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1. INTRODUCTION

Suppose that T represent the class of all analytic functions f(z), having the series
notation

f2) =24 apz* (1.1)
k=2

and normalized by f'(0) — 1 = 0 = f(0) in the open disk E = {z € C : |z] <
1}. Further, let S denote the class of all Normalized Analytic Functions that are
univalent in E. (see[5], [8]).

Also, let © represent the set of all complex valued harmonic p-valent functions of
the form f, = h), + g, defined in the open unit disk ' = {2 : |2| < 1}, such that

o o0
hp(z) = 2P + Z a2 P and  gy(z) = Z bpy 2P (1.2)
k=1 k=0

are analytic in E.
For f to be sense preserving in E, the condition |hy(2)| > |gp(2)| holds in E (see

21, [3)-

Let H C © contain f, = hj + g, such that the functions are harmonic, p-valent
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and sense-preserving in F, and normalized by f,(0) = f,.(0) —1 = 0. By the sense-
preserving property in E, we can easily show that |b,| < 1.

Let H C H be a subclass such that the functions have the additional property
b, = 0.

The function, f, € H is said to be Harmonic Starlike of order ¢ : 0 < ¢ <1 in E if
%<pr,z(2) — Zfpz(2)
fp(2)

and represented as class H*(()
The function, f, € H is said to be Harmonic Convex of order ¢ : 0 < ¢ < 1in F if

m<z2fpvzz(z) + 2fp2(2) + 22 fo72(2) + Zfpz2(2)
Zfz(z) - 3fp,E

and represented as class K H(¢). One may refer to [1],[4],[6] or [10] for particular
characteristics of these classes.

) >( forzekE (1.3)

) >( forzeFE (1.4)

Recently, various authors have explored harmonic functions from different view-
points. However, the exploration of harmonic functions in the context of Probability
Distributions is not widely recognized in the literature. Therefore, this current study
aims to examine different subclasses of harmonic p-valent functions in connection
with Pascal Distribution Series. For recent research on analytic functions related to
probability distributions, readers can consult references such as [7] and [9], among
others.

Let X be a non-negative discrete random variable, with a Pascal Probability Gen-
erating Function given as

k+p+o—1

P(%zk—kp)z( 5.1

>Mﬂu—ﬁﬁ ke€0,1,2,3, ...
Let Pg (z) be a Power Series whose coefficients are generation from the function
above, such that

oo

k 0—2
Pi(z)=2"+)_ < +§+1 >9k+p1(1 —0)02FP (§>1,0<0<1,z€E)
k=1
(1.5)

It therefore follows that for any §,0 > 1 and 0 < 0,¢ < 1, we can introduce the
operator

P;’;(f)(z) = Pg(z) * hy(2) +W = Hy(Z) + Gp(2)
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where
— (k §—2
Hy(z) = 2P — Z ( +§—_F ) >0k+p1(1 — 0)0ay 2P (1.6)
k=1
> (k4+p+to—2 _ -
Gp(z) = by p+z< L )¢k+p L1 — ¢)7bpy 2P, (1.7)
k=1
2. LEMMAS
Lemma 1. (See [4]) If f, € KH°, with b, = 0, then
k+p+1 k+p—1
anepl € TS5 oyl < T

Lemma 2. (see [6]) Let f, = hy+g,. If for some ¢ : 0 < ¢ <1 and the inequality

s k+p+6—2 _
S +p=0 (" TE T )0 - 6l

k=1

o0 k _
3 k+p+c( trre 2>¢k+p—1<1—¢>f’|bk+ps<1—<>ep—1
k=1

holds, then f, is harmonic, sense-preserving, p-valent in E and f, € H*(().

Lemma 3. (see [2],[6]) Let T"(n = 1,2) consist of functions f, = hy+9, € H and

hp(2) = 2= langplz®;  g(2) = (=)™ D [brpl 2, [bp] < 1.
k=1 k=0

Suppose that TH*(¢) = H*(()NT? and TKH(¢) = KH({)NT", then f, € TH*(C)
provided Lemma 2.2 is satisfied. Also, if f, € TH*((), then

p—C
_PTS k>
‘%ﬂﬁ_k+p ¢ -
p—C
b C k>0.
‘Hp’_k—kp—i-C =

Lemma 4. (see [2],[6]) Let f, = hy+3g,. If for some ¢ : 0 < ¢ <1 and the inequality

