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ON THE SEQUENTIAL HENSTOCK STIELTJES INTEGRABLE
FUNCTIONS IN N-NORMED SPACES

V.O. ILUEBE, A.A. MOGBADEMU

ABSTRACT. In this paper, we define the Sequential Henstock Stieltjes integrable
functions in n-normed space setting. Using this definition, we give some properties
of the Sequential Henstock Stieltjes Integral taking values an n-normed space. We
employ this to reformate the contractive definition in the context of n-normed spaces.
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1. INTRODUCTION

The concept of Henstock integral, established to remedy the deficiencies of the Rie-
mann integral was introduced independently in the mid-1950s by R. Henstock and
J. Kurzweil respectively. It is a useful generalisation of the Riemann integral and
powerful to handle nowhere-continuous functions, extreme oscillatory functions (see
[1-14]). While the standard definition of the Henstock integral uses the Riemann
sums and € — § definition, the Sequential Henstock integral which involves the use
of sequence of guage functions was introduced. Paxton[12] proved a theorem of a
specific definition for Topological Henstock integral which was refined and called the
Sequential Topological Henstock integral over a compact subspace. In the last one
decade, several studies for varieties of generalized Riemann-type integrals for certain
classes of functions have been considered by many researchers in order to improve
on the approach of integration, see for example,[1 and 10] and the references therein.

We denote R and N as set of real and natural numbers respectively and < as
much more smaller.

A gauge on [a, b] is a positive real-valued function ¢ : [a,b] — R*. This gauge is
o-fine if [ui_l, Ul] C [ti — 5(&), t; + 5(@)]

A sequence of tagged partition P, of [a,b] is a finite collection of ordered pairs
P, = {(U(Z;l)n uin),tin }ZZ"I where [ui_l,ui] € [a, b], U(i—1), <, <u, and a = ug <
Ujy < oo < Uy, = b.
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2. BAsSIC DEFINITIONS

We recall the following definitions (see [5-12]).

Definition 1. ([7,11]) Let X be a real vector space of dimension d, where n < d.
A mapping ||., ..., .|| : X™ — R which satisfies the following four conditions:

(nN1) |1, x2, ..., zn|| = 0 if and only if x1,xa, ..., x, are linearly dependent,

(nN2) ||x1,x2, ...,y is invariant under any permutation,

(nN3) ||laz1, 2, ..., zp|| = |al||z1, z2, ..., zy|| for every a € R,
(nNy) ||x + x1, o, .oy || < ||z, 22,y ooy Tn|| + |21, T2, -, 20| 1S called n-norm on X.
The pair (X, ||., ..., .||) for every x1,x9,...,x, € X is called n-normed spaces.

Example 1. ([13]) Let X = R™ with:

1, .- T1,
|x1, ..., zn||E = abs
Tpy . Tp,
where x; = (4, ..., T;,) € R™ for each i =1,2,...,n., Then the pair (R"™,|.,...,.||) is
n-normed space. A complete n-normed space is said to be n-Banach space[3].
Let (X, ||, ..., -||) be an n-normed space of dimension d > n > 2 and {u1, ug, ..., up }
be a linearly independent set in X, A function ||., ..., .]lcc on X"~ ! defined by

|21, ey Tne1lloo = max{||x1, ..., zn, ui|| }iey

is an (n — 1) norm on X with respect to {ui,ug, ..., up}.

A gauge on [a, b] is a positive real-valued function ¢ : [a,b] — RT. This gauge is J-fine
if [ui—1,u;] C [t; —O(t;), t; + d(t;)] while sequence of tagged partition P, of [a,b] is a
finite collection of ordered pairs P, = {((i—1), i, ) ti, }imy Where [v;_1, 2] € [a,b],
z@-), <ti, <, and a = xg < xj; <,..., < Tpy,, = b.

The following basic definitions of the Henstock Stieltjes integrable functions defined
on a closed interval [a,b] C R were studied in [14], [16] and [20]. Also, interested
readers can consult [19] for detailed theory on Sequential approach to Henstock
integral.
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Definition 2. ([15]) A function f : [a,b] — R is Henstock integrable to A in [a,b] if
there exists a number A € R such that for any € > 0 there exists a function 5( ) >0
on [a,b] such that for every 6(z) — fine partitions P = {(uj—1,u;),t;}1¢ of [a,b],
we have

IS(f,P) — A| <e.
where S(f, P) =31, f(ti)(u; —ug_1)). We say that A is a Henstock integral of f

on [a,b] i.e A= Hff f. We use Hyla,b] to denote the set of all Henstock integrable
functions defined on [a,b].

