ € T(TO1), then W is said to basic vector
field.

The formulae for tensor fields 7 and A given by :

T(Ll, Lg) = 'TLILQ =HVyr, VLy+VVyr, HLo (2)

A(L1, L2) = Ap, Ly = VVyr, HLs + HV 31, VLo (3)

for all vector fields Ly, Lo € I'(T'O1) [13].
On using (2) and (3), we get

Vi, 21 = Ty, 21 + Vi, Z1 (4)
VW1X1 ZTW1X1+HVW1X1 (5)
Vi, W1 =Ag, W1+ VV g W) (6)

Vi Vi = HV 5, Vi + Ag, Vi (7)

for all Wi, Z; € I'(ker J) and X,V € ['(ker .7*)L where ?Wl 71 = VWi, Z1. Then
77 and Ay, are skew-symmetric, i.e.,

(AW F1, Fy) = —g(F, A F2), 9(T;F1, Fa) = —g(Fi, T;F») (8)

for all ', Fy € F(Tp(jl).
Now, we recall the definition of weakly horizontal conformal submersions.

Proposition 1. [16] Let J : O — Oy be horizontally conformal submersion with
dilation X and Z,W € T'(ker J.)*, then

A Z = %(V[W, Z] = Xg1(W, Z) grad, %) (9)
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The second fundamental form of J is defined by
(VTIW,2)=V) T2 - TVwZ (10)
A map is said to be totally geodesic if (VJ.)(W,Z) = 0 for all W, Z € I'(T,01),
where Levi-Civita and pullback connections are V and V. [39].
Lemma 1. Let J : O; — Oy be a horizontal conformal submersion. Then, we have
(i) (VTIW,Z) =W(In N T(Z) + Z(In N) Te(W) — g1(W, Z) T (gradIn ),

(i) (VT)U,V) = =T(TgV),

(iii) (VT)(W,U) = =J(Vi,U) = = T.(Ay0).
for any horizontal vector fields W, Z and vertical vector fields U,V [8].

Here, we giving the definition of twisted product manifold given by R. Ponge
[30]. Let (O1,g) be a RM with M; and My be submanifolds of O;. Then a product
manifold of the form O; = M; x M, is said to be a twisted product manifold if and
only if M is a totally geodesic foliation and My is a totally umbilic foliation

Let M be a differentiable manifold of dimension n, is said to be having an almost
contact structure (¢, &, n) if, it carries a tensor field ¢, vector field £ and 1-form 7
on M satisfying

¢*=—T+n©E ¢=0, nogp=0, n(¢) =1, (11)

where, I is identity tensor. The almost contact structure (¢, £, n) is said to be normal
if N+dn®& =0, where N is the Nijenhuis tensor of ¢. Suppose that a Riemannian
metric tensor ¢ is given in M and satisfies the condition

9(oW,02) = g(W, Z) —n(W)n(Z), n(W) = g(W,¢), (12)

for all Z,W € T'(T'M). Then (¢,&,n, g)-structure is called an ACM structure. Let
® be the fundamental 2-form on M, i.e, ®(U,V) = g(U, V). If ® = dn, M is said
to be a contact manifold. A normal contact metric structure is called a Sasakian
structure, which satisfies

(Vwo)Z = g(W,2)§ —n(Z)W (13)
where V is the Levi-Civita connection of g. From above formula, we have for SM
and the covariant derivative of ¢ is defined by

(Vwé)Z =VwoZ — ¢V Z, (15)
for any vector fields W, Z € T'(TM).
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3. CONFORMAL BI-SLANT SUBMERSIONS (CBSS)

Definition 2. Let (O1,6,¢,1,91) be an ACM manifold and (Os,go) be a RM. A
conformal submersion J is said to be a CBSS if Dy, and Dy, are slant distributions
with slant angel 61 and 02 such that ker J,, = Dp, @& Dp,® < & >, where < & > is a
1-dimensional distribution spanned by & and J is called proper if 01,05 # 0,5

If ny, n2 #0, 0 <601 <35 and 0 < 6y < § then, J is said to be proper CBSS,

where nj,ny are the dimensions of Dy, and Dy, respectively.

In this part, we provide a non-trivial example to support our research. Note that
R27+1 denote a SM with the structure (¢,&,7,g) defined as

i 0 0 0 = 0 0
“’(Z(Ua Vg >+W8w) > (Vig ~Viger):

=1 =1
1 S o)
=—|dw— Ydu' | € =2—
9:7)®77+12n:(dui®dui+dvi®dvi)
4 i=1 ’
where (ul, ot ot o, w) are the Cartesian coordinates.

Now, taking into account the definition above, we can provide the following
examples:.

Example 1. Let J : (R?, gro) — (R®, ggs) be a conformal submersion defined by
J (w1, ug, ug, ug, v1, v2, V3, V4, W)

. Uz +uqg .
= 70 <cos f1uy — sin By us, T, sin Oov3 + cos Brvg, v1, W

then

1
V2
W3 = cos 020vs — sin 050vy, Wy = Ovg, W5 =& = 0w >  and

ker F, =< W; = sin #10u; + cos §10usz, Wy = (Oug — Ouy)

1
(ker F*)J_ =< Z1 = cos#10uq — sin 010us, Zy = \ﬁ (8u2 + 811,4)

Z3 = sin 050v3 + cos 020v4, Zy = Ov1 >

Thus, the submersion J is CBSS with Dy, = (W1, W3) with slant angle 01 such

that cos 0y = sin(fg — 61) and Dy, = (W, Wy) with the slant angle 0y = Z
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Example 2. Let J : (RY, gro) — (R, ggs) such that

5 (ul + v/3ug
2

(ula U2,U3,U4,’Ul,’l)2,’l)3,’l}4,w) =€ ,Sin91U3 —+ cos 01“4; U1, V2, ’LU) .

Then it follows that

Dy, =< Wy = % (\/§8u1 - auz> W3 = dvs, Ws = € = dw >,
Dy, = span (W = cos 010us — sin 610uy, Wy = Jvy)  and
(ker F*)J‘ =< X = %(aul + \/§8u2),X2 = sin 610us + cos 01 0uy,
X3 = 0v1, X4 = 0vg > .

Hence, J is a CBSS with the slant angles 6, = g and 0y = 61, respectively and
A=ev5.