> 0 —
S+ n)4p =0 TEE T 0
k=1

+Z<k+p><k+p+c>(

k=1

k+p+o—-2

DT 0 sl < (- o
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holds, then f, is harmonic, sense-preserving, p-valent in E and f, € KH({). In
fact, f, € TKH(C) (where fp,hy and g, are defined as in Lemma 2.3) provided
Lemma 2.4 is satisfied. Also, if f, € TKH((), then

p—¢
a <  k>1
N [ CETS
pP—¢
;o k>0.
k+p)(k+p+C)
Lemma 5. (see (2], [6]) If f, = hy,+ 7, € H*°, with b, = 0, then

|bk+P| < (

2k+p) +1)(k+p+1)

Qk+p)-Dk+p-1)
c ; :

6

|ak+p| < ‘bk+p| <

3. RESuULTS

Theorem 3.1. Let §,0 > 1 and 0 < 0,¢ < 1. Let f = hy + g, € ©. If the
inequalities

Z |agp| + Z |brtp| <1 (3.1)
k=1 k=0
and
B B _ - oor o
1— 1— dpnp—1 1— o 1 > P 1 1 9
PL=[bpl) + (1=0)07 (L= @) g7 207 4 ¢ b m o+ s (32)
holds. Then

67
P9 (f,) € H*.

Proof. To be in H*, it must be p-valent and sense-preserving, So, it suffices to show
that |H,(2)| > |G}, (2)]| since Pi’;(fp) =H,+G)

Hy(z)=2» =3 (k +p+o— 2) P11 — 0)ay 4, 2P

0—1
k=1
I k+p+d—2 B _
Hz’o(z):pzpl—;(km( S L R

Also,

> (k+pto—2 _ Y
Gp(Z) — prp + Z < i_ . >¢k+ﬁ 1(1 - ¢) bk+pzk+p
k=1
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_ > k+p+o—2 _ o _
Gy (2) = pbp# ' + Z(kzﬂa)( b )WP Y1 = ) bpyp2t P!
k=1

So, since z € E (i.e. |2F] <1 Vk), using 3.1,

o

el =p- Yt ("o oy
k=1

- k -2
Gyl =l + 3+ (TP T ke gy
k=1

We now compute the sense-preserving property

o0

L A E IR SRS (A A,
k=1

o k o
ol = o) (I TR g g
k=1

> k §—2
p(1 - b,)) Zk+p—1+1<+§jl >9k+p—1<1_9>5
k=1

~S (k+p- 1+1>(k“’+"_2><z>’f+p-1<1 —g)°
k=1

oc—1

o0

SRR SR T (RS U

k=1 1
oy (FTRETT g
k=1

Clearly,

(k+p_1)<k+p+5—2> :6<k+p+6—2>

0—1 1)
k — _
(k+p—1)< trEo 2>:a<k+p+o 2>
oc—1 o
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Thus,

H ] = Gy > 1~ o) — 001 -0 S (F 77707 )grer2

k=1 0

—1-0°y <k+§i“15_2>6k+p—1

k=1
ST (A e

k=1

— (k —2
_(1_¢)az< +§ti >¢k+p—1

k=1

()] — 1G] > p(1— b)) — 601 — ) 3 (’“ Trto- 1)ek+P—1

) — )
- —9)5;:0 <k+§ff_2>9k+fﬂ-l
+(1 —9)‘5<p§i2>9”‘1 +(1 —¢)”<pii12><zf‘l
—aot—or Y (FHPET T g
=
NS (AN
= (1 o) = 00— 0 s = (-0
+ (1= 0)°0"" 4+ (1= ¢)7¢" " — 0(1 - ¢>"(1f1;;,+0
o
=01~ ) = g — O+ =0 (1= o
_ (1"_¢;)p >0 (by 3.2)

Thus, we have confirmed Pg g is indeed sense-preserving.
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Indeed, Pg ;( fp) is p-valent in E. By 3.1, we have that

RHO)) - 16O > =Sk 4m(*TH T )or i gy
k=1
—plbpl =Y (k+p) <k +§fi - 2) S (1= g)”
k=1

Using 3.2, we see that the inequality above is non-negative. Thus

0,0 ) — d,0 z
9f{(P@’(z)(fp)( 2) = By (p)( 1)) >/(%(’HII)(Z’(7§))|)—|G;(z(t))‘)dt >0

22 — 21

Now, to show that Pg’g(fp) € SH*, we verify that 1)1 < p, where

> k+p+d—2 _
v =3 (TR TR ) 0wl + i
k=1
= k+p+0—2\ 1ip Y
D k) (T T )T = 0) bk
k=1
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Since |ag4p| < 1, |bpgp| <1, ¥n > 1, Using 3.1 and 3.2,

= [k §—1
¢1:p|bp|+59(1—.9)52< tp >9k+P—1

. P )
-0y (Mg
(e ()
Fool—or (“pj“ - l)qb’”p—l
o
Fa- as)U:oO (PR
— plby| +S0(1 — 9)5(132;)% - 9)5(19i—;)6
—(1-0)°0"" — (1 - ¢)7¢" " +0¢(1 - ¢>”(1fp¢;+g
s
g e s
<p

Thus, Py7(f,) € H*.

