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SOME RESULTS ON KENMOTSU MANIFOLDS ADMITTING
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ABSTRACT. Four semi-symmetric classes are discussed in the present study and
we show that a Kenmotsu manifold admitting semi-symmetric metric connection
belonging the class C3 is Einstein, whereas such a manifold belonging to each of the
class C1, Co and C} is n-Einstein. Also we consider Ricci solitons in Kenmotsu man-
ifolds and prove condition for soliton vector field to be orthogonal to characteristic
vector field.
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1. INTRODUCTION

In 2014 Shaikh and Kundu [17] established the equivalency of various geometric
structures. They claimed the followings:

Class Name Equivalent Classes
C R-R=0,R-P=0,R-E=0,R-P"=0,R- M=0,R-W;=0,R-W; =0
Cs E-R=0,F-P=0,E-FE=0,E-P"=0,E-M=0E-W;,=0,E-W=0
Cs R-K=0,R-C=0
Cy E-C=0,E-K=0
Cs R=0,E=0,P=0, PP=0, M=0,W,=0,W =0

where the symbols R, C, E, P, K, M and W; stand for Riemman curvature
tensor, conformal curvature tensor [7], concircular curvature tensor [19], projective
curvature tensor [19], conharmonic curvature tensor [9], M-projective curvature ten-
sor [13], Wj-curvature tensor ([13], [14], [15]) and W;-curvature tensor, i = 1,2, ...,9.

Hayden [8] introduced the idea of semi-symmetric metric connections on a differ-
ential manifold and Yano [20] gave a systematic study of the semi-symmetric metric
connection on a Riemannian manifold. Also semi-symmetric metric connection on
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contact manifolds have been studied by Baishya and Chowdhury ([1], [2]), Prasad
et al. [16], Murthy et al. [11], Yadav et al. [18], Nagaraja and Premalatha [12] and
many others. In this paper, we study Kenmotsu manifolds admitting semi-symmetric
metric connection belonging to different semi-symmetric classes. Recently Bakshi
et. al in ([3], [4]) studied various semi-symmetric classes on (LC'S),-manifolds and
a-cosymplectic manifolds respectively.

Definition 1. A Kenmotsu manifold (M™,g) is said to be n-Einstein manifold if
its Ricci tensor S follows the condition

S(X,Y) =z9(X,Y) +yn(X)n(Y)

for any smooth function x,y and vector fields X, Y on M"™. Fory =0 an n-Finstein
manifold reduces to Einstein manifold.

The present paper is structured as follows. In section-2, we briefly recall some
known results for Kenmotsu manifolds. Then, we study Kenmotsu manifolds admit-
ting semi-symmetric metric connection belonging to the class C; (i = 1,2,3,4,5) and
we prove that a Kenmotsu manifold belonging the class Cj is Einstein, whereas such
a manifold belonging to each of the class C1, C4 and Cy is n-Einstein. In section
4, we consider Kenmotsu metric admitting semi symmetric connection as a Ricci
soliton with soliton vector field as characteristic vector field.

2. KENMOTSU MANIFOLDS

Let M™ be a differential manifold of dimension n = (2m+1). Now the structure (¢,
&, n) where ¢ is a tensor field of type (1,1), £ a characteristic or Reeb vector field
and 7 is an 1-form satisfying the following conditions

¢*=—-IT+n®E, (1)

-1
¢ =0, no¢=0, ranky =
is said to be an almost contact structure. In general, a differentiable manifold
M™ together with the almost contact structure (¢, &, n) is called an almost contact
manifold (see Blair [6]) and it is denoted by (M™, ¢, &, n). Moreover, if ¢ is a
Riemannian metric on M™ satisfying

9(0X,9Y) = g(X,Y) = n(X)n(Y), (4)
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9(X, &) = n(X), (5)
9(X,Y) = —g(X,9Y),

for any vector fields X, Y on M", then the manifold M" is said to admit an almost
contact metric structure (¢, &, 1, g) and the manifold is called an almost contact
metric manifold denoted by (M", ¢, &, 1, g). The fundamental 2-form ® associate
with the almost contact metric structure is defined by ®(X,Y) = g(X, ¢Y). The
structure is normal if the tensor field N = [¢, ¢] + 2dn ® & vanishes, where [¢, @] is
the Nijenhuis torsion of ¢. An almost contact metric manifold (M™, ¢, &, n, g) is
said to be almost Kenmotsu manifold [10] if dn = 0, d® = 2n A ®. A normal almost
Kenmotsu manifold is a Kenmotsu manifold and the normality condition is given by
(Vxo)Y = g(¢X,Y)E —n(Y)oX, for any vector fields X, Y on M™. In a Kenmotsu
manifold, for any vector fields X, Y, Z on M™, the following relations hold

Vx€ = X —n(X)E, (6)
(Vxn)Y = g(X,Y) = n(X)n(Y), (7)

S(X,€) = —(n — Dn(X), (8)
N(R(X,Y)Z) = g(X. Zn(Y) — g(¥. Z)n(X), (9)
R(X,Y)¢ = n(X)Y —n(Y)X, (10)
(V2R)(X.Y)¢ = g(X, Z)Y — g(Y, Z)X — R(X,Y)Z. (11)

A linear connection V* of (M™, g) is said to be semi-symmetric metric connection if
the the torsion tensor T of the connection V* admits

°(X,Y) =n(Y)X —n(X)Y,
and
Vig=0.