We give the Sequential Henstock Stieltjes integral of real valued functions.

Definition 3. (/20]). Let g : [a,b] — R be non decreasing function. A real valued
function f : [a,b] — R is Sequential Henstock Stieltjes integrable(SHS) with respect
to g in [a, b] if there exists a number A € R and a sequence of positive gauge functions
{0n(2)}9% such that for every 6,(x) — fine tagged partitions P, we have

mn €N

Z fi)lg(ui,) — g(ui-1),)] = A, as n — oo.

We say that A is the Sequential Henstock Stieltjes integral of f on [a,b] with A =
f[a,b] fdg.

Definition 4. ([3]) Let X be a n-normed space and {xy}n=1 a sequence in X. We
say that {x,}°°, converge to same x € X if

lim ||z, — 2, ug,...,up|| =0
n—oo

for all us, ..., u, € X.

We define newly the Sequential Henstock Stieltjes integrable function in an n-
normed space X.

Definition 5. Let X be an n-normed space and g : [a,b] C X — R be non de-
creasing function. A real valued function f is Sequential Henstock Stieltjes inte-
grable with respect to g if there exists a number A € X and a sequence of posi-
tive gauge functions {6, (x)}72, such that for every é,(x) — fine tagged partitions
Pr = {(ugi—1),> Wi, ), tin }ivy of [a,b] C X, we have

mn €N

Z f zn Uzn - g(u(i—l)n)] — A, as n — o0.
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1.€.
lim ”S(f7 Pn) - A,UQ,U3, aunH = 07
n—»00

for every u; € X, (i = 2,...,n), where S(f, P,) = Z?L”IEN ()9, ) — g(ug—n,)]-
We say that A is the Sequential Henstock Stieltjes integral of f on [a,b] with A =

f[a,b]cX fdg.

3. MAIN RESULTS

We state and prove some of the simple properties of the Sequential Henstock Stieltjes
integrable in n-normed space (X, ||., ..., .||)-

Theorem 1. (Uniqueness) Let g : [a,b] C X — R be non decreasing function. If f
is the Sequential Henstock Stieltjes integrable in X, then the integral is unique.

Proof. Suppose that f is integrable with respect to g in X and let A1 = f[a b X fdg
and Ay = f[a b X fdg with A1 # Ay where A1, A3 € R . Let ¢ > 0. Then there

exists a sequence of positive gauge functions {d}(z)} and {62(z)} in X such that
for each &} (x)-fine tagged partitions P! of [a,b] C X and for each 62 (x)-fine tagged
partitions P} and P? of [a, ], we have

mpEN

1Y ft)g(ui,) = 9(ui1),)] = Ar,uz, ug, -y tn]| <
i=1

Do ™

and

mn€N

1D flta)lg(ui,) = g(ug-y,)] — Az, uz, uz, ..ot || <
i=1

G

respectively, for every us,us, ..., u, € X.
Define a positive gauge function d,(x) on [a,b] C X by &,(x) = min{d}(z), 52 (z)}.
Let P, be any 0, (z)-fine tagged partition of [a,b] C X and let € = ||A; — A2||. Then
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we have
mp€N
A1 — Aqof| = (]| Z fti)lg(ui,) — glug-1),)] — A1, uz, us, ..., un
mneN

+ Z f 1n U’Zn _g(u(lfl)n)] _AQ,UQ,’LLg,...,’LLnH)

mp€EN

H Z f 'Ln U’Zn _g(u(lfl)n)] _Al,UQ,Ug,...,UnH

mneN

+l Z f(ti)g(ui,) —Q(U(Fl)n)]—A2,u2,u3,---,unH

IN

— f::A—A
<2+2 e = |41 — Ao,

which is a contradiction. And since for all € > 0, there exists a d,(x) > 0 on [a, b],
then A; = As.

We give the Cauchy criterion for the Sequential Henstock Stieltjes integrable
function in an n-normed space.

Theorem 2. (Cauchy Criterion). Let g : [a,b] C X — R be non decreasing function.
A function f € X is Sequential Henstock Stieltjes integrable with respect to g if and
only if for every € > 0, there exists a sequence of positive gauge functions {0, (x)}
on [a,b] such that for all 6,(x) — fine tagged partitions P} and P?, we have

HS(f,g7P,,1) - S(f,g,P,,%),UQ,’U,g,...,’LLnH <e.