It will be interesting to note that for specific values of p, 8 and ¢, the following
corollaries can be deduced.

Corollary 3.2. Let 6 > 1,0 >1and0<60 <1,0<¢ <1. Let f, = hp +g, € 2.
If p =1 and the inequalities

o o
D lagnl+ > lbra <1
k=1 k=0

and 50
L9

1_|b1|+(1—9)5+(1—¢)"22+(1_9) 1-¢)

holds. Then
Py (fr) € H*.
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Corollary 3.3. Let 0 > 1 and 0 < ¢ < 1. Let f, = hy +7g, € Q. Ifd =1,0 =
0,p =1 and the inequalities

o o0
D lakpal + ) lbral <1
k=1 k=0

and

oo

2—‘[71“"(1—(]5)0224‘@

holds. Then
Py (f1) € H*.

Corollary 3.4. Let fy =hy,+7g, € Q. Ifo=1,0=10=10,90 =0,p =1 and the

inequalities
o [o@)
Z lag+1] + Z lbet1] <1
k=1 k=0
and
3— ‘bl‘ >2
holds. Then

Pyy(f1) € H*.

Theorem 3.5. Let 0 < (< 1,0,0 >1and0<80,¢p < 1. If the inequality

5(5+ 1)L (4—Q)56P  o(o+ 1Pt (24 )ogP
R R () T () N (T
R (i N T

holds. Then 5
PYS(KHY) € HYO(Q).

Proof. If f, € KHY, then it suffices to show that Pg’;(KHO) C H*Y(¢). In essence,
we must show that ¢p < (1 — ¢)#P~!, where

- k+p+0—2 _
b= Y- ("I T -
k=1

c—1

3 (k+p+0Q) (’“ tpto- 2) S = 8)7 bl
k=1
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Using Lemma 2.1,

o0

Yo < ;[Z(k: +p =)k +p+ 1)<k+§ff_2>9k+p‘l(l -0y
k=1

+Z<k+p+o<k+p—1)(’”“"_2)&”1<1—¢>(’}

o—1
k=1

e}

— 3|l D+ p -2+ (- Q- )
k=1
+2(1 - )] <k+§ff2>9k+p1(1 —0)°

[e. 9]

# Yl 4p= -2+ @40k p- D) (TTEET T )b ]
k=

1
1 o)
T2

(k+p—1)(k+p—2)<k+§ff 2>9k+p 16y

=1

(4— Ok +p— 1>(“p+‘5‘ 2)0’“?—1(1 o)

Mgw

+ 51

2(1_C)<k+p+5—2>0k+p1(1_0)5

e
Il
—

NE

+ 51

>
Il
—_

k+p+o—-2
oc—1

WE

Sk p - D +p2>( >¢k+p_1(1¢)g

b
Il

1

¢

+ oc—1

2+Qk+p— 1)<k+p+a N 2>¢’“+”‘1(1 — ¢)"}

??‘
,_.

RS k+p+0—=2\ jip1/y oy
2255“( 541 >9 (1—0)

+Z4 §5<k+p+5 2>9’“+p Y1 —6)

G k §—2
+221— <+p+ )9’f+p 1

(e 9]

—0)°
+ZJ (c+1) <k+p+0 ¢k+p_1(1—¢)0
k=1

oc+1

+Z2+<U k+p+0 >¢k+p1(1_¢)o:|
k=1
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g < ;[5((5 +1)6%(1 - 0)° i <k +p+ 5>0k}+p—1

N\ 641

> [k §—1
+(4—§)59(1—9)52( +p; >9k+P1

k=0

+20-001-0PY (’“ +§ff‘ 2>9k+p—1
k=1

+o(0+1)¢*(1— ¢)° Z (k —;f_t U) ph Pt
k=0

F @+ Qo(— 9P Y (’“ trros 1) ¢k+p—1}

k=0
gr—1
+(4-¢)00(1 — 9)6m

d)p—l

or—1
(1= gypro+t
5 07!
1-0)
P G P
@+ Qoo(1 - 9)7 g —20-00 9)< 51 )9 }
_ 1[8(6+ 1ot (4 - ¢)ae”
[ (1 —@)rtt + (1—-06)