The relation between the semi-symmetric metric connection V* and the Levi-
Civita connection V of (M", g) has been obtained by K.Yano [20], which is given
by

VY = VxY +n(Y)X — g(X,Y)E (12)
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If R and R® are the curvature tensors of the Levi-Civita connection V and the
semi-symmetric metric connection V? respectively, then we have

R'(X,Y)Z = R(X,Y)Z+3{g(X,2)Y —g(Y,2)X}
+20(Z){n(Y)X —n(X)Y}

+2{g(Y, Z)n(X) — g9(X, Z)n(Y)}¢, (13)

n(R(X,Y)Z) = 2{g(X,Z)n(Y) —g(Y, Z)n(X)}, (14)
S:(Y,Z) = S(Y.2) = (3n—5)g(Y,Z) +2(n - 2)n(Y)n(Z),  (15)
S*(Y,6) = —2(n—1)n(Y) (16)
= r—(3n%—Tn+4), (17)

where S° denotes the Ricci tensor w.r.t the semi symmetric metric connection.
The forms of Conformal [7], Conharmonic [9], Concircular [19] and Projective
curvature tensor are

CZV)X = R(ZV)X — ——[S(V.X)Z — o(X, 2)QV + ¢(V, X)QZ — S(X, Z)V]

n—2

_m[g()(, V)Z - g(X, Z)V],

(18)

K(Z, V)X = R(ZV)X - %[S(V,X)Z—g(X, 2)QV +g9(V, X)QZ — S(X, Z|19)

n(n—1)

P(X,Y,Z) = R(X,Y,Z)- 5[5(1@ 7)X - S(X, 2)Y).

E(ZV)X = R(Z V)X —

[g(Xv V)Z - g(Xv Z)V]

In view of (14), from (18), (19) and (20) one can easily bring out the following:
n(C*(X,Y)2))

_ . 3(n— 1)
= o Dm=2)  n-2 l9(X, Z)n(Y) = g(Y, Z)n(X)]
b IS, Z2)(Y) — SV, Z)n(X)], (22)

n(K*(X,Y)Z))

_3<:_—21> 9(X. Z)n(Y) — g(Y, Z)n(X)]
+n%2[5(x, Zy(Y) = S(Y, Z)n(X)), (23)
n(E*(X,Y)Z))
= (s +2) WX 2000) - (V. 20X (24
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3. KENMOTSU MANIFOLDS ADMITTING SEMI-SYMMETRIC METRIC CONNECTION

In this section we consider different semi-symmetric classes on Kenmotsu manifold
admitting a semi-symmetric metric connection and show that a Kenmotsu manifold
belonging the class C3 is Einstein, whereas such a manifold belonging to each of the
class C1, Co and Cy is n-Einstein.

3.1. Kenmotsu manifold admitting a semi-symmetric metric con-
nection belonging to the class (

We take a semi-symmetric structure from the semi-symmetric class Cp
(R*(X,Y) - R*)(Z,U)V =
Which yields

g(R*(&, V)R (Z,U)V,§) = g(R*(R*(§,Y) Z,U)V,§)
+9(R*(Z, R*(, Y)U)V, €) + g(R*(Z, U)R*(€, V)V, §).

Next taking an orthonormal frame field {ej, ea, €3, ...,en—1,€, = £} of the manifold
M™ and contrcting over Y and Z in the above equation, we get

Zg (& e) R (e, UV, €) = Y g(R¥(R (&, e)eq, U)V, )
=1

+Zg (R*(ei, R*(&, e)U)V, €) + Zg (ei U)R (& e)V,€).  (25)
Using (7) to (11), we obtain
Zg (R*(&, e) R (e5, UV, )

= (3n — 79U, V) =4(n = 3)n(U)n(V) = 25U, V),

> 9(RU(R (& e0)es, UV, 6)
=1
= 4(n—-1)[g(U, V) = nU)n(V)],

> 9(Re(es, RO (€, ) UV, €) = 4[—g(U, V) + n(U)n(V)],
=1
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Zg R*(e;, U)R®(€,€:)V, €) = 4(n — )n(U)n(V).
Now with the help of the above four equations, (25) yields

SU,V) = (n—=3)g(U,V) =2(n—2)nU)n(V)].
Thus, we state the following theorem;

Theorem 1. A Kenmotsu manifold admitting a semi-symmetric metric connection
belonging to the class Cy is always an n-Finstein manifold.

