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SPACES
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ABSTRACT. The purpose of this manuscript is to prove some common fixed point
theorems for two pairs of weakly compatible mappings in complex valued metric
spaces satisfying an implicit relation. Some illustrative examples are also given
which demonstrate the useful of our utilized implicit relation. Beside generalize and
improve several well known conventional results of the existence literature, we obtain
some new contractions which have not obtained before in complex valued metric
spaces. As an application of our results, we prove the existence and uniqueness of
common solution of Hammerstein integral equations and Urysohn integral equations.
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1. INTRODUCTION AND PRELIMINARIES

In 1997, Popa [12] initiated the idea of an implicit relation which is designed to cover
several well known contractions of the existing literature in one go besides admitting
several new results. In fact, the strength of implicit relations lies in their unifying
power besides being general enough to yield new contractions.

On the other hand, Azam et al. [1] introduced the concept of complex valued
metric spaces which is more general than metric spaces and also proved common
fixed point theorems for two mappings satisfying certain rational inequalities. Since
then, several papers have dealt with fixed point theory in complex valued metric
spaces (see [2], [4], [6], [14]-[19], [22] and references therein).

Let C be the set of all complex numbers and z1, z0 € C. Define a partial order
< on C as follows:

21 2 23 <= Re(z1) < Re(z2) AN Im(z1) < Im(z2).

It follows that z; = z9, if on of the following conditions is satisfied:
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(i) Re(21) = Re(z), Im(z1) = Im(z2),
(ii) Re(z1) < Re(z2), Im(z1) = Im(zs),
(ii) Re(z1) = Re(zs), Im(z1) < Im(z2),
(iv) Re(z1) < Re(z), Im(z1) < Im(z)

In particular, we write z; = 2o if (7) holds and we write 21 3 22 if 21 # 22 and one
of (it), (ii7) and (iv) is satisfied while z; < 29 if only (iv) is satisfied.

Throughout this work, N,R and C, denote the set of all natural numbers, the
set of all real numbers and the set of all z € C such that 0 X z, respectively. Also,
I denotes the identity mapping.

Remark 1. Note that the following assertions hold for all z1, 29,23 € C:
1. a, B ER witha < and 0 3 21 = az 2 Pz1;
2. 0321 3 20 = |21| < |22|;
3. 21 3 29,29 < 23 => 21 < 23;
4. the dual relation of =X is 7.
The following basic definitions and results are required in the sequel.

Definition 1. [1] Let X be a nonempty set. Suppose that the mappingd : X x X —»
C, satisfies the following conditions:

(i) d(xz,y) =0 if and only if =y for all z,y € X;
(ii) d(x,y) = d(y,x) for all z,y € X;
(i17) d(z,y) 2 d(z,2) +d(z,y) for all z,y,z € X.

Then the mapping d is called a complex valued metric and the pair (X, d) is called
a complex valued metric space.

Remark 2. In definition 1 we ignore stating the nonnegative property 0 3 d(z,y)
for all x,y € X since it follows from (i), (i3) and (7).

Definition 2. [1] Let (X,d) be a complex valued metric space. Then

1. a point x in X is said to be an interior point of a set M C X, if there exists
0 <€ € C such that

B(z,e)={y € X :d(z,y) <} C M.
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2. a point x in X is called a limit point of a set M C X, if for every 0 < e € C,
B(z,e) N (M \{z}) # ¢.

3. a subset M of X is called an open set, if every element of M is an interior
point of M.

4. a subset M of X is called a closed set, if every limit point of M belongs to M .

5. the family F = {B(z,e) : x € X,0 < e € C} forms a subbasis of a Hausdorff
topology 7 on X.

Example 1. Let X = C([a,b],]R”) where a,b € R,0 < a < b. Define a mapping
d: X x X — C as follows:

d(.’[‘,y) = tIél[a}lf] HJ,‘(‘[;) — y(t)Hoom@iarCtana,
a,

Then (X, d) is a complex valued metric space.

Definition 3. [8] The max function for complex numbers with partial order relation
= is defined as follows for all z1,z9 € C:

max{z1, 22} = 22 <= |21]| < |22

Definition 4. [1] Let {z,} be a sequence in a complex valued metric space (X,d)
and x € X. Then

(i) {zn} is said to be a convergent and converges to x, If for every 0 < e € C
there exists an ng € N such that

d(zp,x) <€ ¥Yn >ng
we denote this symbiotically by lim,_,o x, = x or T, —> X, as N — 0O.

(ii) {xn} is said to be a Cauchy sequence if for every 0 < ¢ € C there exists an
ng € N such that
d(Tpy Tntm) <€ YN > ng

where m € N.

(iii) (X,d) is called a complete complex valued metric space if every Cauchy se-
quence in X s convergent in X.
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Lemma 1. [17] Let (X, d) be a complex valued metric space, {xyn} a sequence in X
and X\ € [0,1). If ap, = |d(xn, Tpy1)| satisfies ap < Aap—1, for all n € N, then {x,}
is Cauchy sequence.

Definition 5. Let S, T, f and g be four self-mappings of a nonempty set X, then
(i) a point u € X is said to be a fized point of S if Su = u,
(ii) a point u € X is said to be a common fized point of S and T if Su = Tu = u,

(iii) a point u € X is said to be a coincidence point of S and f if Su = fu and a
point t € X such that t = Su = fu is called a point of coincidence of S and f,

(iv) a pint t € X is said to be a common point of coincidence of the pairs (S, f)
and (T, g) if there exist u,v € X such that Su= fu =t and Tv = gv =t.

Definition 6. Four families of self mappings {S:}, {f:}7, {T;}7 and {g;};, where
l,m,n,s € N, are said to be pairwise commuting if:

(1) SiS; = 8;S; fori,je{l,2,..,1},

(ii) Sif; = f;S; fori € {1,2,..,1},5 € {1,2,...m},
(1it) SiT; = T;S; forie {1,2,...,1},j € {1,2,...,n},

() Sigj = g;S: fori e {1,2,...,1},j € {1,2,..., s},

(v) fif; = fifi fori,je{1,2,....,m},

(vi) fiT; =T;fi forie{1,2,...,m},j€{1,2,...,n},
(vii) fig; = g;fi forie {1,2,...,lm},j € {1,2,...,s},
(viti) T;T; = T;T; fori,j € {1,2,...,n},

(ix) Tig; = g;T; forie {1,2,...,n},j € {1,2,..., s},

() gigj = gjgi fori,j € {1,2,...,s}.