Proof. Suppose that f € X and f[a b X] fdg = A. Given ¢ > 0, there exists a
{6n(x)} on [a,b] such that

g
1S(f,g,P, ) A ug,usz, .. upl| < 3

and

IS
HS(f ga ) A u27u37"'7unH < 5

whenever P! and P2 are §,(z) — fine tagged partitions of [a,b] and for every
U, U3, ..., Up, € X. Now,

||S(fagapé)_S(fagapg)vu%u?n”'?un” S ”S<f ga ) AUQ,'LL3,...,'LLn||

+HS(fvg7Pr%) —A,UQ,Ug,...,UnH
2 2
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Thus, the Cauchy criterion is satisfied.
Suppose the Cauchy criterion holds. Then for each m,, € N, there exists a sequence
of positive functions {d,(x)}22, on [a,b] such that

1
IS(F.9.Q8) = S(f, 9 Q)s s, o un| < -

whenever QL and Q? are §,(z)-fine tagged partitions of [a,b]. We now construct
a Cauchy Sequence of Henstock sums which converges to real number denoted by
A. Note without loss of generality, we may assume that {0,(z)} is a decreasing
sequence for all n € N. Since P, is d,(x)-fine tagged partition of [a,b], For ¢ > 0,
by Archimedian property, there exists a natural number N such that % < N. Let
N <n <m, then P, and P,, are d,(x)-fine tagged partition of [a,b], it follows that

1 1
HS(fﬂg7P7l) —S(f,g,Pm),uQ,u;;,...,unH < g S N <E.

Thus, {S(f,9,Pn)}>2, is a Cauchy Sequence. Hence the sequence

{S(f,g,Pn)}>2 converges say to A as n — co. Let € > 0, there exists N7 such that
for all n > N7, we have

€

||S(f,g,Pn) - A7u27u37 ,'I,Ln” < 9

1
By Archimedian principle, there exists Ny such that — < Ns. Now, let Ny =
€
max{Ni, No} and n > Ny. Let 6, = Jn,, then for any e > 0, there exists a
In, (z) € {0n(x)}52 such that n > Ny on [a,b] and P,, a sequence of J,(z)-fine
tagged partitions of [a, b]. Hence

1 1 1 €
Pn - ) 7P ) ’ PR R () . 7§7 9°
I1SCF9: Pn) = S(f, 9, P ) 2, s, ooy tin]| < < o < 1 < 5
Thus,
HS(f,g,Pn)_A,U2,U3,-~-,Un’| = ”S(f,g,Pn)—S(f,PNl),UQ,U?,,u-;Un

+S(fag7PN1) - A,UQ,Ug, ’unH

< HS(f7gv-Pn)_S(fvgaP]\h)quvuS’~--7un||
+||S(f7.guPN1) - Aa Uz, us, "'aun”
P
2 2
= E£&.
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Theorem 3. Let g : [a,b] C X — R be non decreasing function. If f € X, then f
is Sequential Henstock Stieltjes integrable in X for every subinterval [c,d] of [a,b].

Proof. Let [c,d] C [a,b] and let ¢ > 0. Since f is Sequential Henstock Stieltjes
integrable on [a, b], By Cauchy Criterion, there exists a sequence of positive functions
{0n(2)}52, on [a,b] such that

||S(f,g,P,,1) - S(ﬂgan),Uz,USa---,UnH <e.

whenever P! and P? are §,(z) — fine tagged partitions of [a,b] and for every
U2, U3, ..., U, € X. Consider the following cases.

Case 1. Suppose a = c. Let P? be 6,(z) — fine tagged partitions of [d,b]. Also
P and P?" are §,(x) — fine tagged partitions of [c,d]. Define P! = P}" U P? and
P2 = P? UP?. Then P} and P2 are 6,(z) — fine tagged partitions of [a, b]. Hence,

||S(fagapé*)_S(fagaP'r%*)aUQau?n"-aun” = ||S(f,g,P71*)—S(f,g,Pﬁ)—l—S(f,g,Ps)
7S(fagv Pg ),’U,Q,Ug, ,UnH
||S(f)guqu}) - S(f)gupg)7u2au3a ,UnH
< E&.

IN

Case 2. Suppose b = d. The proof is similar to Case 1.