Observe that
(R(X,Y) - R°)(Z,U)V
= (R(X,Y) R)(Z,U)V +3{g(Z,V)R(X,Y)U — g(U,V)R(X,Y)Z}
+2n(V){n(U)R(X,Y)Z —n(Z)R(X,Y)U}
+F2R(X, Y)E{g(U, VIn(Z) — g(Z,V)n(U)}-
If we suppose R- R®* =0, then R- R = 0 if and only if
0 = 3H9(Z,V)RX,Y)U —g(UV)R(X,Y)Z}

+2n(V){n(U)R(X,Y)Z = n(Z)R(X,Y)U}
+2R(X,Y)E{g(U, V)n(Z) — 9(Z,V)n(U)}-

From which we get

RX,Y)Z = n(Z){n(X)Y —n(Y)X},
S, 2) = —(n=1n)n(2).
Substituting these in (21), we get P(X,Y)Z = 0. Thus we can state the following

Theorem 2. A Kenmotsu manifold M™ with R- R®* =0 possesses R- R =0 if and
if M belongs to the class Cs.

3.2. Kenmotsu manifold admitting a semi-symmetric metric con-
nection belonging to the class (5

We consider a semi-symmetric structure from the semi-symmetric class Co

(E*(X,Y) R*)(Z,U)V =
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Which gives
g(E*(§,Y)R*(Z,U)V,§) = g(R*(E*(§,Y)Z,U)V,¢)
+9(R*(Z, E*(&, Y)U)V, €) + g(R*(Z,U)E*(£,Y)V,€).

Next taking an orthonormal frame field of the manifold M™ and contrcting over Y
and Z in the above equation, we get

ZgES (& )R (e, UYV,€) = > g(R*(E(€, e1)es, UV, €)

=1

Jrzg Rs 61, 5,61 V& +Zg 617 gvez)v 5) (26)

Using (7) to (11) and (24) we obtain
Z g(Es(fa ei)RS(eia U)Vvv é)
1

[n(n -1)

+2][Bn = T)g(U,V) = 2(n = 3)n(U)n(V) = S(U, V)],

n

D 9B (B (€, ei)es, UV, €)

=1

= 201 1)

o p— +2][g(U, V) = n(U)n(V)],

Zg (R (ei, E* (&, &)UV, €)

+2|[g(U, V) = n(U)n(V)],
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Now in mind of the above four equations, (26) yields

0= 3)g(U,V) = 2(n = DUV = 0.

Thus, we state the following theorem;

Theorem 3. A Kenmotsu manifold admitting a semi-symmetric metric connec-
tion belonging to the semi-symmetric class Co is either an n-Finstein manifold or
the manifold is of constant scalar curvature with respect to semi-symmetric metric
connection.

3.3. Kenmotsu manifold admitting a semi-symmetric metric con-
nection belonging to the class (s

We consider a semi-symmetric structure from the semi-symmetric class Cy
(R*(X,Y)-K*%)(Z,U)V =0,
which implies
GRE YK (Z,0)V,€) = g(K*(R*(&,Y) Z,U)V,€)
+9(K°(Z, R*(§, Y)U)V, §) + g(K*(Z,U)R*(§, V)V, £).

Next taking an orthonormal frame field of the manifold M™ and contrcting over Y
and Z in the above equation, we get

Zg (& e) K5 (en, UV, 8) = > g(K*(R*(€, e0)es, UV, €)

=1

+Zg (K5 (ei, RY(E, e)U)V,€) + Y g(K*(ei, UYRS(E, e)V,€). (27)

i=1

Using (7)-(11) and (23) we have

ngS(g, e)) K*(es, U)V, €)

S = vy — g v + e

n—2 u.v)
[SWU, V) + (n—n(U)n(V)],

2
n—2
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ZQ(KS(RS(& ei)ei, U)V,§)

=1
n— 2
o=y wm(v) — w1, v)
2(;1__21) [S(U, V) +(n— 1)7](U)77<V)]7

D g(K*(es, B (&, )U)V,€)

=1
= = D wnv) - o0, v)
~ 2 IS V) + (0= D)V,
n n—1)2
3 o (e )R (€ Vo) = S D ayn(v),
=1

Now in mind of the above four equations, (27) yields

7S 4+ 3(n —1)?

SU,V) = [ e D)

] g(U, V).

Thus, we state the following theorem;

Theorem 4. A Kenmotsu manifold admitting a semi-symmetric metric connection
belonging to the semi-symmetric class Cs is always an Einstein manifold.