Remark 3. On setting f; = g; = I,Vi € {1,2,...,m},j € {1,2, ..., s} in Definition
6 we get Definition (1.11) due to Imdad et al. [9].

Definition 7. [6] Let X be a complex valued metric space. A pair of self-mappings
S, T on X is said to be weakly compatible if they commute at their coincidence points.
i.e., STx = TSx whenever Sx =Tx,x € X.
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Definition 8. [14] A function f: C — C is said to be a lower semicontinuous at
a point zy in C if for every 0 < € € C there exists a neighborhood U of zy such that
f(2) = f(z0) — € for all z in U. This can be expressed as liminf,_,,, f(z) 2 f(z0).
Also, f is said to be an upper semicontinuous at a point zg in C if for every0 < e € C
there exists a neighborhood U of zy such that f(z) 2 f(z0) + ¢ for all z in U. This
can be expressed as limsup, . f(z) Z f(20)-

Definition 9. [16] Let T : C — C be a mapping. Then T is said to be a nondecreas-
ing mapping with respect to =X if for every z1,z9 € C, 21 3 zo tmplies Tz X Tzo.

Definition 10. [14] The control functions are defined as follows:

(i) ¢ : C4 — C4 is a continuous nondecreasing function with ¥(z) = 0 if and
only if z =0,

(i) ¢ : C4 — C4 is a lower semicontinuous function with ¢(z) = 0 if and only
if z=0.
By ¥ and ® we denote the set of all ¢¥'s and the set of all ¢'s respectively.

The aim of this manuscript is to utilize the idea of implicit relation in complex
valued metric spaces to prove common fixed point results for two pairs of weakly
compatible mappings satisfying an implicit relation such that these results unify,
improve and generalize many existence results of the literature. We furnish with
some examples to clarify that our implicit relation covers many of the exitance
results in the context of complex valued metric spaces and also represent some new
contraction conditions.

2. IMmPLICIT RELATION

In this section, we extend the idea of implicit relation to complex valued metric
spaces in order to prove unified complex metrical fixed point theorems.

Definition 11. Let & be the set of all complex valued lower semi-continuous func-
tions F' : (CfL — C satisfying the following conditions:

(Fy) F is non-increasing in the fifth variable,

(Fy) there exists h € [0,1) such that for u,v 77 0 with F(u,v,v,u,u + v,0) 30
implies u 3 hv,

(F3) F(u,0,0,u,u,0) = 0, F(u,0,u,0,0,u) > 0 and F(u,u,0,0,u,u) = 0 for all
u > 0.
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Example 2. Define a function F' : (Ci — C as follows:

2426
14 2]

F(z1, 22,23, 24, 25, 26) = 21 — A\1(22)22 — A2(22)

where A1, g : C; — [0, 1) are given mappings.
Fy : Obvious.
Fy : Let u = 0 and F(u,v,v,u,u + v,0) = u — Ai(v)v X 0. This implies that
u 3 A (v)v < v. Hence there exists h € [0,1) such that u X hv. If u =0 then it is
clear.
Fs: Letu = 0, then F(u,0,0,u,u,0) = F(u,0,u,0,0,u) = u > 0 and F(u,u,0,0,u,u) =
u— Ar(u)u = 0. Hence F € S.

Example 3. Define a function F : (C§r — C as follows:

Z426 )_ ( Z426 )

F(21722723724az5az6):w(zl)_w(l—i—zz 1+ 29

where ¢ € ¥ and ¢ € .

Fy : Obvious.

Fy: F(u,v,v,u,u+v,0) =1(u) 30=u=0. Hence (Fy) holds trivially.

F5: Let u > 0, then

F(u,0,0,u,u,0) = F(u,0,u,0,0,u) = F(u,u,0,0,u,u) = ¥(u) = 0. Hence F € S.

Example 4. Define a function F : (C?F — C as follows:

2426 ) ( 2426 )

F(21722723724525526) - /I;Z)(Zl) _7/)(1 +22 1 +22

where 1 € U and ¢ € .

Example 5. Define a function F : C(j_ — C as follows:
F(21, 22,23, 24, 25, 26) = Y(21) — Y(A) + ¢(A)
where A € {tg,tg, 13_‘*’52}, Y €W with ¥(z1) ZY(z2) <= 21 2 29 and ¢ € P.
IfA = t9 then F(tl,tz,tg,t4,t5,t6) = 1/1(1:1) — 1/)(752) + ¢(t2),
e Fy : Obvious.

o Iy :If u =0 then it is clear. Assume that u = 0 and F(u,v,v,u,u+ v,0) =
(u) — Y (v) + ¢(v) 2 0. Then we have

P(u)

TR
<
=

= u
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If u =, then
F(u,v,v,u,u+v,0) = F(u,u,u,u,2u,0)
= ¢(u) 30
= u = 0

which is a contradiction. Thus u < v and hence there exists h € [0,1) such
that v =3 hv.

o I3 : Let u >~ 0, then F(u,0,0,u,u,0) = F(u,0,u,0,0,u) = ¥(u) > 0 and
F(u,u,0,0,u,u) = ¢(u) = 0. Hence F € &

If A = t3 then F(tl, tQ, tg, t4, t5, tﬁ) = 1/J(t1) — w(tg) + ¢(t3),
o [ : Obvious.
o Fy : Similar as in case A\ = to.

o I3 : Let u > 0, then F(u,0,0,u,u,0) = F(u,u,0,0,u,u) = ¥(u) = 0 and
F(u,0,u,0,0,u) = ¢(u) > 0.
Hence F € S.
If A = o then F(t1, 12, 13, ta, b5, t6) = ¢ (t1) — Y(55) — o(£5%5),
e Fy : Obvious.

o Fy: F(u,v,v,u,u+v,0) =¢(u) 30=u=0. Thus Fy holds trivially.
o Fy: Letu >0, then F(u,0,0,u,u,0) =1(u) =0, F(u,0,u,0,0,u) = ¢(u) = 0

and F(u,0,0,u,u,0) = ¥(u) — () + ¢(135) = 0. Since u » 0 = IJ%U <

1 o((s22) 200 = v 25) 20 and o g25) 0. Henee P e

Example 6. Define a function F : (Cg_ — C as follows:

2324 2526 . .
zZ1 — )\22 - 'uz4+2’6 - 724"‘36’ Zf z4 + 26 # 0?

