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Abstract. The aim of this paper is to introduce a new extended multiin-
dex Mittag-Leffler function by means of the extended beta function. We establish
some interesting properties of extended multiindex Mittag-Leffler function, such as
differential formulas, Mellin transform, Laplace transform, Euler-Beta transform,
and Whittaker transform. Further, we evaluate some results assosciated with the
Riemann-Liouville fractional integral and differential operators of the extended mul-
tiindex Mittag-Leffler function.
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1. Introduction and Preliminaries

Recently, many authors have introduced and further investigated many different
fascinating expansions and results of various special functions ( see [1]-[5], [7]-
[15],[25],[26],[32]). Concerning his method of summation of some divergent series,
Mittag-Leffler [17] introduced the Mittag-Leffler function. We have realized its sig-
nificance over the past twenty years because of its application to physics, chemistry,
biology, engineering, and applied sciences.

In 1903, Mittag -Leffler [17, 18] introduced the Mittag-Leffler function as,

Eµ(a) =

∞∑
l=0

al

Γ(µl + 1)
, (a, µ ∈ C;R(µ) > 0).

In 1905, Eµ,τ (a) a generalization of Eµ(a) was introduced by Wiman [29] in the
form given as
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Eµ,τ (a) =
∞∑
l=0

al

Γ(µl + τ)
, (a, µ, τ ∈ C;R(µ) > 0, R(τ) > 0).

Recently, in 2009 Salim [23] introduced and investigated a new generalized
Mittag-Leffler function

Eλ1,λ2
µ,τ (a) =

∞∑
l=0

(λ1)l a
l

Γ(µl + τ) (λ2)l
, (1)

(µ, τ, a, λ1, λ2 ∈ C; min{R(µ), R(τ), R(λ2)} > 0;R(λ2) > R(λ1) > 0),

where (λ1)l is the classical pochhammer symbol [22], which is defined for λ, l ∈ C
by means of the Gamma function Γ as

(λ1)l =
Γ(λ1 + l)

Γ(λ1)
=


1, (l = 0, λ1 ∈ C \ {0}),

λ1(λ1 + 1)...(λ1 + n− 1), (l ∈ N, λ1 ∈ C)

 .

Here, the classical Gamma function [22] is defined as

Γ(p) =

∫ ∞

0
e−t tp−1 dt, (R(p) > 0).

In this paper, we introduce multiindex Mittag-Leffler function, for n > 1 as

Eλ1,λ2

(µi,τi)n1
(a) =

∞∑
l=0

(λ1)l a
l

n∏
i=1

Γ(µil + τi) (λ2)l

, (2)

(a, µi, τi, λ1, λ2 ∈ C; min{R(µi), R(τi), R(λ2)} > 0;R(λ2) > R(λ1) > 0; i =
1, ..., n).

Which for i = 1 will reduce to Eλ1,λ2
µ1,τ1 (a) given in (1).

For an appropriately-bounded sequence {jm}m∈N0 of arbitrary (real or complex)
numbers, the function Ω ({jm}m∈N0 ; ξ) is defined by Srivastava et al. [27] in 2012
as,
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Ω ({jm}m∈N0 ; ξ) :=


∑∞

l=0 jl
ξl

l! (| ξ |< R; 0 < R < ∞; j0 := 1)

v0 ξµ exp(ξ)
[
1 +O

(
1
ξ

)]
(R(ξ) → ∞ : v0 > 0; µ ∈ C)

 ,

(3)
for some suitable constant v0 and µ essentially dependent on the sequence {jm}m∈N0 .
In terms of (3), they introduced the following extensions of the gamma function,
beta function, and the Gauss hypergeometric function

Γ
({jm}m∈N0 )
x (ξ1) =

∫ ∞

0
ξ2

ξ1−1Ω

(
{jm}m∈N0 ; −ξ2 −

x

ξ2

)
dξ2, (4)

(R(ξ1) > 0;R(x) ≥ 0)

B({jm}m∈N0 )(µ, τ ;x) =

∫ 1

0
ξ2

µ−1(1− ξ2)
τ−1Ω

(
{jm}m∈N0 ; − x

ξ2(1− ξ2)

)
dξ2, (5)

(min {R(µ), R(τ)} > 0;R(x) ≥ 0)

and

F
({jm}m∈N0 )
x (b, λ1;λ2; ξ1) =

∞∑
l=0

(b)l
B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

ξl1
l!