= % [5(5 +1)6%(1 - 6)°

+2(1-¢)(1-0) +o(o+1)¢°(1—¢)°

+2(1— ()P

2

oo+ 1Pt (2+)og? s(P+0—2\,,1

A e T e ‘2“‘0“_9)( 51 )‘)p ]
Using 3.3,

N (O LR (R

—2(1-0)(1 - 9)6 (p j;f; 2) Hp_l]

— 520 -

So, 1 < (1—¢)0P~! and Py (KHO) ¢ H*(C).
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Theorem 3.6. Let 0 < (< 1,d8,0>1and0<0,¢ < 1. If the inequality

26(5 +1)(6 +2)0P+2 (15 —20)8(6 + 1)L (24 — 9¢)60P

(1— 0P+ (1— 0yt (1-0)
20(0 +1) (0 + 2)¢P*? L (0+200(0 + Pt (64 3¢)a¢P
(1—gpt2 (1— gt (1— o)
<6(1-¢)(1-0)° <p ;f[ 2) ot (34)

holds. Then 5
Pya(SH*Y(¢)) € H*°(C).

Proof. Again, it suffices to show that Pg:;(H*’O(C)) C H*Y(¢), by showing that
g < (1 —¢)6P~1 where

> k §—
wr= Y= (M T
k=1
> k -2
I D TR (R T (R
k=1
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Using Lemma 2.5,

o)

v g[S 0k D+ p - (FTETT T ekt
k=1

3@k 4 p) — Dk p— 1)k 4p+ ) (’”“" - 2)¢k+p-1<1 _ w}

oc—1
k=1

:é[iQ(Hp— 1)(k+p—2)(k+p—3)<k+§ff‘2)ek+p—1(1 _ gy
k=1

+ i(m —20)(k+p—1)(k+p—2) <k +§J_r f B 2>9k+p—1(1 —0)°
k=1

3 @4— 90k +p—1) <k o f - 2>9k+p1(1 gy
k=1

+3 601 - g)(“?f‘f - 2)9k+p—1(1 _g)
k=1

kE+p+o—2
c—1

+§:2(k+p—1)(k+p—2)(k+p—3)<
k=1

><z>’f+“<1 gy

+) O+ 20)(k+p—1)(k+p—2)

00 <k+p+0—2>¢k+p_1(1_¢)0

oc—1

ol
—_

+5 6+ 30) (k+p - 1)(’”“" - 2)&”1(1 - ¢>°’]

o—1
k=1

111



M. Arikewuyo and J. Hamzat — Findings on harmonic p-valent functions ...

HZ% 6+ 1)(6+2) <k+p+5 - 2)9’”?—1(1 —9)°

ot §+2
E+p+0=2\ ip 1,1 a6
+Z(15 2()5(5+1)< i1 >9 (1-6)

+Z (24 — 9¢) <k+p+5 >9k+P—1(1—9)5
+Z6(1—<)<k+§ff 2)9’”? Y1 -0y
k=1

£ 20(0 + 1)(o +2) (k o 2)&*?—1(1 —g)°

P o+ 2
+3°(9+20)0(o + 1) (k +§i‘i - 2) P11 — gy
k=1

+ i(6 + 3C)a<k tp j 7= 2) GFHP1(1 — ¢)“}

20(8 + )(5+2)03(1—0)5i< 549

k:O

cm»—n
| —

k+p+5+1>9k+p_1

+ (15— 20)8(5 + 1)6%(1 — 6)° Z (k z;i;r 5) grtp-1
k=0

+ (24— 90)50(1 — 6)° ) <k tp g o= 1) grtr-1

k=0

+6(1—)(1—-0)°> <k+§+f_ 2>9k+p1

k=1
1
+ 20(0 +1)(0 +2)¢>(1 — ¢)° <k—|—p+a+ >¢k+p—1
o+2
k
+(9+2¢)a(0 +1)p*(1 < Jrp+0>¢kﬂol
— o+1

+ (6 +3Q)oop(1 — ¢)7 Z:: (k TP ;F >¢k+p—1}
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p—1

