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Abstract. In this paper, we provide a lower bound for the sum

N−1∑
i=1

N∑
j=i+1

ρiρjd
m(ui, uj) (1.1)

where (X, d) is a metric space, {ui}Ni=1 , m,N ∈ N with ρi ≥ 0 and
∑N

i=1 ρi = 1
Some applications in normed linear spaces are also given.
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1. Introduction and Preliminaries

Inequalities have been a subject of great interest in mathematical analysis, it plays
a crucial role in establishing relationships between mathematical expressions and
its integral to various theorems and proofs. In this section, we recall some basic
definitions and results in literature, see [6].

Definition 1. A metric space is defined as a pair (X, d), where X is a set and
d : X×X → R+ is a metric. This metric d satisfies the following properties for any
elements u, v, w in X:

• (d1): d(u, v) ≥ 0;

• (d2): d(u, v) = 0 if and only if u = v;

• (d3): d(u, v) = d(v, u) (symmetry);

• (d4): d(u,w) ≤ d(u, v) + d(v, w) (Triangle inequality).
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Definition 2. Let X be a linear space over a field K. A function ∥·, ·∥ defined by
∥·, ·∥ : X → [0,∞] is called a normed space if the following conditions are satisfied
for all u, v, w ∈ X:

• (N1) ∥x∥ ≥ 0;

• (N2)∥x∥ = 0 if and only if x = 0;

• (N3) ∥λx∥ = |λ|∥x∥, λ ∈ K;

• (N4) ∥x+ y∥ ≤ ∥x∥+ ∥y∥.

Dragomir and Gosa [1] established the inequality stated below in metric spaces.

Theorem 1. Let (X, d) be a metric space and ui ∈ X, ρi ≥ 0, i ∈ {1, ..., N} with∑N
i=1 ρi = 1. Then we have the inequality

N−1∑
i=1

N∑
j=i+1

ρiρjd(ui, uj) ≤ inf
u∈X

[
N∑
i=1

ρid(ui, u)

]
. (1.2)

The inequality is sharp in the sense that the multiplicative coefficient (say λ = 1)
in front of ’inf’ cannot be replaced by a smaller number. Dragomir [4] further
obtained the lower bound for the sum in (1.1) which is stated as follows:

Theorem 2. Let (X, d) be a metric space and m,N ∈ N, N ≥ 2,
ui ∈ X, ρi ≥ 0, i ∈ {1, ..., N} with

∑N
i=1 ρi = 1. Then we have the inequality(

2

1−
∑N

i=1 ρ
2
i

)m−1
N−1∑

i=1

N∑
j=i+1

ρiρjd(ui, uj)

m

≤
N−1∑
i=1

N∑
j=i+1

ρiρjd(ui, uj)
m. (1.3)

See [4] for proof. In [2] Hassan and Bessem obtained new inequalities in met-
ric spaces. Indeed, they proved the following for the upper bound of the sum∑N−1

i=1

∑N
j=i+1 ρiρjd

m(ui, uj).

Theorem 3. Let (X, d) be a metric space and m,N ∈ N, N ≥ 2, ui ∈ X,
ρi ≥ 0, i ∈ {1, ..., N} with

∑N
i=1 ρi = 1. Then we have the inequality

N−1∑
i=1

N∑
j=i+1

ρiρjd(ui, uj)
m

≤ 1

2
inf
u∈X

[
2

N∑
i=1

ρid(ui, u)
m +

m−1∑
k=1

(
m

k

)( N∑
i=1

ρid
k(u, ui)

)(
N∑
i=1

ρid
m−k(ui, u)

)]
.

(1.4)
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See [2] for proof and geometric interpretations. Motivated by the result of Hassan

and Bessem [2], it is natural to ask:
If the lower bound of the sum in (1.1) can be provided?
It is the purpose of this paper to give an affirmation to the natural question using
an elementary technique. Some applications of our results are provided.