3.4. Kenmotsu manifolds admitting a semi-symmetric metric con-
nection belonging to the class ()

We consider a semi-symmetric structure from the semi-symmetric class Cy
(E°(X,Y)-K%)(Z,U)V =0,
which implies

g(E*(§,Y)K*(Z,U)V,§) = g(K*(E*(&,Y)Z,U)V,§)
+9(K*(Z, E*(§, Y)U)V,€) + g(K*(Z,U)E*(&, )V, §).
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Next taking an orthonormal frame field of the manifold M™ and contrcting over Y
and Z in the above equation, we get

Zg (& e) Ko (e, U)WV, 6) = > g(K*(B(&, ei)es, UV, €)

i=1

+ Zg(Kﬁ(ei, B, e)U)V,8) + > g(K (e, U)E* (&, e)V,€).  (28)

i=1 i=1

Using (7)-(11) and (23), (24) we have

Zg (E*(&, ) K*(e;, U)V,€)

rs 3(n—1) rs

= { 22 @) - 9@, V) +

n(n —1) mg([]’ V)
L ASWV) + (= Dn@n(V))],
D g (E (€ ei)es, UV, €)
=1
n—1)2 rs
- A+ @) - o0,V
O gy + IS + (= @)V

Zg (K*(ei, B°(&, e)U)V,€)

- _3(7?—_21) {n(nrs_ nt 2} n(U)n(V) — g(U, V)]
1 s

-— Q{n(n 5 2HS(U, V) + (n— Ln(U)n(V)],

n

g(K%(es, U)E* (&, €:)V,§)
=1

B 3(n —1)? e
_ [_ g = )| e 2k,
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Now taking the above four equations in mind (28) yields

+om =3+ =Dy

Thus, we state the following theorem;

Theorem 5. A Kenmotsu manifold admitting a semi-symmetric metric connection
belonging to the class Cy is either an n-Einstein manifold or the manifold is of
constant scalar curvature with respect to semi-symmetric metric connection.

4. KENMOTSU METRIC ADMITTING SEMI-SYMMETRIC METRIC CONNECTION AS A
Ri1cc1 sOLITONS

A Ricci soliton is a natural generalization of an Einstein metric and is defined on a
Riemannian manifold(M, g) by:

(Lyg)(X,Y) 4+ 25(X,Y) + 2)g(X,Y) =0, (29)

where V is a vector field on M, g and S denote the metric tensor and its Ricci
tensor respectively, Ly denotes the Lie-derivative operator along V' , and X is a real
constant. The Ricci soliton is said to be shrinking, steady, and expanding according
as A is negative, zero, and positive respectively. A more general notion of this is a
n-Ricci soliton defined on an almost contact metric manifold (M, ¢,&,n, g) by [5]

(Lvg)(X,Y) +25(X,Y) 4+ 2Ag(X, Y) + 2un(X)n(Y), (30)

where p is a real constant.

Let (M, ¢,&,1n,9) be a Kenmotsu manifold admitting semi symmetric metric con-
nection V4. Suppose (M, g, \*) is a Ricci soliton with respect to the semi symmetric
metric connection V* with £ as soliton vector field. Then from (12), we have

V% =Vx{+ X —n(X)E,
and
(ng)(X,Y) +25%(X,Y) +2\°g(X,Y)
= g(Vx&Y) +9(X, Vi&) +2{S(X,Y) — (3n —5)g(X,Y)
F2(n - 2m(X)n(Y)} + 229X, V),
= (Leg)(X,Y)+25(X,Y) +2{\* = 3n+6}g(X,Y) +2(2n — 5)n(X)n(Y).

Thus we state the following:
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Theorem 6. If (M, g, \°) is a Ricci soliton with respect to the semi symmetric
metric connection V¥, then (g,&,\, ) with A = {\* =3n+6}, p = (2n —5) is a
n-Ricci soliton with respect to Levi-Clivita connection V.

Suppose (M, g,V,\) and (M, g, V,\*) are Ricci solitons with respect to V and
V? respectively. Then from (30), we have

(Ly*g)(X,Y) 4+ 25%(X,Y) + 2X°g(X,Y)
= (Lyg)(X,Y) +25(X,Y) + 2)\°g(X,Y)
—{g(X,Vn(Y) +g(Y, V)n(X)} + 29(X, Y)n(V).

If A =X +n(V), then
9(X,Vn(Y) + g(Y,V)n(X) =0,
which implies (V) =0 or V' L &, therefore A = A\°. This leads to the following:

Theorem 7. In a Kenmotsu manifold, if g is a Ricci soliton with respect to both V
and V?® with soliton constants A and \°, then A = \°, and V' L &.
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