, (6)

( R(x) ≥ 0; | ξ1 |< 1; R(λ2) > R(λ1) > 0)

respectively.

For different special choices of the sequence {jm}m∈N0 , eqs. (4)-(6) would reduce
to some different extensions of Gamma, Beta and hypergeometric functions. In
prticular, if we put

jm =
(ρ1)m
(ρ2)m

(m∈N0),

equations (4)-(6) become the following extensions by Özergin et al. [20]

Γ(ρ1,ρ2)
x (ξ1) =

∫ ∞

0
ξ2

ξ1−1
1F1

(
ρ1; ρ2; −ξ2 −

x

ξ2

)
dξ2,

(R(x) ≥ 0; min {R(ξ1), R(ρ1), R(ρ2)} > 0).

47



N.U. Khan, M. Kamarujjama, Ajija Yasmin – Concerning the analysis of . . .

B(ρ1,ρ2)(µ, τ ;x) =

∫ 1

0
ξ2

µ−1(1− ξ2)
τ−1

1F1

(
ρ1; ρ2;−

b

ξ2(1− ξ2)

)
dξ2,

(R(x) ≥ 0; min{R(µ), R(τ), R(ρ1), R(ρ2)} > 0).

and

F (ρ1,ρ2)
x (b, λ1;λ2; ξ1) =

1

B(λ1, λ2 − λ1)

∞∑
l=0

(b)l B
(ρ1,ρ2)(λ1 + l, λ2 − λ1;x)

ξ1
l

l!
,

(| ξ1 |< 1; min{R(ρ1), R(ρ2)} > 0;R(λ2) > R(λ1) > 0; R(x) ≥ 0)

respectively.

Take jm = 1, and we can obtain the functions studied by Chaudhry et al. [3, 4]
from eqs. (4)-(6) as follows

Γx(ξ1) =

∫ ∞

0
ξ2

ξ1−1 exp

(
−ξ2 −

x

ξ2

)
dξ2, (R(x) > 0; ξ1∈ C),

B(µ, τ ;x) =

∫ 1

0
ξ2

µ−1(1− ξ2)
τ−1 exp

(
− x

ξ2(1− ξ2)

)
dξ2, (R(x) > 0),

and

Fx(b, λ1;λ2; ξ1) =

∞∑
l=0

(b)l
B(λ1 + l, λ2 − λ1; x)

B(λ1, λ2 − λ1)

ξ1
l

l!
,

(R(λ2) > R(λ1) > 0; x ≥ 0, | ξ1 |< 1)

respectively.
When jm = 0 (m ∈ N0) or for x = 0, eqs. (4)-(6) reduce to their classical forms

[16, 19].

The generalized Wright hypergeometric function gΨh[t], also known as the Fox-
Wright function [30, 31] defined as

gΨh[t] = gΨh

[
(α1, ά1), ..., (αg, άg);

(β1, β́1), ..., (βh, β́h);
t

]
(7)
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=
∞∑
l=0

Γ(α1 + ά1l)...Γ(αg + άgl)

Γ(β1 + β́1l)...Γ(βh + β́hl)

tl

l!
(8)

= H1,g
g,h+1

[
−t

∣∣∣∣∣ (1− α1, ά1), ..., (1− αg, άg)

(0, 1), (1− β1, β́1), ..., (1− βh, β́h)

]
,

here, H i,k
g,h[t] denotes the Fox-H function [6] defined by a Mellin-Barnes integral

as,

H i,k
g,h

[
t

∣∣∣∣∣ (α1, ά1), (α2, ά2), ..., (αg, άg)

(β1, β́1), (β2, β́2), ..., (βh, β́h)

]

=
1

2πi

∫
L

i∏
n=1

Γ(βn + β́nξ1)

k∏
n=1

Γ(1− αn + άnξ1)

h∏
n=i+1

Γ(1− βn + β́nξ1)

g∏
n=k+1

Γ(αn + άnξ1)

t−ξ1dξ1, (9)

where L is a contour separating the poles of the two factors in the numerator.