F(21, 22, 23, 24, 25, 26) = .
(21, 22, 23, 24, 25, 26) 21, if z4+ 26 =0.

where A, i,y € Ry such that A+ p <1 and A+ v < 1.

If F(z1, 22, 23, 24, 25, 26) = 21 — Aza — uzif; — 7zif§67 then

Fy : Obvious.
Fy: Let u > 0, then
F(u,v,v,u,u +v,0) = u—)\’u—u%jo
= u 3 (A+pv
< .
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Hence there is h € [0,1) such that v X hv. If u =0, then it is clear.
Fs: Letu = 0, then F(u,0,0,u,u,0) = F(u,0,u,0,0,u) =u > 0. Also F(u,u,0,0,u,u) =
u—)\u—vu—; =u—Au—~yu>0. Hence F € .

Example 7. Define a function F : (C?F — C as follows:

23+=2 2512 . .
21— Anfi it —pzm Bt ifrtaa #0;

F(z1, 29,23, 24, 25, 26) = )
(21, 22, 28, 24, 25, 21, ifzg + 24 =0.

where A\, u € Ry such that A+ 2u < 1.

Example 8. Define a function F : Cg — C as follows:

— — 2225 2426 2226

Z1 — a2y 2otz Vzotza z9+2z4
242 : .
F(Zl,22,23,24,25,26) = 71722124“ Y’fZZ + 24 7& 07
21, ifzeg + 24 = 0.

where o, 8,7,0,n € Ry such thata+B+n<1and B+ < 1.

Example 9. Define a function F : (Cg_ — C as follows:

21 —azy — B85, if 3t zat oz #0;

z3+z4+z6"

F(z1, 29, 23, 24, 25, 26) = .
(21, 22, 23, 24, 25, 26) 21, if 23+ 24 +26=0.

where o, B € Ry such that o+ § < 1.

Example 10. Define a function F : (Cf_ — C as follows:

z4(1 + 23
F(z1, 20,23, 24, 25, 26) = 21 — 0122 — a2(23 + 24) — a3(25 + 26) — a4§+22)
22(1 +Z3+Zﬁ)
—as 2 0 azs,

1+ 2
where a; € Ry, 1 =1,2,...,6, such that a1 + 2a0 + 203 + a4 + a5 + 2a6 < 1.

Example 11. Define a function F : (Cﬁ — C as follows:

zo26+z242 . .
21— APETEE ifze 2+ 26 # 0

F Z1,R24, 23,24, %5 Zﬁ): .
(21, 22, 23, 24, 25, 21, 1fzg + 24 + 26 = 0.

where X € Ry such that A < 1.
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Example 12. Define a function F : (Ci — C as follows:

2324 Z522 Z322 - .
Z1 — Q129 — agzﬁzﬁ — a3 — o, ifzo + 26 # 0;

21, ifze + 2z = 0.

F(Zla 22, Z37Z47Z57Z6) = {

)

where a; € Ry, 1 =1,2,3,4 such that oy + as + 203 + oy < 1.

Example 13. Define a function F : (Ci — C as follows:

21 — gz — ag(2z2 + 25) — az(z4 + 26)

2325+242 - .
F(217227Z37Z47Z57Z6) - —Qy SZ;+Z: 67 ZfZQ + 24 7é 0;

21, ifzo+24=0.
where a; € Ry, 1 =1,2,3,4 such that oy + 3ag + a3 + ay < 1.
Example 14. Define a function F : (Ci — C as follows:
F(z1, 22, 23, 24, 25, 26) = 21 — azg — B max{z9, 23, 26} — v max{z3, 25},
where a, 3,7 € Ry such that o+ 8+ 2y < 1.

Example 15. Define a function F : (Ci — C as follows:

L

F(21, 22, 23, 24, 25, 26) = 21 — amax{zg, 23, 24, 25, %6 }, @ € [0, 5
Example 16. Define a function F : (C(i — C as follows:
F(z1, 22, 23, 24, 25, 26) = Q1121 — QiaZp — Q323 — Q24 — Q525 — Q6 26,

where a; € Ry, i =1,2,...,6 such that ag + as 4+ a4 + 2a5 + ag < a1 and ag > 0.

Example 17. Define a function F : (Cﬁ — C as follows:

1).

F(z1, 29, 23, 24, 25, 26) = 21 — amax{z3 + 24,25 + 26}, @ € [0, 5

Example 18. Define a function F : (Ci — C as follows:

F(z1, 22, 23, 24, 25, 26) = 21 — amax{za, 23, 24, 25 + 26 }, @ € [0, 5)

Example 19. Define a function F : (C(j_ — C as follows:

1)'

F(z1, 29, 23, 24, 25, 26) = 21 — amax{za, 23, 25,24 + 26}, € [0, 3
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Example 20. Define a function F : (Ci — C as follows:

F(z1, 22,23, 24, 25, 26) = 21 — (24 + 26) — amax{za, 23,25}, @ € [0, §)

Example 21. Define a function F : (C6+ — C as follows:

2z 25 2z Z4 2z Z 1
F(Zl,ZQ,Zg,Z4,Z5,ZG):Zl—OémaX { 2+ 5 2+ 1 2+ 6}7 6[07

2 2 7 2

Example 22. Define a function F : (Cﬁ — C as follows:

2o+ 25 24+ 26 2
F(z1, 22, 23, 24, 25, 26) = 21 — aMmax {23, ,a € [0,

2 2 5)‘

Example 23. Define a function F : Ci — C as follows:
F(21, 22,23, 24, 25, 26) = 21 — az1 (22 + 23 + 25) — Bza26.

where o, B € Ry such that a < i.
Example 24. Define a function F : (Cﬁ — C as follows:

F(21, 22,23, 24, 25, %6) = 71 — 21(01 22 + 0223 + 324) — 0 25%.
where a; € Ry, 1 =1,2,3,4 such that a1 + as + a3 <1 and a1 + ay < 1.
Example 25. Define a function F : (C6+ — C as follows:

F(z1, 29, 23, 24, 25, 26) = 21 — amax{za, 23, 24, 25} — B|z5 + 2¢]

where a, 8 € Ry such that o+ 8 < %

3. MAIN RESULTS
Now, we present the main results of this paper.

Theorem 2. Let ST, f and g be four self-mappings on a complex valued metric
space (X, d). Assume that there exists F' € & such that for all z,y € X,
F(d(Sz, Ty), d(fz, gy),d(Sz, fz),d(Ty, gy),d(Ty, fx),d(Sz,gy)) 30 (1)

If SX CgX, TX C fX and gX U fX is complete, then the pairs (S, f) and
(T, g) have a unique common point of coincidence.