Suppose that J is a CBSS from SM (01, ¢,£,1m,91) onto a RM (Oa, g2), then
for any U € ker J,
U=R/U + £U +n(U)¢ (16)

where RU € I'(Dg, ) and LU € T'(Dy,).
Also, for U € T'(ker Js) ) B )
oU = wU + CU (17)

where wU € T'(ker J,) and (U € T'(ker J.)*. For any X € I'(ker j*)J-, we have
X =tX + fX (18)

where tX € I'(ker J) and fX e I'(ker j*)L.
The horizontal distribution (ker j*)J‘ is decomposed as

(ker 7)== (D, & (Do, & pt (19)

such that p is the complementary distribution to (Dg, @ (Dg, in I'(ker AR
Given that J : O; — Og is a CBSS, let’s present some insightful findings that
will be used throughout the work.

Theorem 2. Let J : (O1,6,€,1,91) — (Oa,92) be a CBSS from ACM manifold
onto a RM with slant angles 01 and 0. Then we have

(i) w?W = —(cos? 6,)W

126



M. Shuaib and T. Fatima - Conformal bi-slant submersions

(i) g1(wW,wZ) = cos?01g1 (W, Z)
(ZM) g1 (va CZ) = SinQQI.gl(W7 Z);
for any vector fields W, Z € T'(Dg,)

Proof. Let J be a CBSS from ACM manifold (O1, ¢,&,1,91) onto a RM (O3, g2).
Then for any W € I'(Dy, ), we have

W]

costh = ——= 20
LS T (20)
_ gl(¢W,WW)
cosb = —=——"—"—".
oW ]lwW|
From equation (38), we have
g (W, w?W)
cosf] = ———=————. (21)
oW [JwW |

By using (11), (20) and (21), we get
WU = (—cos® 01)W
. For (ii) part, for any vector field W, Z € T'(Dyp, ) with using equation (17), we have
g1 (wW,wZ) = gu (oW, wZ).

Taking account fact from (17) and from Theorem 2, we get

g1 (wW,wZ) = cos? 0191 (W, Z). (22)
Again, by using equations (17), we have

91(CUCV) = g1(6W, 9Z) — g1(6W,wZ).

From equations (17) (22)and , we have

91 (W, ¢Z) = sin® 191(W, Z),
from which we get result.

In a similar way, we can provide the following result.

Theorem 3. Let J : (O1,6,&,1m,91) — (O2,92) be a CBSS from ACM manifold
onto a RM with slant angles 81 and 6. Then we have
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(i) w?U = —(cos? 62)U

(ii) g1(wU,wV) = cos?0291(U, V)
(iii) g1(CU,CV) = sin01g1(U, V),
for any vector fields U,V € T'(Dy,)

Proof. The proof of this is similar to the proof of Theorem 2. Therefore, we skip
the proof.

Lemma 4. Let (O1,6,£,1,91) be a ACM manifold and (Os,g2) be a RM. If
J 01 — Oy is a CBSS, then we have

X+ X =-X, wtX+tfX=0
—U +n(0)¢ = U +tCU, (wU+ fCU =0
for any U € T'(kerJx) and X € T(kerJ,)*.

Proof. Equations (14), (17) and (18) are used to obtain outcomes from simple cal-
culations.

Let (Og,g2) is a RM and that (O1,,¢,7,91) is a SM. We now consider how
the Sasakian structure on O; affects the tensor fields 7 and A of a BSCS J :

(Ola ¢7 57 m, gl) — (OQa 92)

Lemma 5. the If 7 : O1 — Oz is a CBSS where (O1,$,€,1,91) be a SM and
(O2,92) be a RM. , then we have

AxtY + HV o fY = fHV Y +CAzY (23)
VVtY + AgfY = tHV Y + wAgY — g1(X,Y)¢ (24)
VV 5wV + AgCV = tAgV + wVV 5V + g1(X, V)¢ (25)

AgwV + HV 5V = fASV +VV gV — (V)X (26)
VVitX + TofX = wTp fX +tHV X + g1(V, X)¢ (27)
TotX + HVp fX = (Tp X + fHVp X (28)
VVgwV + TV +n(V)U =tT5V + wVVaV + g1 (U, V)€ (29)
TowV + HVGCV = fT5V + VGV (30)
for any U,V € T'(ker J.) and X,Y € I'(kerJx)*.
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Proof. By some simple steps of calculation with using equations (18), (7) and (15),
(23) and (24) easily obtained. In the same manner, from equations (17), (18), (4)-(6)
and (15), we will get the desired results.

We will now go through some fundamental findings that can be used to investi-
gate the CBSS J : O1 — O3 geometry. Define the following in this regard:

(Vgw)V = VWawV —wVViV (31)
(VgQV =HVg(V = VY5V (32)
(Vgt)Y = VVtY —tHV Y (33)
(V)Y =HVfY — fHVRY (34)

for all U,V € I'(ker J4) and X,Y € I'(ker j*)L.

Lemma 6. Let (O1,¢,£,1,91) be a SM and (Oz,g2) be a RM. If J : Oy — Oy is
a CBSS, then we have

(Vaw)V =tTgV = ToCV + g1(U, V)é = n(V)U
(VaQOV = fT5V — TgwV
(Vi)Y =wAzY — A fY + 1(X,Y)¢E
(V)Y =CAgY — AgtY,
for any U,V € TI'(kerJx) and X,Y € I'(kerJx)*.

Proof. By taking account the fact of equations (13), (4)-(7), (23), (24), (29), (30),
equations (31)-(34), it is easy to get the proof of the lemma.

It is Given that the V is the connection of SM O;. let us suppose that the
tenors w and ( are parallel, we can write

tTUV = T(]CV —ag1( 7 , V)f + T)(V)U, fTUV = T(]wv,

for any X,Y € T'(TO).
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4. GEOMETRY OF LEAVES OF DISTRIBUTIONS

We studied the concept of CBSS from SM in this present paper. As per the idea
that to ensure the presence of two slant distributions Dy, and Dy,, it is extremely
significant to investigate the integrability specifications for slant distributions.

Theorem 7. Let us suppose that J : (O1,¢,£,m,91) — (O2,92) be a CBSS, where
(O1,6,&,m,g1) is a Sasakian manifold. Then Dy, is not integrable.

Proof. By using the equation g1 ([Uy, V1], &) for U, Vi € T'(Dp, ) with taking account
from equation (14), we get g1(Vy, Vi — Vv, U1, &) = 291(¢Uy, Vi) # 0. It clear that
91([U1, V1],€) # 0. Hence, the slant distribution Dy, is not integrable.