For ά1 = ... = άg = 1, β́1 = ... = β́h = 1 eq. (9) reduces to the generalized
hypergeometric function gFh [32]

gΨh

[
(α1, 1), ..., (αg, 1);
(β1, 1), ..., (βh, 1);

t

]
=

Γ(α1)...Γ(αg)

Γ(β1)...Γ(βh)
gFh(α1, ..., αg;β1, ..., βh; t).

We extend the multiindex Mittag-Leffler function given in (2) by means of the
extended beta function B({jm}m∈N0 )(µ, τ ;x) defined by (5), mainly driven by the
significant applications of these extended hypergeometric functions and discuss some
properties such as differential formulas, and some integral transform namely Euler-
Beta transform, Laplace transform, Mellin transform, and Whittaker transform.
Further, we investigate some results involving Riemann Liouville fractional integrals
and derivatives of the extended multiindex Mittag-Leffler function.
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2. Extended Multiindex Mittag-Leffler Function

Using (5) with the approach

(λ1)l
(λ2)l

=
B(λ1 + l, λ2 − λ1)

B(λ1, λ2 − λ1)
→ B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)
,

in (2), we define the new multiindex Mittag-Leffler function as

E
({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(a;x) =

∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

al

n∏
i=1

Γ(µil + τi)

, (10)

(µi, τi, a, λ1, λ2 ∈ C, and x ≥ 0; min{R(µi), R(τi), R(λ2)} > 0;R(λ2) > R(λ1) >
0, i = 1, ..., n).

Remark 1. If we put jm = (ρ1)m
(ρ2)m

(m ∈ N0), which gives another case of (10)

E
(ρ1,ρ2);λ1,λ2

(µi,τi)n1
(a;x) =

∞∑
l=0

B(ρ1,ρ2)(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

al

n∏
i=1

Γ(µil + τi)

(11)

(µi, τi, a, λ1, λ2 ∈ C, and x ≥ 0; min{R(µi), R(τi), R(λ2)} > 0;R(λ2) > R(λ1) >
0, i = 1, ..., n).

For x = 0 or jm = 0 (m ∈ N0), eq. (10) becomes (2).

Remark 2. Put µi = 0, τi = 1 (i = 1, ..., n) in (10) and (11) we get special cases
of multiindex Mittag-Leffler function

E
({jm}m∈N0 );λ1,λ2

(0i,1i)n1
(a;x) =

Γ(λ2)

Γ(λ1)
2Ψ

({jm}m∈N0 )
1

[
(λ1, 1), (1, 1);

(λ2, 1);
(a;x)

]
,

and

E
(ρ1,ρ2);λ1,λ2

(0i,1i)n1
(a;x) =

Γ(λ2)

Γ(λ1)
2Ψ

(ρ1,ρ2)
1

[
(λ1, 1), (1, 1);

(λ2, 1);
(a;x)

]
.

Moreover, for jm = 0, x = 0, µi = 1 (i = 1, ..., n) and a is replaced by −a, yields

Eλ1,λ2

(1i,τi)n1
(−a) =

Γ(λ2)

Γ(λ1)
2Ψn+1

[
(λ1, 1), (1, 1);
(λ2, 1), (τi, 1)

n
1 ;

− a

]
.
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3. Derivative Properties of Extended Multiindex Mittag-Leffler
Function

Here, we discuss some derivative properties of the extended multiindex Mittag-Leffler
function (10).

Theorem 1. The differential formula for the extended multiindex Mittag-Leffler
function is as follows(

d

da

)r [
aτ−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(ηaµ;x)

]
= aτ−r−1B

({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)
2Ψn+1

[
(τ, µ); (1, 1);

(τ − r, µ), (τi, µi)
n
1 ;

ηaµ
]
, (12)

(µi, τi, a, λ1, λ2 ∈ C; R(τ − r) > 0, r ∈ N; R(λ2) > R(λ1) > 0, i = 1, ..., n).