Moreover, if the pairs (S, f) and (T, g) are weakly compatible, then S, T, f and g
have a unique common fized point in X.
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Proof. Let xg be an arbitrary point in X . Since SX C ¢gX, we can find a point z;
in X such that Szg = gx1. Also, since TX C fX, we can choose a point x9 in X
with Txy = fxe. Thus, in general for the point x2, one can find a point x9,+1 such
that Sxo, = gron41 and also a point a9y o with Taxon 11 = fropye forn=0,1,2, ...
. Repeating such arguments we can construct two sequences {z,} and {y,} by the
rule

SJZ‘Qn_Q = gdTon—1 = Yan—1 CLTLd Txgn_l = fxgn =Yon ,N = 1,2,3, (2)
Clearly {y,} C gX U fX. We will prove that {y,} is a Cauchy sequence in

gX U fX.
Taking © = x9, and y = x9,41 in (1), we have

F(d(Szan, Tront1), d(fon, 9Tont1), d(STan, fron), d(TTon+1, 9T2n+1)
cd(Txon+1, fron), d(STon, gTon+1)) S0 (3)

On using (2) and (3), we have

F(d(y2n+1, y2n+2), d(Y2n, Yoan+1)s d(Y2n+1, Y2n), d(Y2nt2, Yont1),
d(Y2n+2,Y2n),0) S0

Now, due to (F7) and triangle inequality, we get that

F(d(y2n+1,Y2n+2), A(Y2n, Y2n+1), A(Y2n+1, Y2n ), A(Y2n+2, Y2n+1),
d(Yon+2, Yan+1) + A(Y2n41,Y2n),0) 30

implying thereby d(yan+1,Yon+2) = hd(yan, Yon+1) (due to Fy). Similarly, by taking
T = Top—1 and y = T2y in (1),0116 can prove that d(y2n7y2n+1) j hd(an—laan)'
Thus d(yn, Yn+1) 3 hd(Yn—1,yn) ¥Yn € N — {1} which implies that |d(yn, yn+1)| <
hld(yn—1,yn)] Vn € N—{1}.

Hence by Lema (1), {y,} is a Cauchy sequence in gX U fX. Since ¢X U fX is
complete it follows that {y,} converges to some t € gX U fX. Therefor in the light
of (2), one can get

lim Sz, = lim Tzopi1 = lim fao, = lim gaopi1 =t (4)

Now, if t € gX, then there exists u € X such that gu = t. We will prove that
Tu =t. On contrary, assume that d(T'u,t) > 0. Putting z = x9, and y = w in (1),
we have

F(d(S:UQTM TU), d(fx2n7 gu)) d(S:UQTM foTL)a d(Tua gu)7
d(Tua fx2n)7 d(5$2n7 gu)) r_j 0
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Taking n — oo and using (4), we obtain
F(d(t,Tu),d(t,gu),0,d(Tu, gu),d(Tu,t),d(t,gu)) =0
Since gu = t, we get that
F(d(t,Tu),0,0,d(Tu,t),d(Tu,t),0) 20,
which is a contradiction to F3. Hence T'u = t. Therefor, we have
Tu = gu =1t, (5)
proving that ¢ is a point of coincidence of the pair (S, f).

Since TX C fX, there exists v € X such that fv = t. Setting x = v and
Yy = Top+1 in (1), in similar argument one can prove that

Sv=fv=t (6)

That is, ¢ is also a point of coincidence of the pair (7', g). Hence t is a common point
of coincidence of (5, f) and (T, g).

Now, we prove that ¢ is unique. Let ¢ be a point of coincidence of both (.S, f)
and (7T, g) such that d(t,t') > 0. Then there exist v/, v’ € X such that Su’ = fu' =t/
and Tv' = gv’ = t'. Setting z = v/ and y = v in (1), we have

F(d(Su,Tv),d(fu', gv),d(Su/, fu'),d(Tv, gv),d(Tv, fu'),
d(Su',gv) = 0,

~

this implies that F'(d(t',t),d(t',t),0,0,d(t,t"),d(t',t) 3 0, which is a contradiction
to (F3). Therefor, (S, f) and (T, g) have unique point of coincidence.

Now, on using (5), (6) and the weak compatibility of the pairs (S, f) and (T, g),
we have

St = Sfv = fSv= ft, (7)
Tt =Tgu = gTu = gt, (8)

i.e, t is a coincidence point of each one of the pairs (S, f) and (T, g).

Next, we show that ¢ is a common fixed point of S, T, f and g. First we show
that St =¢. If not, then d(St,t) > 0. Setting x =t and y = w in (1), we have

F(d(St, Tu), d(ft, gu), d(St, ft), d(Tu, gu), d(Tu, ft),d(St, gu) 3 0,
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Using (5) and (7),we obtain
F(d(St,t),d(St,t),0,0,d(t, St),d(St,t) 20,
which is a contradiction to (F3). Thus
St=ft=t 9)
Similarly, one can prove that
Tt=gt=t (10)

On combining (9) and (10), we have

i.e, t is a common fixed point of S, 7T, f and g.

Finally, we show that ¢ is unique. Assume that t* is another common fixed point
of S, T, f and g. This implies that t* is a common point of coincidence of the pairs
(S, f) and (T, g) which is a contradiction to the fact that ¢ is unique. Hence ¢ is
unique common fixed point of S, T, f and g. The proof is similar in case t € fX.
This completes the proof.

Remark 4. Theorem 2 generalizes and improves Theorem (2) of Popa [13].

As a consequence of Theorem 2, we have the following theorem for four finite
families of self mappings defined on a complex valued metric space which can be
viewed as a generalization to Theorem (2.2) of M.Imdad et al.[7].