2. Main Results

Theorem 4. Let (X, d) be a metric space and m,N ∈ N, N ≥ 2, ui ∈ X,
ρi ≥ 0, i ∈ {1, ..., N} with

∑N
i=1 ρi = 1. Then we have the inequality as follows

1

2

[
2

N∑
i=1

ρid(ui, u)
m +

m−1∑
k=1

(−1)k
(
m

k

)( N∑
i=1

ρid
k(u, ui)

)(
N∑
i=1

ρid
m−k(ui, u)

)]

≤
N−1∑
i=1

N∑
j=i+1

ρiρjd(ui, uj)
m (2.1)

for all u ∈ X.

Proof. By triangle inequality, it follows that;

d(ui, u)− d(u, uj) ≤ d(ui, uj).

Therefore,
[d(ui, u)− d(u, uj)]

m ≤ dm(ui, uj). (2.2)

By expanding the LHS of (2.2) using binomial expansion and taking the powerm ≥ 1
in (2.2) we have

dm(ui, uj) ≥ [d(ui, u)− d(u, uj)]
m =

m∑
k=0

(−1)k
(
m

k

)
dm−k(ui, u)d

k(u, uj) (*)

where (
m

k

)
=

m!

(m− k)!k!
.

Re-writing (*) to have;

dm(ui, uj) ≥
m∑
k=0

(−1)k
(
m

k

)
dm−k(ui, u)d

k(u, uj). (2.3)
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Multiplying (2.3) by ρiρj and summing over i and j from 1 to N, we get

∑
1≤i,j≤N

ρiρjd
m(ui, uj) ≥

∑
1≤i,j≤N

ρiρj

m∑
k=0

(−1)k
(
m

k

)
dm−k(ui, u)d

k(u, uj)

=

m∑
k=0

(−1)k
(
m

k

) ∑
1≤i,j≤N

ρiρjd
m−k(ui, u)d

k(u, uj)

=

m∑
k=0

(−1)k
(
m

k

) N∑
i=1

ρid
m−k(ui, u)

N∑
j=1

ρjd
k(u, uj). (2.4)

We now have that; ∑
1≤i,j≤N

ρiρjd
m(ui, uj)

≥
N∑
i=1

ρid
m(ui, u)

N∑
1=1

ρi+

[
m−1∑
k=1

(−1)k
(
m

k

)( N∑
i=1

ρid
m−k(ui, u)

)(
N∑
i=1

ρid
m−k(u, ui)

)]

= 2
N∑
i=1

ρid
m(ui, u) +

[
m−1∑
k=1

(−1)k
(
m

k

)( N∑
i=1

ρid
m−k(ui, u)

)(
N∑
i=1

ρid
m−k(u, ui)

)]
,

It is easy to see that

∑
1≤i,j≤N

ρiρjd
m(ui, uj) = 2

N−1∑
i=1

N∑
j=i+1

ρiρjd(ui, uj)
m (2.5)

So, (2.5) becomes

2

N−1∑
i=1

N∑
j=i+1

ρiρjd(ui, uj)
m

≥ 2
N∑
i=1

ρid
m(ui, u) +

[
m−1∑
k=1

(−1)k
(
m

k

)( N∑
i=1

ρid
m−k(ui, u)

)(
N∑
i=1

ρid
m−k(u, ui)

)]
.

That is,
N−1∑
i=1

N∑
j=i+1

ρiρjd(ui, uj)
m

≥ 1

2

[
2

N∑
i=1

ρid(ui, u)
m +

m−1∑
k=1

(−1)k
(
m

k

)( N∑
i=1

ρid
k(u, ui)

)(
N∑
i=1

ρid
m−k(ui, u)

)]
.

Hence the result in (2.1) is proved for all u ∈ X.
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Remark 1. Since u ∈ X we observe that

∑
1≤i,j≤N

ρiρjd(ui, u)d(uj , u) =
N∑
k=1

ρkd(uk, u)
2

i.e., (
N∑
i=1

ρid
k(u, ui)

)(
N∑
i=1

ρid
m−k(ui, u)

)
=

(
N∑
k=1

ρkd(uk, u)

)2m

(2.6)

Combining (2.4) and (2.6) to have

∑
1≤i,j≤N

ρiρjd
m(ui, uj) ≥

m∑
k=0

(−1)k
(
m

k

)( N∑
r=1

ρrd(ur, u)

)2m

.