Proof. Using (10) and employing term-wise r times differentiations on (12), yields(
d

da

)r [
aτ−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(ηaµ;x)

]
=

∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

ηl

n∏
i=1

Γ(µil + τi)

(
d

da

)r

(aµl+τ−1) (13)

=
∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

Γ(µ l + τ) ηl aµl+τ−r−1

Γ(µl + τ − r)
n∏

i=1

Γ(µil + τi)

= aτ−r−1B
({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

∞∑
l=0

Γ(µ l + τ) Γ(l + 1) (ηaµ)l

Γ(µl + τ − r) l!
n∏

i=1

Γ(µil + τi)

(14)
Using eq. (7) and (8) in (14), we get the required result.

Theorem 2. We have the following derivative formula for the extended multiindex
Mittag-Leffler function

(
dr

dar

)[
E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(a;x)

]
=

(λ1)r
(λ2)r

∞∑
l=0

B({jm}m∈N0 )(λ1 + l + r, λ2 − λ1;x)

B(λ1 + r, λ2 − λ1)
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× (l + 1)ra
l

n∏
i=1

Γ(µil + τi + µir)

, (15)

(µi, τi, λ1, λ2 ∈ C, and r ∈ N; R(x) > 0, R(λ2) > R(λ1) > 0, i = 1, ..., n) .

Proof. Using (10) and applying differentiation with respect to a yields,(
d

da

)[
E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(a;x)

]

=
d

da


∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

al

n∏
i=1

Γ(µil + τi)


=

∞∑
l=1

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

al−1l
n∏

i=1

Γ(µil + τi)

.

Replacing l → l + 1 and using the result ([21], p.46)

B(λ1, λ2 − λ1) =
λ2

λ1
B(λ1 + 1, λ2 − λ1),

yields,

=
λ1

λ2

∞∑
l=0

B({jm}m∈N0 )(λ1 + l + 1, λ2 − λ1;x)

B(λ1 + 1, λ2 − λ1)

(l + 1)al

n∏
i=1

Γ(µil + τi + µi)

.

Reapplying this term-wise differentiation rth time, we get

(
dr

dar

)[
E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(a;x)

]
=

(λ1)r
(λ2)r

∞∑
l=0

B({jm}m∈N0 )(λ1 + l + r, λ2 − λ1;x)

B(λ1 + r, λ2 − λ1)

× (l + 1)r a
l

n∏
i=1

Γ(µil + τi + µir)

.
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Remark 3. For x = 0 or jm = 0 and i = 1, (15) becomes a known result [23](
dr

dar

)[
Eλ1,λ2

µ1,τ1 (a)
]
=

(λ1)r
(λ2)r

∞∑
l=0

(λ1 + r)l
(λ2 + r)l

(l + 1)r a
l

Γ(µ1l + τ1 + µ1r)
.

4. Integral Transform of Extended Multiindex Mittag-Leffler
function

In this section, we obtain the Euler-Beta transform, Laplace transform, Melli trans-
form and the Whittaker transform for the extended multiindex Mittag-Leffler func-
tion.

1. Euler-Beta Transform

For the function f(a), the Euler-Beta transform [30] is defined as

B {f(a); p, q} =

∫ 1

0
ap−1(1− a)q−1f(a) da. (16)

Theorem 3. The extended multiindex Mittag-Leffler function satisfies the following
Euler-Beta transform

B
{
E

({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(baρ2 ;x); p, q
}

= Γ(q)
B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)
2Ψn+1

[
(p, ρ2), (1, 1);

(τi, µi)
n
1 , (p+ q, ρ2);

b

]
, (17)

(µi, τi, λ1, λ2 ∈ C; R(x) > 0, R(p) > 0, R(q) > 0, R(λ2) > R(λ1) > 0, i =
1, ..., n).

Proof. Applying (16) in (10), we get

B
{
E

({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(baρ2 ;x); p, q
}

=

∫ 1

0
ap−1(1− a)q−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(baρ2 ;x) da
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=

∫ 1

0
ap−1(1− a)q−1


∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

blaρ2l

n∏
i=1

Γ(µil + τi)

 da

=

∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

bl

n∏
i=1

Γ(µil + τi)

∫ 1

0
ap+ρ2l−1(1− a)q−1 da

=
∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

bl

n∏
i=1

Γ(µil + τi)

Γ(p+ ρ2l)Γ(q)

Γ(p+ q + ρ2l)

= Γ(q)
B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

∞∑
l=0

Γ(p+ ρ2l)Γ(l + 1) bl

n∏
i=1

Γ(µil + τi)Γ(p+ q + ρ2l) l!