We assume that the Reeb vector field £ is vertical throughout the study. The
above conclusion demonstrates that distribution Dy, is not integrable. We can solve
this problem if we figure out the integrability specifications for distribution Dy, .

Theorem 8. Let J : (O1,0,£,m,91) — (0_2,90—2) be a proper CBSS with slant
angles 61 and 6, where (O1,¢,&,1,91) is a Kenmotsu manifold and (Oa,g2) is a
RM. Then the distribution Do, & < £ > is integrable if and only if

A2 g2 ((VT) (U1, ¢V, T UR)
= A" H(92(VT, TlVi = VL TiCUh), TiCU2)} + 91T, (Ui — T, CwVi, U)
+ g1(Ty, ¢Vi — Ty, CUv, w0s) + A 22 (VTL) (Va, CUY), TiCUs)
+ (Vi = Uy, ¢Us + §),
for any vector fields Uy, Vi € T'(Dg,® < € >) and Uy € T(Dg,)

Proof. For any Uy, Vi € T'(Dg,® < & >) and Uy € I'(Dg,) and on using equations
(12), (13) and from (17), we have

91101, V1], Us) = 1 (Viw?U1, U2) — 91(Vg,w? V1, U2) — g1(V, (o, Ua)
+ 91(Vy, CwU1,Uz2) + 61(V,CV1, 9Uz) — 91(Vy, UL ¢Us)
+91(Vi = U1,8)g1(Vi — Uy, ¢Us).

Considering Theorem 2, we have

sin® 0191 ([U1, V1], U2) = —g1(V,CwVh, U2) + g1(Vy, CwUn, Ua) + g1(Vi, CVi, ¢Us)
— 1(V,CUL, ¢Us) + g1(Vi — Ur, ¢Us + €).

On using equation (5), we have

sin® 011 ([U1, Vi, U2) = g1(Ty, CwUi — T, CwVi, Us) — g1(Tg, ¢Vi — Ty, UL wUa)
+ g1(HV 5, (Vi = HV . UL CUs) 4 g1 (Vi — Uy, ¢Us + §).
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Now considering Lemma 1 and equation (10), we yields

sin® 9191([(71,‘71]»(72)

= \2g5((V TuCVs = VL T.CT), TuCO2)} + g1 (Ty Cwly — T, CwVa, D)
— 01(Tg,¢Vi = Ty, UL, wla) = A ?ga((VT) (U1, CVh), TuCU2)
+ A2 (VI (Vi GO, TeCTe) + 91(Vi = U, 60 + ).

In same manner, we study the necessary and sufficient conditions under which
slant distribution Dy, is integrable.

Theorem 9. Let us suppose that J : (O1,¢,&,1m,91) — (O2,g2) be a CBSS, where
(O1,6,&,1m,91) is a SM. Then Ds, is not integrable.

Proof. By using the equation g ([Us, V2], &) for Ua, Vi € T'(Dyp,) with taking account
from equation (14), we get g1(Vy,Va — Vi,Us, &) = 291(¢Ua, Va) # 0. It clear that
91([U2, Vo], &) # 0. Hence, the slant distribution Dy, is not integrable.

Above mentioned result shows that the same condition with slant distribution
Dy, for integrability, so again we discuss the necessary and sufficient condition of
integrability for distribution Dy, & < & > as follows :

Theorem 10. Let J : (M, $,&,1,91) — (O2,g2) be a proper CBSS with slant angles
61 and O, where (M, ¢,&,1,g1) is a Kenmotsu manifold and (Oz, g2) is a RM. Then
the distribution Dy, ® < & > is integrable if and only if

A2 ((VT) (W, (Va), Tu(Us)
= A (92 Vi TCVe = VY, TC0s), TGO} + 91 (T oW = Tyyr¢wVa, W)
+g1(Tyy Vo — T, (W, wW) + A2 g2 (VT0) (Va, (W), Tk W)
+ 91(Va = Us, ¢U1 + €)
for any Uy € T(Dg,) and Uz, Vo € T'(Dp,® < £ >).

Proof. For any Us, Vo € T'(Dg,® < £ >) and W € I'(Dg,) and on using equations
(12), (13) and from (17), we have

91([U2, Vo], W) = g1(Vy,w? Uz, W) — g1(V,w?*Va, W) — g1(V, CwVa, W)
+ 91 (Vi CwU2, W) + g1(V 5, Va, W) — g1(V,(Us, W)
+91(V1 = U1,£)91(V1 — Uy, ¢Us).
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Considering Theorem 2, we have

sin® 0191 ([Uz, Vo], W) = —g1(V,CwVa, W) + 91 (Vi (wUaz, W) + g1(V, ¢ Va, oW)
— 91(V,CU2, ¢W) + g1(Vi — U1, ¢Ua + €).
On using equation (5), we have
Sin2 9191([1727 VQ]? W)
= g1(Ty, CwUs — Tpr,CwVa, W) = g1(T,¢Va — Ty, (Ua, wW)
+ g1 (HV 7,Va — HV 3, U, (W) + g1 (Vi — Uy, ¢Us + €).
Now considering Lemma 1 and equation (10), we yields

sin? 01 g1 ([Ua, Vo], W)

= A292((VF, TeCVi = VY, (), TuCU2)} + 91Ty, Cwlz = Ty, GwVa, W)
— 91(T5,¢Va = Ty, (U, W) = A 22 (VT) (U2, ¢ Vo), Tl W)
+ A202((VT) (Va, CU2), Tl W) + g1 (Vi — Uy, 802 + €).

Studying distribution leaves will be significant since they are crucial to the ge-
ometry of CBSS from the SM. In order to do this, we are determining the circum-
stances in which distributions define totally geodesic foliation on M.

Theorem 11. Let J : (O1,¢,&,1,91) — (O2,92) be a CBSS from a SM onto a
RM Oy. Then Dy, is not totally geodesic on M.

Proof. By taking the vector field U,V € I'(Dy,) and since V and ¢ are orthogonal,
we have

n(VgV.&) = —q1(V,Vgé)
By considering the equations (14), we get

gl(vl_]‘_/’ f) =91 (¢Ua V)

Since, U,V € T'(Dy,),91(¢U, V) # 0, that is g1(VV,€) # 0. Hence, the distribu-

tion is not defines totally geodesic foliation on O;.