Py < 25(5 +1)(6 +2)03(1 — 9)5(1—99)p+5+2
p—1

+ (15— 20)5(5 + 1)0%(1 — 9)5(1_09)p+5+1

p—1 5 ep—l
+ (24 — 9¢)66(1 — 6)° o <+ 6(1—¢)(1—0) 9P

1

+ 20(0 +1)(0 +2)p3(1 — ¢)° ((bpw
1

+ (94 20)o(0 +1)¢*(1 — ¢)0(1—i)1"+"+1

L i
04300000 - 0" P~ o= - 0 (P50 T e

(1o
L1206+ 1)+ 20042 (15~ 2305(6 + )07 (24~ 900"
S5l - Ty oy
e 20(c 4+ 1) (o 4+ 2)¢P*2 (94 20)o (0 + 1)¢P T
+ 6(1 - C)H 1 + (1 — ¢)p+2 (1 — ¢)p+1
(6 +30)00" o2y,
# CE a0 ("3 e
Using 3.4,
vz glo- -0 ("1 T e v - oo
—o-oa-op (P )
= 160 - )

So, 12 < (1= Q)0 and Fyg (H*°(¢)) € H(C).

Theorem 3.7. Let 0 < (< 1,6,0 > 1 and 0<0,¢ < 1. If the inequality

(P el + - 00 <w-ofa—op ("0 e

o (P70

holds. Then 5
PIS(TH*(C) € TH*(C).
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Proof. Tt suffices to show that Pe S(TH*(() € TH*(¢). In essence, we must show
that 13 < (p — ¢)#P~!, where

o

ta=3 4= 0 (") 0oy

=
1
] i) [
Since f, € TH*(C), then

—¢

p
| p| < Frp—_c k>1 and |bgip| <

. k -2
# (" TEETT ok oo
k=1

p—C
“k+p+ ¢’

:(p—()[(l_g)éz<k+§—|_—(15—2)9k+p1_(1_6)6<pj;fg2)9p1

k=0

oy (PRI Ry (M)

g
k=0

AR] Gi [*

p— _ -1
~w-ofu-0 - a-or (P e a2

e (it L FRTRSS] o [ 7
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w200t = - 0u-0f ("o - gt

+o0—

o G R VRS G [

—-0r =00t 40+ 0(" 7] )|b|¢p1
=00 (") e (M7

o—1

Using 3.5,
-0+ =00+ o+ ("7l
s(P+0—=2\ 1 o(P+o =2\ p1
~w-ofa-ep (MLt a-er (V1T
=(p—¢)or!
So, s < (p— 0P and PES(TH*() C TH*(().
Theorem 3.8. Let0< (< 1,6,0>1and0<0,¢ < 1. If the inequality

S(6+1)(6+2)P2  (T—C)6(6+ )Pt (10 —4¢)660P  o(o + 1)(0 + 2)@pPT2

(1 —g)rt2 (1 — )+t (1—0) (1— ¢)p+2
5 o(o+ 1)ppt! 4 —20)oP o6—2\ . _
n +8_<¢;+1>¢>P L - _C;)pqi) <21- 00 _9)5(19;_ 1 >9p |
(3.6)
holds. Then

PyS(KH®) C KH°(Q).

Proof. Tt suffices to show that Pg Y(KH®) ¢ KH°(¢). In essence, we must show
that ¢4 < (1 — )67~ where

[e.9]

k o —
¢4:Z(k+p)(k+p—4)< e 2>ek+p—1<1_9>5|ak+p|
k=1
o0 k o
1 SRRl (an A LA R O
k=1
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Since f, € KHY, then

k+p+1
2 )

k+p—1

and |bgp| < B

|ak+p| <

o0

) S A o] G L (R
k=1

S+ +p+ 0TI s o]

k=1
_ ;[i(k—i—p— 1)(k+p—2)(k+p—3)<k+§ff_2>9k+p1(1 _g)
+§:(7—C)(k+p— 1) (k +p—2)<k+§ff_2>e’“+p‘1(1 —0)°
k=1

+) (10— 4¢)(k +p — 1)(k +§J_r f B 2)9k+p1(1 —0)°
k=1

+22(1 C)<k+§j(j—2>0k+p—l(1 79)6
k=1

Y- Dl +p =24 p=3) (T gt g
k=1

+ G+ O +p -0 4p-2) (I gt gy
k=1

o0

=3 =2k +p - 1)("’ o 2)¢’“+P-1<1 - M
k=1

oc—1
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<L F+p+3—-2\ iin1sn s
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4. CONCLUSION

In this study, several findings based on various subclasses of harmonic p-valent func-
tions associated with Pascal Distribution Series are provided. Further, by utilizing
the power series representation of the coefficients of the Pascal probability generat-
ing function, as well as the formation of the needed variable terms for this research,
the aim of investigating the various subclasses of the harmonic p-valent functions
through the Pascal generating function was achieved, with the results generated
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showcasing conformity with the given premises and lemmas, thereby remaining con-
sistent to all assumptions made during the research.
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