(18)

Using eq (7) and (8) in (18), we reach the result (17).

Corollary 4. Substitute a by (1− a) in E
({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(a;x), yields

B
{
E

({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(b(1− a)ρ2 ;x); p, q
}

=

∫ 1

0
ap−1(1− a)q−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(b(1− a)ρ2 ;x) da

= Γ(p)
B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)
2Ψn+1

[
(q, ρ2), (1, 1);

(τi, µi)
n
1 , (p+ q, ρ2);

b

]
.

Remark 4. For x = 0 or jm = 0 and i = 1 in (17), we obtain the known Euler-Beta

transform for Eλ1,λ2
µ1,τ1 (a) [23].

2. Laplace Transform

The Laplace transform [24] of the function f(a) is defined as:

L {f(a)} =

∫ ∞

0
e−saf(a) da.
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Theorem 5. The extended multiindex Mittag-Leffler function satisfies the following
Laplace transform∫ ∞

0
ap−1e−sa E

({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(baρ2 ;x) da

=
1

sp
B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)
2Ψn

[
(p, ρ2), (1, 1);
(τi, µi)

n
1 ;

b

sρ2

]
, (19)

(µi, τi, λ2, λ1 ∈ C; R(s) > 0, R(x) > 0, R(λ2) > R(λ1) > 0, i = 1, ..., n).

Proof. Suppose the R.H.S. of (19) as I1 and using (10), yields

I1 =

∫ ∞

0
ap−1e−sa E

({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(baρ2 ;x) da

=

∫ ∞

0
ap−1e−sa

∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

blaρ2l

n∏
i=1

Γ(µil + τi)

da

=
∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

bl

n∏
i=1

Γ(µil + τi)

∫ ∞

0
ap+ρ2l−1e−sa da

=
1

sp
B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

∞∑
l=0

Γ(p+ ρ2l)Γ(l + 1)
n∏

i=1

Γ(µil + τi) l!

(
b

sρ2

)l

(20)

Now, using eq (7) and (8) in (20), we reach the result (19).

Remark 5. For x = 0 or jm = 0 and i = 1 in (19), gives the following Laplace

transform for Eλ1,λ2
µ1,τ1 (a) [23] as∫ ∞

0
ap−1e−sa Eλ1,λ2

µ1,τ1 (ba
ρ2) da

=
1

sp
Γ(λ2)

Γ(λ1)
3Ψ2

[
(λ1, 1), (p, ρ2), (1, 1);

(λ2, 1), (τ1, µ1);

t

sρ2

]
.
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3. Mellin Transform

The Mellin transform [27] of an appropriately-integrable function f(a) with index
s is defined as

M{f(a); a → s} :=

∫ ∞

0
as−1f(a) da (21)

whenever the improper integral in (21) exists.

Theorem 6. The extended multiindex Mittag-Leffler function satisfies the following
Mellin transform

M{E({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(a;x);x → s}

=
Γ
({jm})m∈N0 )
0 (s)Γ(λ2)Γ(λ2 − λ1 + s)

Γ(λ1)Γ(λ2 − λ1)
2Ψn+1

[
(λ1 + s, 1), (1, 1);

(λ2 + 2s, 1), (τi, µi)
n
1 ;

a

]
, (22)

(R(s) > 0, and R(λ2 − λ1 + s) > 0),

where Γ
({jm})m∈N0 )
0 is a particular case of (4) for x = 0.

Proof. Applying (21) in (10), yields

M{E({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(a;x);x → s}

=

∫ ∞

0
xs−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(a;x) dx

=

∫ ∞

0
xs−1


∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

al

n∏
i=1

Γ(µil + τi)

 dx,

which, on further solving, gives,

=
1

B(λ1, λ2 − λ1)

∞∑
l=0

al

n∏
i=1

Γ(µil + τi)

∫ ∞

0
xs−1B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x) dx.