Since the Reeb vector field £ is assumed to be vertical, the slant distribution
Dy, does not defines totally geodesic foliation. In order to deal with this issue, the
geometry of the leaves of the slant distribution Dy, & < £ > is being examined here.
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Theorem 12. Let (O1,¢,£,1,91) be a SM and (Os,g2) be a RM such that J is
a CBSS from M onto Oz. Then the distribution Do, ® < & > is defines totally
geodesic foliation on M if and only if

A 202 (VT) (U1, CV1), TCU2) + n(Vi) g1(¢Us, Uy)

_ _ _ _ _ 35
= 01(T, V1, w0s) = 91(Tg, CwVi, Ua) + A" %ga(V TCVh, TCU2), (35)
and

A2go(VL T (UL, TlVi) + g1 (AxCULwVL) — g1 (Ur + Vi, €)1 (tX, Uy + VA)
= sin® 0g1 ([U1, X], V1) + g1(ACwU1, V1) + ga(gradn A, X)gi1(¢U1,¢V1) - (36)
+gl(gradlnA,CU1)g1(X,CVl) - gl(gradln/\,g“‘_/l)gl(X,CC_ﬁ),
for any Uy, V1 € T(Dg,® < € >),Uz € T(Dy,) and X € T'(ker J,)*.

Proof. For any Uy, V; € T'(Dg,® < £ >) and U, € T'(Dg,) with using equations (12),
(13) and (17), we have

91(V, V1, U2) = 1(V,CVi, 9U2) — 61(V, CwVi, Uz)
— 91(Vg,w?V1,02) = n(Vi)g1(¢Usz, Un).
From Theorem 2, we can write
sin® 0191 (V, Vi, Ua) = —g1(Vy, CwVi, Ua) 4+ 91(Vi, Vi, 0Us) — n(Vi)gi (¢Ua, Un).
On using equation (5), we have

sin® 0191 (Vi Vi, U2) = g1(Tg,(Vh, wUz) — g1(Tgr, CwVi, Uy)
+ 91(HVg,(Vi, CUs) — (Vi) g1 (¢Us, Uy).

Considering equation (10) and Lemma 1, we obtain
Sin2 Glgl(VUl Vl, Ug)
= g1(Tg,CVh, wla) — g1(Tg, CwVi, Uz) — A2 g2 (VL) (U, ¢Vh), TuCU2)
+ A ?02(V, Vi, TCU2) — (Vi) g1 (¢Us, Uy),

which is the equation first in Theorem 12.
On the other hand, On using (12), (13) and (17), we can write

91 (Vg V1, X) = —g1([U1, X], V1) + g1(¢V 5wU1, V1) — g1(V 5 CUL, V1)
+ g1 (U1 + V1,891 (tX, Uy + V1),
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for any Uy, V; € T(Dg,) and X € I'(ker J,)* .Considering Theorem 2, we obtained

sin® Olgl(Vgl‘_/l,X) = —q1([U1, V1], X) + 91(V gCwU1, V1)
— 91(VCUL, V1) + g1 (U1 + V1, €)a1(tX, U + V).
On using equation (7), we have
sin? 011 (Vg Vi, X)
= sin® 0101 ([U1, X], V1) + 01 (A (w0, V) = g1 (A (U1, 0Wh)
— A 292( TV ¢, TuCUL) + g1(Ur + V1, g1 (tX, Uy + V1)
Using Lemma 1, we yields
sin? 6191 (Vg, 1, X)
= sin® 0191([U1, X], V1) + g1 (A CwU1, Vi) = A2 g2(VL ToCUL, V)
+ g1(gradin X, X)g1(CU, ¢VA) + g1(gradIn A, CUy) g1 (X, (V1)
— gi(gradln X, (V1)g1(X, CU1) — g1(Ax (U1, wVA)
+ g1 (U + V1,6 (t X, Uy + V7).
This completes the proof of the Theorem.

Theorem 13. Let J : (O1,¢,&,1m,g1) — (O2,92) be a CBSS from a SM onto a

RM Oy. Then Dy, is not defines totally geodesic on O;.

Proof. By taking the vector field X,Y € I'(Dyp,) and since Y and ¢ are orthogonal,
we have

n(VgY, &) = —q1(Y, V)
By considering the equations (14), we get

91(VxY,§) = q1(¢X.Y).
Since, X,Y € I'(Dg,), g1(¢X,Y) # 0, that is g1 (VY , &) # 0. Hence, the distribu-

tion is not defines totally geodesic foliation on O;.

Since, again distribution Dy, not defines totally geodesic foliations. In same
manner, we examine the conditions for distribution Dy, ® < £ > is totally geodesic.

Theorem 14. Let (M, $,&,1,91) be a SM and (Oz,g2) be a RM such that J is
a CBSS from M onto Oy. Then the distribution Dy, ® < & > is defines totally
geodesic foliation on M if and only if

A 292(VT) (U2, Va), TulW) + (Vo) g1 (¢Ua, Us)

_ - _ _ _ 37
= 91(Tp,¢ Vo, wW) — g1(Tg,CwVa, W) + A7%2(VF, Tl V1, TuCUn), (37
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and
A292(VL TCUs, TuCVa) + g1 (ApCUs, wVo) — g1(Usz + Va, €)1 (tX, Uz + Va)
= sin® 0g1([Us, Y], V2) + g1(AgCwUs, Vo) + g1(gradIn A, Y) g1 ((Us, ¢V2) (38)
+ g1 (gTCLd In >‘7 CUQ)gl (Y7 CVQ) — g1 (grad In )‘) C‘/é)gl (Y7 CUQ)a
for any Uz, Vo € T'(Dy,® < € >),W € '(Dy,) and Y € T'(ker J,)= .