Case 3. Suppose [¢,d] C [a,b]. The proof follows from Case 1 and Case 2.
Thus for any cases, f is Sequential Henstock Stieltjes integrable in n-normed space
on every subinterval [c,d] of [a, b]

Theorem 4. Let g : [a,b] C X — R be non decreasing function. If f is Sequential
Henstock Stieltjes integrable in [a,b], then f is Sequential Henstock Stieltjes inte-
grable on [a,c| and [c,b] and

/abfdgz/acfdﬁ/:fdg-

Proof. Suppose f[a gex fdg = Ar and f[c pex fdg = Az. Let e > 0. Since f is
Sequential Henstock Stieltjes integrable in [a, |, there exists a sequence of positive
functions{d. (z)}°°; on [a,c] such that n; >n € N and P} < {8} (2)}52; implies

n=1
mp €N -
H Z f(tln)[g(uln) - g(u(lfl)n)] - A17u27u37 7un|| < 5
i=1
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whenever P! is §l(z) — fine tagged partitions of [a,c]. Similarly, Since f is Se-
quential Henstock Stieltjes integrable in [c, b], there exists a sequence of positive
functions{d2(z)}°°; on [a, c] such that ng > n and P2 < {§2(x)}5>; implies

mn €N

g
[ Z F(ti)lg(u,) = g(ugion), )] = Az, uz us, ooy un]| < 5

whenever P2 is 62(x) — fine tagged partitions of [¢, b] and for every

u2,u3, ..., un € X. Define a sequence of positive function {d,(z)}"2 inorder to force
the point ¢ to be a tag of each P} <« {§}(x)} for n > N. Using the right-left pro-
cedure in the gauge definition, we then split apart each partition P, at the tag c so
that it becomes a partition point of each P, by

min{d}(z), (c— )}, fa<z<c
on(z) = ¢ min{dl(c),d2(c)}, ifex=c
min{62(z),(z —c)}, ifc<az <b.
Let P, < 6,(x) — fine for n > N. Let P! be §l(z) — fine tagged partitions of
[a, ¢] consisting P, ([a, c] and P2 be 6} (x)— fine tagged partitions of [c, b] consisting
P, Ne,b] for n = 1,2, 3, .... Then the right-left procedure provides that S(f, g, P,) =

S(f,g9,Ph) + S(f, P?). Hence given € > 0. there exists a {0,(z)}>; such that for
n > N, we have

mn €N

|| Z f ’Ln uln g(u(zfl)n)] - (Al + AQ),UQ,Ug, ‘"7unH

mn €N mn €N

= H Z f tln uln - (i— 1)n Z f tzn u’Ln _g(u(i—l)n)]

*(Al + Az), uz, uz, ..., uy||

mpEN

(l Z f(ti)lg(us,) —g(u(i_l)n)]—Al,u2,u3,...,unH

IN

+|| Z f tln uln g(u(z—l)n)] _A27u27u37"'7u'ﬂ||
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The following theorem shows the properties of linearity and integrability over
interval [a,b] C X of Sequential Henstock Stieltjes integrable functions in n-normed
spaces. We omit the proofs which directly follow from the Definition.

Theorem 5. Let g : [a,b] C X — R be non decreasing function and k € R.
i. If f is Sequential Henstock Stieltjes integrable in X then kf is Sequential Henstock
Stieltjes integrable in X. Moreover,

/ (kf)dg = k / Fdg.
[a,b]CX [a,b]CX

1. If f is Sequential Henstock Stieltjes integrable in X and h is Sequential Henstock
Stieltjes integrable in X, then (f + h) is Sequential Henstock Stieltjes integrable in

X . Moreover
/ (f + h)dg :/ fdg+/ hdg.
[a,b]CX [ab]CX [a,b]CX

4. AN APPLICATION
We discuss the following contraction condition mapping theorem.

Theorem 6. Let (X, ||.,...,.||) be n-normed space, S be a self mapping of X with a
fized point p such that for all x,y,u,...,un, € X and for some k € [0,1), we have

”S$ - p,u2, 7un” < k(”l’ =P U2y ey ’U,nH) (1)
Then S has a unique fized point in X.

Proof. We shall establish that S has a unique fixed point by using condition (1):
Suppose not. Then there exists p*, ¢* € Fg with p* # ¢* and
lp* —q*, ua, us, ..., un|| > 0.
Therefore, by (1), we have
0< ||p*—q*,U2,U3,...,Un|| = ||Sp*—5q*,U2,U3,...,UnH
< k||p * _q*7 U2, U3, .-, UnH
(which is a contradiction), which leads to 1 — k > 0 (since k € [0,1)), but [|p *
—q*, u2,us3, ..., up|| <0 (which is a contradiction).

Therefore, since n-normed is non negative, ||p*—q¢*, u2, us, ..., u,|| = 0. i.e px = ¢* =
p. Thus proving the uniqueness of the fixed points for S. Hence Fs = {p}
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