This implies,

N−1∑
i=1

N∑
j=i+1

ρiρjd(ui, uj)
m ≥ 1

2

 m∑
k=0

(−1)k
(
m

k

)( N∑
r=1

ρrd(ur, u)

)2m


=
1

2

( N∑
r=1

ρrd(ur, u)

)2m

+
m−1∑
k=1

(−1)k
(
m

k

)( N∑
r=1

ρrd(ur, u)

)2m
 .

Thus,
N−1∑
i=1

N∑
j=i+1

ρiρjd(ui, uj)
m

≥ 1

2

( N∑
r=1

ρrd(ur, u)

)2m

+
m−1∑
k=1

(−1)k
(
m

k

)( N∑
r=1

ρrd(ur, u)

)2m


for i, j, r ∈ {1, ..., N}.

Corollary 5. Let (X, d) be a metric space, let m,N ∈ N, N ≥ 2 and
ui ∈ X, i ∈ {1, ..., N}. Then we have the following inequality

N−1∑
i=1

N∑
j=i+1

d(ui, uj)
m

≥ N
N∑
i=1

d(ui, u)
m +

1

2

[
m−1∑
k=1

(−1)k
(
m

k

)( N∑
i=1

dk(u, ui)

)(
N∑
i=1

dm−k(ui, u)

)]
. (2.7)
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Using (2.1) with ρi =
1
N , i ∈ {1, ..., N}, we deduce that,

N−1∑
i=1

N∑
j=i+1

1

N2
d(ui, uj)

m

≥
N∑
i=1

1

N
d(ui, u)

m +
1

2

[
m−1∑
k=1

(−1)k
(
m

k

)( N∑
i=1

1

N
dk(u, ui)

)
.

N∑
i=1

1

N
dm−k(ui, u)

]
.

Multiplying through by N2, we have

N−1∑
i=1

N∑
j=i+1

d(ui, uj)
m

≥ N
N∑
i=1

d(ui, u)
m +

1

2

[
m−1∑
k=1

(−1)k
(
m

k

)( N∑
i=1

dk(u, ui)

)(
N∑
i=1

dm−k(ui, u)

)]
.

for ui, u ∈ X, i ∈ {1, ..., N} and the inequality (2.7) is hence proved.

Corollary 6. Let (X, d) be a metric space, let m,N ∈ N, N ≥ 2 and ui ∈ X, i ∈
{1, ..., N}. Then,

N−1∑
i=1

N∑
j=i+1

d2(ui, uj) ≥ N
N∑
i=1

d2(ui, u)−

(
N∑
i=1

d(ui, u)

)2

. (2.8)

Proof. Taking m = 2 in (2.8) one can deduce that

N−1∑
i=1

N∑
j=i+1

d(ui, uj)
2 ≥ N

N∑
i=1

d2(ui, u)−
1

2

[
1(2).

N∑
i=1

d(u, ui).

N∑
i=1

d(ui, u)

]

= N

N∑
i=1

d2(ui, u)−

(
N∑
i=1

d(ui, u)

)2

for all u ∈ X and the inequality (2.7) is proved.

3. Applications

Theorem 7. Given that (X, ∥.∥) is a normed linear space and u ∈ X, m ∈ N,
N ≥ 2, ρi ≥ 0, i, j, r = {1, ..., N} with

∑N
i=1 ρi = 1, then by (2.6) we have

N−1∑
i=1

N∑
j=i+1

ρiρj∥ui, uj∥m
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≥ 1

2

 N∑
i=1

ρi∥ui, u∥2m +
m−1∑
k=1

(−1)k
(
m

k

)( N∑
r=1

ρr∥ur, u∥

)2m
 (2.9)

for all u ∈ X.

Theorem 8. Let (X, ∥.∥) be a normed linear space, let m,N ∈ N, N ≥ 2 with
{ui}Ni=1 ∈ X, then we have

N−1∑
i=1

N∑
j=i+1

∥ui, uj∥2 ≥ N

N∑
i=1

∥ui, u∥ −

(
N∑
i=1

∥ui, u∥

)2

(3.0)

for all u ∈ X.
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