Proof. For any Us, Va € T'(Dy,® < € >) and W € T'(Dy, ) with using equations (12),
(13) and (17), we have

91(V,Va, W) = 91(V7,Va, 9W) — g1(Vig,CwVa, W)
- 91(V172°J2‘72a W) = n(Va)gi(¢Uz, Us).
From Theorem 2, we can write
sin? 0191 (V, Vo, W) = —g1(V, CwVa, W) + g1 (V5,CVa, W) — n(V2) g1 (¢Us, Us).
On using equation (5), we have

sin? Olgl(V@Vg, W) = 91(7-02CV2,WW) -1 (TUQCUJ%7 W)
+ 91 (HV 5, Vo, (W) — 1(Va)g1(¢Us, Us).
Considering equation (10) and Lemma 1, we obtain
sin? ngl(VUQVQ, W)
= 91T, CVa, wW) — 91T, CwVa, W) = A2 ga((V T (U, ¢ Va), TuCW)
+ A 202(V, Tl Vi, TuCUz) — (Vo) g1 (¢Us, Us),

which is the equation first in Theorem 14.
On the other hand, Uy, Vo € T'(Dp,) and Y & T'(ker J,)* with using (12), (13)
and (17), we can write

91(V,V2,Y) = —g1([U2, Y], V2) + g1(¢VywUa, Va) — g1 (Vy(Uz, ¢V5)
+ 91Uz + V2,8 g1 (tX, Us + Va).

Considering Theorem 2, we obtained

sin® 0191 (V,V2,Y) = —g1([Ua, V2], Y) + g1 (Vy-CwUs, V2)
_ QI(VYCUQ7 ¢V2) + g1([j2 + V2,§)91(tX, Us + ‘72)
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On using equation (7), we have

sin® 0191 (V, Vo, Y) = sin® 011 ([Us, Y], V) + g1 (AyCwUs, Vo) — g1 (Ay(Us, wlh)
- >‘7292(j*v§7€027 j*CﬁQ) + gl(U_Q + ‘72) é.)gl(th UQ + VQ)

Using Lemma 1, we yields

sin® 0191 (Vg, V2, Y)
= sin? 0191 ([Us, Y], Va) + g1(AyCwUs, Vo) — )\_QQQ(ng*CUQ, T(Vs)
+ g1(gradln X\, Y )g1(CUs, (Va) + g1(gradIn X, CU2)g1(Y, (Va)
— g1(gradIn X, (Vo)1 (Y, CUz) — g1(AyCUs, wVa) + g1(Uz + Va2, €)1 (tX, Ua + Va).

This completes the proof of the Theorem.

now, we study the geometry of leaves of vertical distributions. We commence by
giving the findings for vertical distribution.

Theorem 15. Let J : (01,¢0,¢,m,91) — (O2,92) be CBSS from a SM
(O1,6,&,m,91) onto a RM (Oz,92). Then the vertical distribution (kerJ.) is not
defines totally geodesic foliation on O;.

Proof. Taking W € T'(kerJ.)* and V € T'(kerJ.), g1(Vy&, W). Taking account
the fact of equation (14), we have, g1(¢V, W) # 0, that is g1 (V& W) # 0. Hence,
vertical distribution kerJ, is not totally geodesic foliation on Oj.

Now, that we have a one-dimensional distribution < & > that spans &, we can
analyse the impact of £ in this geometry of the vertical distribution leaf by looking
at the results that follow.

Theorem 16. Let (O1,¢,£,m,91) be a Kenmotsu manifold and (Oz,g2) be a RM
such that J is a CBSS from M onto Os. Then vertical distribution (ker Jo— < £ >)
is defines totally geodesic foliation on M if and only if

A"2g2(VY T.CTh, TCVh)

= (cos? By — cos? 91)91(VX1£U1, V1) + 91(Au Vi, CUY) — gl(A)Zlvla Cwlh)
+g1(gradln X, X1)g1(CUL, (V1) + g1(gradIn X\, Uy g1 (X1, (VA7)
— gi(gradln X, (V1)1 (X1, CUL) — sin® 0191 ([0, X1], V),

(39)

for Uy, Vi € T'(ker J) and X; € I'(ker J;)*.
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Proof. On taking Uy, V; € T'(ker J,) and X; € I'(ker J,)* with using (12), (13) and
(17), we have

9 (Vg Vi, X1) = —g1([U1, X1], V1) + 91(V x, 0wU1, Vi) = 91(V 5,CU, ¢V1).
On using decomposition (16) and Theorem 2, we get

a1 (Vg Vi, Xy)
= —g1([U1, X1], V1) — cos® 0191 (V ¢, 8U1, V1) — cos® 291 (V 5, £U1, V1)
+ 91(Vx,CwU1, V1) — 91(Vx,CUL wV1) — 91(V g, UL CVA).

On using equation (7), we can write

sin? 0191(V, Vi, X1)
= (cos? By — cos? Ql)gl(VXISUl, Vi) —sin® 61 9([U1, X1], V1)
+ g1(Axg,wV1,CO1) — g1 (Ax, Vi, CwlUr) — g1 (HV £, CUL CVA).

Using equation (10), we yields

sin® 0191 (Vr, Vi, X1)
= (cos? 0y — cos? 91)91(V5<1£(71, Vi) + g1(AX1wV1, ¢ly)
— g1(Ax, Vi, CwU) + A 292 ((VT) (X1, CTh), TuCVA)
— A 22(V, TuCUL, TuCVi) = sin® 191 ([Ur, X1, V7).
Considering Lemma 1, have
sin® 0191(Vg, Vi, X1)
= (cos® 03 — cos? 01)g1(V 5, £U1, V1) + g1 (Ag,wVi, CUL) — g1(Ax, Vi, CwUh)
+ g1(gradIn X, X1)g1(CU, V1) + g1 (gradIn X, (U1 )g1(X1,¢Vh)
— gi(gradln X, (Vi)g1(X1,C01) — A"22(VY, TCU, TuCW)
— SiIl2 9191([[71, Xl], ‘71)
This completes the proof of the Theorem.

Similarly, we focused on the totally geodesic prerequisite for horizontal distribu-
tions.

Theorem 17. Let (O1,¢,£,1,91) be a SM and (O2,g2) be a RM such that J is
a CBSS from M onto Oy. Then horizontal distribution (ker J,)* is defines totally
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geodesic foliation on Oy if and only if

A2go(VE TCUL, T f Xo) = gi(gradln X, X1)gi(CO, fXz)

= —g1(Ax, CU1, tX2) — n(U1)g1 (X1, fX2) + n(wU1)g1(X1, X2)
+ gi1(gradln X, CU)g1 (X1, fX2) — gi(gradIn X, fX2)g1(X1,CUY) (40)
— g1(gradln A,Xl)gl(gwﬁl,)_fg) — g1(gradln A,CwUl)gl(Xl,sz)