Theorem 3. Let {S;}, {T;}7, {fx} and {g,}; be four finite pairwise commuting
families of self-mappings defined on a complex valued metric space (X, d). Let
S = 515...5,T = T"To.. Ty, f = fifoe.fm and g = g192...gs satisfy inequality (1),
SX CgX, TX C fX and gX U fX is complete subspace of X. Then

(a) the pairs (S, f) and (T, g) have a unique common point of coincidence,
(b) S, T, f and g have a unique common fized point,

(¢) the component maps of the families {S;}\, {T;}7, {fe}} and {g,}; have a
unique common fixed point.
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Proof. By the componentwise commutativity of the pairs ({S;}, {fx}7") and ({T;}7. {g-}1).
one can prove that Sf = fS and Tg = ¢gT and hence, the pairs (S, f) and (T, g) are
weak compatible.
Clearly conditions of Theorem (1) are satisfied for S, T, f and g. Thus (S, f) and
(T, g) have a unique common point of coincidence which established (a) and also
S, T, f and g have a unique common fixed point ¢t € X which established (b). Now,
we show that ¢ is also a common fixed point of the component maps of the families
{8 AT A fi}? and {g,}5. For this consider

S(Sit) = (SSit
 (5155..5,5:)¢
— (5155...5,5))t
— (155t
(S50t
— (S5
= Si(5)

Sit ;i € {1,2, ,l}

Similarly, one can prove that S(T;t) = T;t, S(fxt) = frt, S(grt) = got, T(Tjt) =
Tt T(Sit) = Sit, T(fit) = fut, T(got) = grt, F(fit) = Fit, f(Sit) = Sit, f(Tjt) =
Tit, f(grt) = grt,9(grt) = grt,g(Sit) = Sit,g(Tjt) = Tjt,g(fxt) = ft, for all
i e {1,2,..,1},7 € {1,2,...m},k € {1,2,...,n} and r € {1,2,...,s}. Therefor
Sit, Tjt, fit and g,t are also fixed points of S, T, f and g. But according to The-
orem 2 we have that the common fixed point of S, T, f and g is unique and hence
(for all 7, j, k and r) one gets

Sit:Tjt:fkt:th:t

proving that ¢ is a common fixed point of S;t,T}t, fit and g,t for all 4, j,k and r.
Finally, we observe that ¢ is unique common fixed point of S;t,T;t, fit and g,t for
all 4,7,k and r. Otherwise, let t* another common fixed point of S;t,T}t, fit and
gyt for all 7,7,k and r. Then one can prove that t* is also a common fixed point of
S, T, f and g which is a contradiction. This completes the proof.

By setting S; = S,1; = T, fi, = f,g9» = g, for all 7,7,k and r, in Theorem 3
one can deduce the following corollary which can be viewed as a generalization of
Theorem 2.
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Corollary 4. Let (X,d) be a complex valued metric space and S, T, f and g be four
self-mappings on X. Assume that there exists F € < such that for all z,y € X,

F(d(S'z, T™y), d(f"x, g°y), d(S'z, f"x), d(T™y, g°y), d(T™y, f"x)
,d(S'z,g°y)) 30, (11)

where [,m,n,s € N.

IfS!X C ¢°X, T™X C f*X and ¢°X U "X is complete, then
(a) the pairs (S, f) and (T, g) have a unique common point of coincidence,
(b) S, T, f and g have a unique common fized point.

In view of Examples 2-25 we have the following corollaries which cover, generalize
and improve several known results as well as give new contraction conditions in
complex valued metric spaces.

Corollary 5. The conclusions of Theorem (2) remain true if for all x,y € X the
implicit relation (1) is replaced by one of the following:

(a1)
d(Sz,Ty) 3 Mi(d(fz,gy))d(fz,gy)
o ) A0S )
where A1, Ay : C4 —> [0,1) are given mappings.
(az)

d(Ty, gy)d(Sz, gy) d(Ty, gy)d(Sz, gy)
V(S Ty)) 2 1/)( L+d(fx,gy) ) * ¢< L+d(fx,gy) >
where ¥ € ¥ and ¢ € .

(a3)

wlatse. 1) 3 o WIS ) _ (AT A)E ) )

where ¥ € ¥ and ¢ € P.

(as)
Y(d(Sz, Ty)) 39 (A) — o(A)

where A € {d(f:c,gy),d(Sx,fx), M}, Y e W with Y(z1) 2 Y(22) <=
21 S 29 and ¢ € .
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(as)
d(Sz,fz)d(Ty,
Ad(fx, gy) + ”d(%wld(sflx?f;)
d(Sz, Ty) 3 YL, ifd(Ty, gy) + d(Sz, gy) # 0;
0, ifd(Ty, gy) + d(Sz, gy) = 0.
where A\, p,v € Ry such that A\+p <1 and A+ < 1.
(as)
d(Sz,fz)+d(Ty,gy)
Ad(fz, gy) d(fx,gy)ﬂﬁ,‘gq;’)d }
d(5z,Ty) 3 +pd(fa, gy) ST GBI - fd(fx, gy) + d(Ty, gy) # 0;
0, ifd(fx,gy) +d(Ty,gy) = 0.
where A\, p € Ry such that A+ 2u < 1.
(a7)
d(fz.gy)d(Ty,fx)
ad(Sz, fz) + Bd(fﬂﬁ,g%er(Yz{y,gy)
+ d(Ty.gy)d(Sz.gy) + d(fz.gy)d(Sw,gy)
d(Sz,Ty) 3 fﬁl((J;zcygy);lc(l(TTyfgm%) d(fz,gy)+d(Ty,9y) ‘
N G oo b Trgy) ifd(fz,9y) +d(Ty,gy) # 0;
0, ifd(fx, gy) +d(Ty,gy) = 0.
where «, 8,7,0,n € Ry such that a+ 5 +n <1 and 8+ 6 < 1.
(ag)
ad(Sz, fr)
d(Sz,Ty) 3§ +B gt e e, ifd(Sw, fx) + d(Ty, gy) + d(Sz, gy) # 0;
0, ifd(Sxz, fz) +d(Ty, gy) + d(Sz, gy) = 0.
where o, 8 € Ry such that o+ < 1.
(ag)

d(Ty, gy)[1 + d(Sz, fz)
L+d(fx,gy)
(fz,gy)[1 +d(Sz, fr) + d(Sz, gy)]
1 +d(fw,gy) +a6d(Ty7 f$)7

where a; € Ry,i=1,2,...,7, such that a1 + 2a0 + 203 + a4 + a5 + 206 < 1.

+ as[d(Ty, fz) + d(Sz, gy)] + a4

d
+ a5
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(a10)

o1y <  STRERSRAE, 1t Ty 4550 £

0, ifd(fz,gy) +d(Ty,gy) + d(Sz, gy) = 0.
where A € Ry such that A < 1.