(23)
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Using the known formula [27]∫ ∞

0
xs−1B({jm}m∈N0 )(b, a;x)dx = Γ

({jm}m∈N0 )
0 (s) B(b+ s, a+ s), R(s) > 0,

in (23) we obtain,

M{E({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(a;x);x → s}

=
Γ
({jm}m∈N0 )
0 (s)

B(λ1, λ2 − λ1)

∞∑
l=0

B(λ1 + l + s, λ2 − λ1 + s)
al

n∏
i=1

Γ(µil + τi)

=
Γ
({jm}m∈N0 )
0 (s) Γ(λ2) Γ(λ2 − λ1 + s)

Γ(λ1) Γ(λ2 − λ1)

∞∑
l=0

Γ(λ1 + s+ l) Γ(l + 1) al

Γ(λ2 + l + 2s)

n∏
i=1

Γ(µil + τi) l!

(24)

Applying, (7) and (8) in (24), we reach the result (22).

4. Whittaker Transform

Theorem 7. The extended multiindex Mittag-Leffler function satisfies the following
Whittaker transform∫ ∞

0
au−1e

−νa
2 Wα,β(νa)E

({jm}m∈N0 );λ1,λ2

(µi,τi)
n
1

(baρ2 ;x) da

= ν−u B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)
3Ψn+1

[
(12 + β + u, ρ2), (

1
2 − β + u, ρ2), (1, 1);

(τi, µi)
n
1 , (1− α+ u, ρ2);

b

νρ2

]
.

(25)

Proof. Put νa = c in left hand side of (25), yields
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∫ ∞

0

( c

ν

)u−1
e

−c
2 Wα,β(c)

∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x) b
l

B(λ1, λ2 − λ1)
n∏

i=1

Γ(µil + τi)

( c

ν

)ρ2l 1

ν
dc

= ν−u
∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x) b
l

B(λ1, λ2 − λ1)
n∏

i=1

Γ(µil + τi) νρ2l

∫ ∞

0
cρ2l+u−1e

−c
2 Wα,β(c) dc (26)

Now, employing the formula∫ ∞

0
xu−1e

−x
2 Wα,β(x) dx =

Γ(12 + β + u) Γ(12 − β + u)

Γ(1− α+ u)
,

(
R(u± β) >

−1

2

)
,

where, Wα,β(x) is whittaker function [28],
(26) becomes

= ν−u B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

×
∞∑
l=0

Γ(12 + β + u+ ρ2l) Γ(
1
2 − β + u+ ρ2l) Γ(l + 1)

Γ(1− α+ u+ ρ2l)
n∏

i=1

Γ(µil + τi) l!

(
b

νρ2

)l

(27)

Using (7) and (8) in (27), we reach the result (25).

5. Fractional Property of Extended Multiindex Mittag-Leffler
function

Here, we investigate some results associated with the right-sided Riemann-Liouville
fractional integral operator Iαw+ and the derivative operator Dα

w+, which are defined
respectively as follows [15, 24]:

(Iαw+θ)(t) =
1

Γ(α)

∫ t

w

θ(a)

(t− a)1−α
da, (R(α) > 0, α ∈ C), (28)

and
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(Dα
w+θ)(t) =

(
d

dt

)r

(Ir−α
w+ θ)(t), (r = [R(α)] + 1; R(α) > 0, α ∈ C), (29)

where, [t] is the greatest integer.

Hilfer [9] defined a generalized Riemann-Liouville fractional derivative operator

Dα,β
w+ of order 0 < α < 1 and type 0 ≤ β ≤ 1 with respect to t as follows:

(Dα,β
w+θ)(t) =

(
I
β(1−α)
w+

d

dt

)(
I
(1−β)(1−α)
w+ θ

)
(t), (r = [R(α)]+1; R(α) > 0, α ∈ C).

(30)

Theorem 8. Suppose w ∈ R+; µi, τi, λ1, λ2, µ, τ, α, h ∈ C; R(µi) > 0, R(τi) >
0, R(α) > 0, i = 1, ..., n. Then, for t > w, we get the the following results:

(i)
(
Iαw+

[
(a− w)τ−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(h(a− w)µ;x)

])
(t)

= (t−w)τ+α−1B
({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)
2Ψn+1

[
(τ, µ), (1, 1);

(τ + α, µ), (τi, µi)
n
1 ;

h(t− w)µ
]
.