+ g1(gradln X, X2)g1 (X1, Cwl) + )\_QQQ(V}Z{IJ*CLUUL T X2),
for any X1, X5 € T(ker J,)*+, Uy € T'(ker J,).
Proof. For any X1, Xs € I'(ker 7,)* and U; € I'(ker.J,) with using (12), (13) and
(17), we have
91(V, X2, Uh) = g1(V g, 0wl X2) — 91(V5,CUL, 0 X2) — n(U1)g1(X1, fX2).
Taking account the fact from Theorem 2, we can write
sin? 0191(V ¢, X2, U1)
= 91(Vx,CwU1, X2) — g1(V 5,CUL, ¢ X2) — n(Ur)g1(X1, fX2) + n(wU1)g1(X1, Xa).
From (7), we get
sin® 0191 (V , X2, U1) = —g1(Ax, (UL tX3) — A2 92(J Vx5, (UL, Ti f Xo2)
+ A 292 (JVx, (Ui, T X2) — n(U1) g1 (X1, £X2)
+n(wl1)g1(X1, Xa).
Considering Lemma 1, we have
sin” 0191 (V g, X2, U1)
= —g1(Ax,CUL, tX2) —n(U1)g1(X1, fX2) + n(wU1)g1(X1, X2)
— A 292(VY T, T fX2) + gi(gradin A, X1)g1(CUL, £X2)

+ g1(gradin X, CU1)g1 (X1, fX2) — g1(gradln A, fX2)g1 (X1, CUL)
— gi(gradln X, X1)g1 (CwUy, X2) — g1(gradIn X\, CwU;)g1 (X1, fX2)

+ g1(gradln X, X2)g1 (X1, Cwlh) + )\7292(V§1~7*Cw[71, T X2).

It is now fascinating to investigate if the whole space M can become a locally
twisted product manifold under specific circumstances. We find some criteria that
make total space M a locally twisted product manifold in the following result.
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Theorem 18. Let J be a CBSS from SM (O1,¢,€,m,91) onto a RM (Oa, g2).

Then M is a locally twisted product manifold of the form O1er 7.) X Ol(ker gL if
and only if

20V eV, T FX) + n(W)r(V, £X)
= G1(6V, 6T )gs (gradIn . Te6V) - g1 (VoW 1),

(41)

and
G (X, Y)H =tAxtY —tX(In\)fY +t(gradln N)gi (X, fY)

_ o (42)
+ 0T (VETSY) + 1 (f X, Y)E,

where H is mean curvature vector and for any V,W € T'(ker J.) and X,Y €
I'(ker J,)*.
Proof. For any V,W € I'(ker J) and X,Y € ['(ker j*)L, we have
a(VyW,X) = qi(HV oW, fX) 4+ g1(TpoW ., tX) + n(W)gi (V, tX).
Since V is torsion free, [V, W] € T'(ker Jy), we have
N (VeW, X) = g1(VyoW,tX) + g1 (Vew oV, 6 f X) +n(W)g1(V, 1X).

Since J is CBSS, by using Lemma 1 and from the fact that gi(fX,¢V) = 0 for
X € (ker Ju)*tand V € (ker J.), we have

n(VeW, X) = g1(VyoW,1X) + %mgij , Je(0f X))
— g1(8V, oW g1 (gradln \, T (¢ £V)) + n(W)g1(V, £ X).

It follows that Ol(ker 7.) s totally geodesic if and only if the equation (41) holds
good. On the other hand, for X,Y € I'(ker j*)J-, V € I'(ker J,), we have

g (VY. V) = g1(AxtY + VVtY, oV) + gi(Ax fY + HV 1 fY,¢V)

From above equation, we get

G (VY , V)= gi(AxtY,oV) + q1(HV g fY, 0V) + 1 (f X, Y)n(V).
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Since J is CBSS, on using equation (4) and Lemma 1, we arrived at
a(VgY,V) = gi(AgtY, oV) — %gg(gmdln )\,X)%gz(ﬂf?, JpV)
— grlgradin X, Y) 5502( . X, T.67)
+ %gg(X, fY)%gz(j*gradln A, TpV)
g (VLTY, T6V) + 1 (FX, Vn(V).

Moreover using the fact that gi(fX,#V) = 0, for X € I'(ker J,)*,V € T'(ker J.),
we arrived at

o 1 _ _
g1(VxY,V) = gi(AgtY,¢V) + ﬁm(vf—(.ﬂfﬂ TidV)

1 _1 _ _
- ﬁ92<gra’d ln)‘a fy)ﬁ.QQ(j*Xy \7*¢V)

1 _ -1 _ _ _
+ ﬁgQ (Xv fY)FQQ(j*g’I“CLd In )\7 \7*¢V) =+ gl(fX7 Y)W(V),

from which, we get the complete result.

5. ¢-PLURIHARMONICITY OF CBSS

Now, we recall the concept of J-pluriharmonicity which is defined by Y. Ohnita [24]
and extend the notion from a almost Hermitian manifold to ACM manifold.

Let J be a CBSS from Kenmotsu manifold (O1, ¢, &, 7, g1) onto a RM (Oz, g2)
with slant angles 61 and 6. Then CBSS is ¢-pluriharmonic, Dy,-¢-pluriharmonic,
ker J.-¢-pluriharmonic, (kerj*)J-—¢—pluriharmonic and
((k:erj*)L — kerJ,)-¢-pluriharmonic if

(VTIIW,Z) + (VT (oW, ¢Z) = 0, (43)

for any W, Z € I'(®@%), for any W, Z € I'(kerJ,), for any W, Z € I'(kerJ,)" and
for any W € F(kerj*)J-, Z € T(ker ).

Theorem 19. Let J be a CBSS from SM (O1,¢,£,m,g1) onto a RM (Oa, g2) with
slant angles 01 and 62. Suppose that J is Dy, -¢-pluriharmonic. Then Dy, defines
totally geodesic foliation My if and only if

T (CTogCwV + fHV ,gCwV) — Tu(AcgwV + HV ,5¢V)
= o8’ O T (fT,gV + VY V) + VI, TV
— CU(InN) TV — ¢V (In N)ToCU + g1(CU, V) Ti(gradIn \)
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for any U,V € T'(Dy,).
Proof. For any U,V € I'(Dy,) and since, J is Dy,-¢-pluriharmonic, then by using
equation (3) and (4), we have

+(VI)(CU,CV) = VTtV + VI TupV

On using equations (10), (16) with Theorem 2, the above equation finally takes the
form

T(VgV) = —cos’ 6 T (T gV + [TugV +wVV,gV + WV, V) + VI ToV
+ Te(WT,iCwV 4 CT 5wV + tHV 5wV + fHV 5CwV)
— T AgwV + VYV gwV + TogCV + HV 5¢V) = VI TV
+ UM N TV + V(RN TCU — g1(CU, V) Ti(gradIn \)

from which we get the desired result.