(a11)

d(Sz,fx)d(Ty,
ard(fz, gy) + 062%

d(Ty.fx)d(fz.gv) d(Sz.fo)d(fe.gy) :
d(Sz,Ty) 3\ +a3 g talsems + au g tatseys  ifd(f,gy) + d(Sz, gy) # 0;

0, ifd(fz,gy) + d(Sz, gy) = 0.
where a; € Ry,1=1,2,3,4 such that aq + as + 203 + oy < 1.
(a12)
a1d(Sz, fz) + azld(fz, gy) + d(Ty, fz)]
0(S.Ty) < +a3[dd(STy,gdy%+ d(%w%gy)]d .
YN o B ol e)d(Se.gy) ifd(fz,gy) + d(Ty, gy) # 0;
0, d(fz,gy) + d(Ty, gy) = 0.
where a; € Ry,1=1,2,3,4 such that ay + 3as + a3 + oy < 1.
(a13)

d(Sz,Ty) 3 ad(Sz, fx) + fmax{d(fz,gy),d(Sx, fr),d(Sz,gy)}
+ ymax{d(Sx, fz),d(Ty, fx)},

where o, 3,7 € Ry such that o+ 5+ 2y < 1.
(a14)
d(Sz,Ty) 3 amax{d(fz,gy),d(Sz, fz),d(Ty, gy),d(Ty, fz),d(Sz, gy)},
where oo € Ry such that a < %
(a15)
ard(Sz, Ty) 3 asd(fz, gy)+osd(Sz, fx)+oud(Ty, gy)+asd(Ty, fz)+asd(Sz, gy),

where a; € Ry, = 1,2,...,6 such that ag + as + a4 + 205 + ag < a1 and
a; > 0.
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(a16)
d(Sz,Ty) 3 amax{d(Sz, fz) + d(Ty, gy),d(Ty, fx) + d(Sz, gy)},

where o € Ry such that a < %
(a17)
d(Sz,Ty) 3 amax {d(fz,gy),d(Sz, fz),d(Ty, gy),d(Ty, fz) + d(Sz,gy)},
where a € Ry such that a < %
(a1s)
d(Sz,Ty) 3 amax{d(fz,gy),d(Sz, fz),d(Ty, fx),d(Ty, gy) + d(Sz,gy)},
where oo € Ry such that a < %
(a19)
d(Sz,Ty) 3 ald(Ty, gy) +d(Sz, gy)| + amax{d(fz, gy), d(Sz, fx), d(Ty, fz)},

where oo € Ry such that a < %

(azo0)
d(Sz, Ty) 3 amax { 2d(fz, y) ; Ty, fz) 2d(fz,9y) ;r d(Ty, gy)
2d(fx,gy) + d(Sz, gy) }
) 2 s

where o € Ry such that a < %

(az1)

d(S, Ty) < amax {d(Sx, fay, A, 9y) + d(Ty, f2) d(Ty,gy) + d(Sz,gy) } ,

2 ’ 2
where a € Ry such that a < %
(a2)
A*(Sw, Ty) 3 ad(Sz, Ty) [d(f, gy)+d(Sz, f2)+d(Ty, f2)|+Bd(Ty, gy)d(Sw, gy),

where a, B € Ry such that a < %.
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(az3)
(S, Ty) 3 d(Sz, Ty)|ard(fz, gy)+a2d(Sz, fr)+asd(Ty, gy)| +asd(Ty, fr)d(Sz, gy),
where a; € Ry,9=1,2,3,4 such that a1 + as + a3 <1 and a1 + ayq < 1.

(a24)

d(Sz,Ty) 3 amax{d(fz,gy),d(Sz, fz),d(Ty,gy),d(Ty, fz)}
+ Bld(Ty, fr) + d(Sx, gy)]

where o, B € Ry such that a + 8 < %

Proof. The proof of each contraction condition in this corollary follows easily from
Theorem 2 in view of Examples 2-25.

Remark 5. e Here we point out a fallacies:

1. (e.g. equation (6) ) in the proof of Theorem 8 of Abbas et al. [3] wherein

authors used 121222 = z1 which is not true in general (e.g. take zy =1 and

zzzl—l—ithené—ﬂﬁl).

2. (e.g in page 4 second line ) in the proof of Theorem 8 of Abbas et al. [3]
wherein authors used Y¥(z1) 3 ¥ (z2) = 21 3 22 where ¢ € ¥ which is not
true in general (e.g. define 1 : C; — Cy by (2) = 28 +i2* Vz € Cy,
thenp € W and (L) = ghe + 15 S1+i=v(1) , 1 A1)

e Contraction condition (a3) generalizes and improves third case of Theorems 8
and 11 of [3]. In particular, substituting S =T and f = g = I, we get third
case of Theorem 8 of Abbas et al [3]. Also, setting S =T and f = g, we get
third case of Theorem 11 of Abbas et al [3].

o Contraction condition (as) (with A = d(fx,gy)) generalizes and improves
first case of Theorems 8 and 11 of [3]. In particular, substituting S =T and
f =g =1, we get first case of Theorem 8 of Abbas et al [3]. Also, setting
S =T and f = g, we get first case of Theorem 11 of Abbas et al [3].

e (ag) represents a generalization form of Theorem 2.1 of [4]. In particular,
substituting ag = a5 = ag = 0 in (ag), we get Theorem 2.1 of Bhatt et al. [4].

o (ay4) generalizes Theorem 2.1 of [22]. In particular, substituting f =g =1 in
(a14), we get Theorem 2.1 of Verma et al. [22].

o (agy) generalizes Corollary 2.2 of Verma et al. [22].
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Next, we have the following corollary which can be viewed as a generalization of
Corollary 5.

Corollary 6. The conclusions of Theorem (2) remain true if for all x,y € X the
implicit relation (1) is replaced by one of the following:

(b1)
d(S'z, T™y) 2 M(d(f"z,g%))d(f "z, g°y)

n s d(T™y, g°y)d Slx’gsy
+ Xo(d(f"z,9°y)) ( 1_|_d(f21$( 9°y) )’

where A1, Ao : C1 — [0, 1) are given mappings.

(b2)

d(Tmyvgsy)d(Slx,gsy)> ¢<d(Tmy,gsy)d(S’wvgsy)>

l m
Y(d(S'z, T™y)) 3 ¢< 1+ d(/"z, g°y) 1+ d(frz, g°y)

where ¥ € ¥ and ¢ € P.
(b3)

d(Tmy,gsy)d(Slx,gsy)> B gb<d(Tmy,gsy)d(S’ﬂv,gsy)>

l m
Y(d(S'z, T™y)) 3 w( 1+ d(f "z, °y) L+ d(f "z, g°y)

where ¥ € ¥ and ¢ € P.