Theorem 20. Let J be a CBSS from SM (O1,¢,£,m,91) onto a RM (Oa, g2) with
slant angles 01 and O2. Suppose that J is Dy,-¢-pluriharmonic. Then Dy, defines
totally geodesic foliation My if and only if

j*(anwa + fﬂvwzwa) — J« (‘ACZWW + va2CW)
= cos® 0T (f T, zW + ONVV ;W) + VI T oW
—(Z(N)T LW — (W (In ATl Z + 1(CZ, W) Ti(gradIn \)
for any Z,W € T'(Dy,).
Proof. Since, proof of above result is same to Theorem 19. So we omit it.

Theorem 21. Let J be a CBSS from SM (O1,6,€,1,91) onto a RM (O3, g2)
with slant angles 01 and 0. Suppose that J is ((kerj*)L — ker J..)-¢-pluriharmonic.
Then the horizontal distribution (kerJ,)" defines totally geodesic foliation on Oy if
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and only if
cos’01 TA [T, RU + VYV, /U + fA-58U + (VV o 8U}
+ cos’ 02T fTix 8U + CVV, 58U + fA; 3 €U + (VV ;58U + n(wU) f X}
= T ALT, 5 CwlU + fHV, 5CwhU + (T, 5CwllU + fHV, 5 CwllU}
+ J{CA; 3 CwRU + A 3 (weU — HV, 3 (U} + ngJ*CU
— fX(InN) TCwhU — wRU(In N Tof X + g1 (f X, CwRU) Ti(gradln \)
— fX'(ln A)j*CwEU - CwSU(ln /\)j*fX + gl(fX, Cwﬂ[j)j*(grad In\)
+ J.(VU) + ngj*gU + ijXJ*CwﬁU + V}{XJ*CwEU,

for any X € T(kerJ,)* and U € T'(kerJ,)

Proof. For any X € I‘(k:erj*)L and U € I'(kerJy), since J is ((k:er‘,’f*)L — kerJ)-
¢-pluriharmonic, then by using (4), (10) and (16), we get

Taking account the fact from (11), we have

To(V ;1 5CU) = =Tu(TixCU + HV,5CU) + T (VxU) + ngJ*cU
+ T{¢V, 30wl — n(V, gwlU)E — n(wU)tX}
+ T{oV ol —n(VyxwlU)€ = n(wl) fX}.
Now on using decomposition (8), Theorem 2 with equations (10), we may yields
To(V 15CU) = Ju{ — cos® 016V, x RU — cos® 03¢V, 3 £U + n(wU) fX }
+ Jd ¢V, 5 (WU + ¢V, 5 (LU + ¢V ;5 (WRU + ¢V ;5 (wlU }
+ Jo{ = cos® 019V ;g RU — cos® 620V ;5 €U}
— T (HV,5CU) + T(VU) + ngJ*g‘U.
From equations (4)-(7) and after simple calculation, we may write
Je(V;x¢U0)
= —cos?’ T[T, RU + CVV, /U + fAfXRU + CVVfXﬁU}
— 05’ TAfTx U + (VV, 38U + fA; 38U 4 (VV ;38U + n(wl) fX }
+ TACT 5 CwRU + fHV, 5 CwhU + (T xCwlU + fHV, x(wLU}
+ TACAxCRU + (Apx (el — HV 3 (U} + VI T.CU
+ j*(fHVfXCwRU + f’HVf)-(CwﬁU) + T:(V5U).
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Since J is conformal RS, the by using equations (4) and from Lemma 1, we finally
have

TV x¢0)
= 08’01 T A fToc AU + CVV, 58U + fA-3RU + (VV o5 8U }

— 05”02 T f T,z U + CVV, 58U + fA; 5 LU + (VV ;3 &U + n(wU) fX }

+ TACT 5 CwRU + fHV, 5 CwRU + (T CwlU + fHV, 5 (weU}

+ T{CA ;5 CwRU + (A (el — HV 3 (U} + ngj*cU

— fFX(INA)JlwhU — CwRU(In N T f X + g1 (f X, CwhU) Ti(gradIn \)

— XN TlwllU — CwlU(In N T fX + g1 (f X, CwU) Tu(gradin \)

+ T (VU) + ngJ*cU + V?Xj*Cw,QU + v;ZXJ*cwsU,

which completes the proof of theorem.

REFERENCES

[1] M. A. Akyol and Y. Gunduzalp., Hemi-slant submersions from almost product
Riemannian manifolds, Gulf J. Math., 4(3) (2016), 15-27.

[2] M. A. Akyol., Conformal semi-slant submersions, International Journal of Ge-
ometric Methods in Modern Physics, 14(7) (2017), 1750114.

[3] M. A. Akyol and B. Sahin., Conformal slant submersions, Hacettepe Journal of
Mathematics and Statistics, 48(1) (2019), 28-44.

[4] M. A. Akyol and B. Sahin., Conformal anti-invariant submersions from almost
Hermitian manifolds, Turkish Journal of Mathematics, 40 (2016), 43-70.

[5] M. A. Akyol and B. Sahin., Conformal semi-invariant submersions, Communi-
cations in Contemporary Mathematics, 19 (2017), 1650011.

[6] I. Al-Dayel, T. fatima, S. Deshmukh and M. Shuaib, A note on conformal
bi-slant submersion from Kenmotsu manifold, Journal of geometry and physics,
190(2023) 104864.

[7] 1. Al-Dayel, M. Shuaib S. Deshmukh and T. fatima., ¢-pluriharmonicity in quasi
bi-slant conformal &'-submersions: a comprehensive study, AIMS-Mathematics,
8(9), (2023), 21746-21768.

[8] P. Baird and J. C. Wood., Harmonic Morphisms Between Riemannian Mani-
folds, London Mathematical Society Monographs, 29, Oxford University Press, The
Clarendon Press. Oxford, (2003).

143



M. Shuaib and T. Fatima - Conformal bi-slant submersions

[9] J.-P. Bourguignon and H. B. Lawson., Jr., Stability and isolation phenomena for
YangMills fields, Comm. Math. Phys., 79 (1981), no. 2, 189-230. http://projecteuclid.
org/euclid.cmp/1103908963. ~

[10] D. Chinea., Almost contact metric submersions, Rend. Circ. Mat. Palermo,
34(1) (1985), 89-104.