(ba)
P(d(S'z, T™y)) 3 (A) — ¢(A)

where A € {d(f”x,gsy),d(slm,f"x),M}, v € W with ¥(z1) 3

Y(z9) <= 21 2 20 and ¢ € D.

(bs)

l M(f"z, g°y) + Md(slx’f "e)dTy.55)
d(S'z, T™y) < Ay (S ) iFA 2 0;

where A = d(T™y, g°y) +d(S'z, g°y) and X\, u,y € Ry such that \+pu < 1 and
A4y <1
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(bs)
Ad(fnl‘, gsy) d(Slx,f"z)Zd(Tmy,gsy)
d(Sll', Tmy) 5./ +ud(f"a:,gsy) d(Tmy7fnmgi-d(,s‘lgc’gsy)7 ifA £ 0;
0, ifA = 0.

where A = d(f"z, g%y) + d(T™y, g°y) and \, u € Ry such that A+ 2u < 1.
(b7)
ad(S'z, [

d(T"y,9°y
RN AN B S —
—H7< Y,9°y

d(f"x,g°y)d(T™y, f"x)
+ZIB I l
d(S'z,9°y) d(f"z,g°y)d(S z,g°y)
+ 4 x

K(Tmy:f"ﬂﬂ)7 ifA £ 0;
0, ifA=0.

~—

—

=~

where A = d(f", ¢°y)+d(T™y, g°y) and o, B,,6,7 € Ry such that a-+f+7 <
1land B+ 6 < 1.

(bs)
ad(S'z, frx)
d(S', T"y) 3 +p ARl i fA 3£ 0;
0, ifA=0.
where A = d(S'z, frx) + d(T™y, ¢°y) + d(S'z, g°y) and o, B € Ry such that
a+ B <1.

(bo)

d(S'z, T™y) 3 ard(f"z, g°y) + aod(S'z, f"z) + d(T™y, g°y)]
d(T™y, g°y)[1 + d(S'z, f"x)]
L+d(fmz, g%y)
d(f "z, g°y)[1 + d(S'z, frx) + d(S'z, g°y)]
° L+d(frx, g%y)

where a; € Ry,1=1,2,...,7, such that a1 + 2a0 + 203 + g + a5 + 206 < 1.
(bio)

+agld(T™y, fz) + d(S'z, ¢°y)] + au

+« + agd(T™y, fMx),

dn7sdsl7s d(T™y,g5y)d(T™y, fm 3
A g y)d(S g y)+A(T %,9°y)d(T™y,f r)7 ifA £ 0;
0

d 1 Tm =<
(S'z, y)N{, N

where A = d(f"z, g%y)+d(T™y, ¢°y)+d(S'z, g°y) and X € Ry such that X < 1.
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(b11)

d(S'a, fra)d(T™y,g9%y)

ard(f"x, g°y) + ao N
d(S'e, T™y) 39 4oy W DI 0g) 4 dS' S D20 A 2

0, ifA = 0.

where A = d(f"z, g%y) + d(S'z,¢%y) and a; € Ry,i = 1,2,3,4 such that
a1 +az+2a3 +ag < 1.

(b12)

ard(S'z, frx) + asld(f"x, g°y) + d(T™y, f"z)]
+agld(T™y, g°y) + d(S'z, g°y)] ]
+ay d(s :v,f”:r)d(Tmy,f”:v);rd(Tmy,gsy)d(S'x,gsy)’ ifA #£0;

0, ifA = 0.

d(S'z, T™y)

where A = d(f"x, ¢°y) + d(T™y, ¢°y) and a; € Ry, i = 1,2,3,4 such that
a1 +3as + a3z +ag < 1.

(b13)
d(S'z,T™y) 3 ad(S'z, ["z) + Bmax{d(f"z,g"y), d(S'z, ["z),d(S'z, ")}
+ymax{d(S'z, "), d(T™y, f"z)},
where o, 3,7 € Ry such that o+ 5+ 2y < 1.
(bra)
d(S'z, T™y) 3 amax{d(f"z, g°y), d(S'z, f"x),d(T™y, ¢°y),d(T™y, f"z),d(S"z, g°y)},
where a € Ry such that a < %
(b1s)
ard(S'z, T™y) 3 cxd(f™e,9°y) + azd(S'z, ['x) + asd(T™y, g°y)
+azd(T™y, ["z) + ad(S'w, g°y),

where a; € Ry, = 1,2,...,6 such that ag + as + a4 + 205 + ag < a1 and
a; > 0.

(b1s)
d(S'z, T™y) 3 amax{d(S'z, f"z) + d(T™y, ¢°y), d(T™y, f"z) + d(S'z, g°y)},

where a € Ry such that a < %
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(b17)
d(S'z, T™y) 3 cmax {d(f"z, g°),d(S"z, ["x),d(T™y, g°y), d(T™y, ["x)+d(S"z, 9°y)},
where oo € Ry such that a < %
(b1g)
d(S'z, T™y) 3 cmax{d(f"z, g°y),d(S'z, f"x),d(T™y, ["x),d(T™y, g°y)+d(S"z, g°y)},
where o € Ry such that a < %
(b1o)
d(S'z, T™y) 3 ofd(T™y, ¢°y)+d(S"z, ¢°y))+amax{d(f"z, g°y), d(S'z, ["x),d(T™y, ["2)},
where oo € Ry such that a < %
(b20)
2d(f"x, g%y) + d(T™y, f*x) 2d(f"z,g°y) + ATy, g°y)
2 ’ 2
2d(f"x, g°y) + d(S"x, g°y) }
) 5 )

d(S'z, T™y) < amax {

where o € Ry such that a < %

(b21)

n s Tm n Tm s d Sl s
d(Sla:,Tmy)jamaX {d(sl$,fnl‘),d(f z,g y)+d( y:f JJ) d( Y, g9 y)+ ( z,g y)}’

where a € Ry such that a < %

(b22)

(S, T™) 3 ad(S'a, T") [d(f"@,g%y) + d(S'z, f"2) + d(T™y, ")]
+ Bd(T™y, g°y)d(S'x, g°y),

where a, B € Ry such that a < %.
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(b23)

(S, ) 3 d(S'e, T™) [nd (", g"y)+azd(S'e, f"@)+asd(T™y, g*y)|
+agd(T™y, frz)d(S'z, g°y),
where a; € Ry,1=1,2,3,4 such that a1 + as + a3 <1 and ag +ay < 1.
(b24)
d(S'z, T™y) 3 amax{d(f"z, g°y), d(S'z, f"z),d(T™y, g°y), d(T™y, f"=)}
+Bld(T™y, [Mx) + d(S'x, g°y)]
where a, 5 € Ry such that a + f < %

Proof. The proof of each contraction condition in this corollary follows easily from
Corollary 4 in view of Examples 2-25.

4. APPLICATION TO HAMMERSTEIN INTEGRAL EQUATIONS AND URYSOHN
INTEGRAL EQUATIONS

In this section, we show that contraction condition (a;) of Corollary 5 can be ap-
plied to prove the existence and uniqueness of common solution for the system of
Hammerstein integral equations:

b
x@z%w+/kmwﬁ@mmm, (12)

where t € [a,b] C R, z,v; € X, k; : [a,b] X [a,b] — R™ and f; : [a,b] x R" —
R, j =1,2.

Also, contraction condition (az) of Corollary 5 can be applied to prove the exis-
tence and uniqueness of common solution for the system of Urysohn integral equa-
tions:

b
2(t) = (1) + / (s, 2(s))ds, (13)

where t € [a,b] CR,z,p; € X, kj : [a,b] X [a,b] x R" — R"™ and j =1, 2.
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Throughout this section, we will use the following symbols:
b
Hj(z(t) = / ki(t ) fi(s,2(s))ds, j=1,2,

b
Ualt) = [ hyltsa(s)ds j= 1.2

Qxy(t) = HHlZL’( )—i-wl( )_HQZ/( ) — ¢2( )Hmm eiarctana’
Axy(t) = ||x ||m 1arctana

=,,(1) = HHw( ) + () —y(t )||Oom Jiarctana
N L+ maXiecia,b] Aacy(t)
x| Hya(t) + 1(t) — y(£)]|aeV/1 + a2 eiretana,
Or, () = ||Urz(t) + 1(t) — Usy(t) — 2(t)l|oo /1 + a2 elretana,

A% (t) = 1Uay(t) + @a(t) — y(t)]|sov/I + a2 eiarctana
1+ maxie(q,5) Aay (1)

X ||Urz(t) + ¢1(t) — y(t)llmm giarctana

Theorem 7. Let X = C([a,b],R™), a > 0. Consider system (12) of Hammerstein
integral equations. Suppose that k1, ke, f1 and fo are such that Hy(x), Ho(x) € X for
all x € X. If there exist mappings A1, A2 : C+ — [0,1) such that for each z,y € X
and t € [0,1), we have

Qey(t) T N (max Agy(t )> Agy(t) + A2 <max Agy(t )) Eay(t).

tela,b] te[a,b]
Then the system of integral equations (12) has a unique common solution.

Proof. Define a metricd: X x X — C4 by

d(-l' y) = Hl[a)g] HJJ ||m zarctana

Then (X, d) is a complete complex valued metric space. Define two mappings 5,7 :
X — X as follows:

b
S(x(t)) = v1(t) + Hi(2(t)) = ¥1(t) +/ ki(t, s) f1(s, x(s))ds,
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b
T(2(t)) = alt) + Ha(2(t)) = alt) + / Fa(t, 3) fals, 2(s))ds.

Let z,y € X. Then we have
d(Sa:,Ty) = MaX¢e|q,b] HHlsc( ) + Qpl(t) HQy(t) _ ¢2(t)”m glarctana
d(Tyvy) = MaX;e[q,b] HHgy( ) —+ ¢2<t) y( )Hm glarctana
d(Sz,y) = MaX;e[q,p) |Hyz(t) 4+ 1 (t) — y(t)||V1 + a2 efarctana,
From assumption (14), for each ¢ € [a, b] we have

4y (1)

ION

Al (max Agy(t )) Agy(t) + A2 <max Agy(t )) Eay(t)

te(a,b) tela,b]

1N

(s 20y (0)) s )+ 30 e Ay (0) s 2,000,

this implies that

Quo(t) = A Ay (t A, A Ay (t =, (t
max 0, 3 (s Ary(0)) ma A0+ % g Ay 0)) s =00
That is,

d(Ty,y)d(Sx,y)

d(Sz, Ty) 3 A(d(z,y))d(z,y) + da(d(z,y) =~ d(z,y)

Now, we can apply contraction condition (a;) in corollary (5) with f = g =
Therefor we get that the Hammerstein integral equations in system (12 ) ave
unique solution.

Theorem 8. Let X = C([a,b],R"), a > 0. Consider system (13) of Urysohn
integral equations. Suppose that ki and ko are such that Uy(z),Us(z) € X for all
x € X. If for each z,y € X and t € [a,b], we have

07, (1) T A%y (1) (14)
Then the system of integral equations (13) has a unique common solution.

Proof. Let X = C([a, b],]R”), a>0and d: X x X — C, be defined by

d(33 y) = Hl[a)g] Hx Hm iarctana

Then (X, d) is a complete complex valued metric space. Define two mappings 5,7 :
X — X as follows:

b
S(z(t) = e1(t) + Ur(z(t)) = ¢1(t) —l—/ ki(t, s, z(s))ds,
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b
T(x(t)) = p2(t) + Uz (z(t)) = pal(t) —I—/ ka(t, s, z(s))ds.

Let x,y € X. Then we have
A(S2. Ty) = msie(e [Ur(t) + 1() — Uay(t) — a(t) [VI T a? eioreione
d(Sz,r) = maxyec(qp) [|[U12(t) + ¢1(2) 2(t)||[V1 + a2 eiarctana
d(Ty7 y) = MaXte(q,b] HUgy(t) + (Pg(t) y(t)“m etarctana
d(Sx,y) = maxe(q) [|[U12(t) + ¢1(t) — y()||V1 + a2 eiarctana,
On using assumption (14), for each ¢ € [a, b] we have

Q1) T AL
< A% (1).
S e 2y(0)
this implies that
QF (1) = A% (¢
e Ly (8) 2 mag Ay (1)

this yields that

¢(max (1)) Z (max A} (t))

t€[a,b] tela,b]
= max AY (1)) + ¢( max A% (1)).
~ ¢(te[2,b] my( )) (te[ib] xy( ))

That is,

d(Ty, y)d(Sﬂf,y)> +¢<d(Ty,y)d(Sx,y)>

P(d(Sz, Ty)) 2 ¢< 1+ d(z,y) 1+d(z,y)

Now, we can apply contraction condition (ag) in corollary (5) with f = g = 1.
Therefor we get that the Urysohn integral equations in system (13) have a unique
solution.
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