[11] J. L. Cabrerizo, A. Carriazo, L. M. Fernandez and M. Fernandez., Slant sub-
manifolds in Sasakian manifolds, Glasg. Math. J., 42 (1) (2000), 125-138.

[12] I. K. Erken and C. Murathan., On slant Riemannian submersions for cosym-
plectic manifolds, Bull. Korean Math. Soc., 51(6) (2014), 1749-1771.

[13] M. Falcitelli, S. Ianus and A. M. Pastore., Riemannian submersions and Related
Topics, World Scientific, River Edge, NJ, (2004).

[14] A. Gray., Pseudo-Riemannian almost product manifolds and submersions, J.
Math. Mech., 16 (1967), 715-737.

[15] B. Fuglede., Harmonic morphisms between Riemannian manifolds, Annales de
I'institut Fourier (Grenoble), 28 (1978), 107-144.

[16] S. Gudmundsson., The geometry of harmonic morphisms, Ph.D. thesis, Univer-
sity of Leeds, (1992).

[17] S. Gudmundsson and J. C. Wood, Harmonic morphisms between almost Her-
mitian manifolds, Boll. Un. Mat. Ital. B (7) 11 (1997), no. 2, suppl., 185-197.

[18] Y. Gunduzalp., Semi-slant submersions from almost product Riemannian man-
ifolds, Demonstratio Mathematica, 49(3) (2016), 345-356.

[19] S. Tanu s and M. Vi sinescu., Space-time compaction and Riemannian submer-
sions, In: Rassias, G.(ed.) The Mathematical Heritage of C. F. Gauss, World Scien-
tific, River Edge (1991), 358-371.

[20] S. Ianu,s and M. Vi sinescu., Kaluza-Klein theory with scalar fields and gen-
eralised Hopf manifolds, Classical Quantum Gravity, 4 (1987), no. 5, 1317-1325.
http://stacks.iop.org/0264-9381/4/ 1317.

[21] T. Ishihara., A mapping of Riemannian manifolds which preserves harmonic
functions, Journal of Mathematics of Kyoto University, 19 (1979), 215-229.

[22] Kenmotsu, K. (1972). A class of almost contact Riemannian manifolds. Tohoku
Math., 24, 93-103.

[23] M. T. Mustafa., Applications of harmonic morphisms to gravity, J. Math. Phys.,
41 (2000), 6918-6929.

[24] Y. Ohnita., On pluriharmonicity of stable harmonic maps, J. London Math.
Soc. (2) 2 (1987), 563-568. 2.2

[25] B. O’Neill., The fundamental equations of a submersion, Michigan Math. J., 13
(1966), 459-469. http://projecteuclid.org/euclid.mmj/1028999604.

144



M. Shuaib and T. Fatima - Conformal bi-slant submersions

[26] K. S. Park and R. Prasad., Semi-slant submersions, Bull. Korean Math. Soc.
50(3) (2013), 951-962.

[27] R. Prasad, S. S. Shukla and S. Kumar., On Quasi bi-slant submersions,
Mediterr. J. Math., 16 (2019), 155. https://doi.org/10.1007/s00009-019-1434-7.

[28] R. Prasad, M. A. Akyol, P. K. Singh and S. Kumar., On Quasi bi-slant submer-
sions from Kenmotsu manifolds onto any Riemannian manifolds, Journal of Mathe-
matical Extension, 8(16) (2021).

[29] R. Prasad and S. Kumar., Conformal anti-invariant submersions from nearly
Kaehler Manifolds, Palestine Journal of Mathematics, 8(2) (2019).

[30] R. Ponge and H. Reckziegel., Twisted products in pseudo-Riemannian geome-
try, Geom. Dedicata, (1993), 48(1):15-25.

[31] Tanno, S. (1069). The automorphism groups of almost contact metric manfolds.
Tohoku Math., J. 21, 21-38.

[32] B. Sahin., Anti-invariant Riemannian submersions from almost Hermitian man-
ifolds, Central European J. Math., 3 (2010), 437-447.

[33] B. Sahin., Semi-invariant Riemannian submersions from almost Hermitian man-
ifolds, Canad. Math. Bull., 56 (2013), 173-183.

[34] B. S,ahin, Slant submersions from almost Hermitian manifolds, Bull. Math.
Soc. Sci. Math. Roumanie. 1 (2011) 93-105.

[35] B.Sahin, M. A. Akyol Conformal Anti-Invariant Submersion From Almost Her-
mitian Manifolds, Turk J Math (2016) 40: 43 — 70

[36] M. Shuaib and T. Fatima. A note on conformal hemi-slant submersions, Afr.
Mat. 34, 4 (2023).

[37] 43Sumeet Kumar et al., Conformal hemi-slant submersions from almost her-
mitian manifolds, Commun. Korean Math. Soc., 35 (2020), No. 3, pp. 999-1018
https://doi.org/10.4134/CKMS.c190448 pISSN: 1225-1763 / eISSN: 2234-3024.

[38] H. M. Tastan, B. S ahin and S,. Yanan, Hemi-slant submersions, Mediterr. J.
Math. 13(4) (2016) 2171-2184.

[39] H. Urakawa. (1993). Calculus of Variations and Harmonic Maps. American
Mathematical Society, Providence, RI, USA.

[40] B. Watson., Almost Hermitian submersions, J. Differential Geometry, vol. 11,
no. 1, pp. (1976), 147-165.

[41] B. Watson., G, G’-Riemannian submersions and nonlinear gauge field equations
of general relativity, In: Rassias, T. (ed.) Global Analysis - Analysis on manifolds,
dedicated M. Morse. Teubner-Texte Math., 57 (1983), 324-349, Teubner, Leipzig.

145



M. Shuaib and T. Fatima - Conformal bi-slant submersions

Mohammad Shuaib

Department of Mathematics, School of Computer of Science,
Lovely Professional University,

Punjab, India

email: shuaibyousuf6@gmail.com

Tanveer Fatima

Department of Mathematics, College of Science,
Taibah University, Yanbu, K.S.A.

email: tansari@taibahu.edu.sa

146



	Introduction
	Preliminaries
	Conformal bi-slant submersions (CBSS)
	Geometry of leaves of distributions
	-Pluriharmonicity of CBSS