(31)

(ii)
(
Dα

w+

[
(a− w)τ−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(h(a− w)µ;x)

])
(t)

= (t−w)τ−α−1B
({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)
2Ψn+1

[
(τ, µ), (1, 1);

(τ − α, µ), (τi, µi)
n
1 ;

h(t− w)µ
]
.

(32)
and

(iii)
(
Dα,β

w+

[
(a− w)τ−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(h(a− w)µ;x)

])
(t)

= (t−w)τ−α−1B
({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)
2Ψn+1

[
(τ, µ), (1, 1);

(τ − α, µ), (τi, µi)
n
1 ;

h(t− w)µ
]
.

(33)

Proof. With the help of (10) and (28), the term by term fractional integration and
the application of the result [24]

(
Iµw+

[
(a− w)τ−1

])
(t) =

Γ(τ)

Γ(µ+ τ)
(a− w)µ+τ−1, (µ, τ ∈ C, R(µ) > 0, R(τ) > 0),
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yields for t > w :(
Iαw+

[
(a− w)τ−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(h(a− w)µ;x)

])
(t)

=

Iαw+


∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

hl

n∏
i=1

Γ(µil + τi)

(a− w)µl+τ−1


 (t)

=
∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

hl

n∏
i=1

Γ(µil + τi)

(
Iαw+

[
(a− w)µl+τ−1

])
(t)

=
∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

× Γ(µl + τ)hl

Γ(µl + τ + α)
n∏

i=1

Γ(µil + τi)

(t− w)µl+τ+α−1

= (t− w)τ+α−1B
({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

×
∞∑
l=0

Γ(µl + τ) Γ(l + 1)

Γ(µl + τ + α) l!

n∏
i=1

Γ(µil + τi)

(h(t− w)µ)l (34)

Now, using (7) and (8) in (34), we obtain the required result (31).

Next, by applying (10) and (29), we have,(
Dα

w+

[
(a− w)τ−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(h(a− w)µ;x)

])
(t)

=

(
d

dt

)r (
Ir−α
w+

[
(a− w)τ−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(h(a− w)µ;x)

])
(t)

=
∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

Γ(µl + τ)hl

Γ(µl + τ + r − α)
n∏

i=1

Γ(µil + τi)
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×
(

d

dt

)r (
(t− w)µl+τ+r−α−1

)
,

employing (13) and (14), yields

= (t− w)τ−α−1B
({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

×
∞∑
l=0

Γ(µl + τ) Γ(l + 1)

Γ(τ − α+ µl) l!

n∏
i=1

Γ(µil + τi)

(h(t− w)µ)l. (35)

Applying (7) and (8) in (35), we reach the result (32).

Lastly, from (10) and (30), we have(
Dα,β

w+

[
(a− w)τ−1E

({jm}m∈N0 );λ1,λ2

(µi,τi)n1
(h(a− w)µ;x)

])
(t)

=

Dα,β
w+


∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

hl

n∏
i=1

Γ(µil + τi)

(a− w)µl+τ−1


 (t)

=
∞∑
l=0

B({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

hl

n∏
i=1

Γ(µil + τi)

(
Dα,β

w+

[
(a− w)µl+τ−1

])
(t).

(36)
Applying the result of Srivastava and Tomovski [24] in (36), yields

= (t− w)τ−α−1B
({jm}m∈N0 )(λ1 + l, λ2 − λ1;x)

B(λ1, λ2 − λ1)

×
∞∑
l=0

Γ(µl + τ) Γ(l + 1)

Γ(µl + τ − α) l!

n∏
i=1

Γ(µil + τi)

(h(t− w)µ)l (37)

Finally using (7) and (8) in (37), we are getting the result (33).
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[29] A. Wiman, Über den Fundamentalsatz in der Teorie der Funktionen Eα(x),
(1905), 191-201.

[30] E.M. Wright, The asymptotic expansion the generalized hypergeometric func-
tions, J.Lond. Math. Soc. 10, 4 (1935), 286-293.

[31] E.M. Wright, The asymptotic expansion the generalized hypergeometric func-
tions, Proc. Lond. Math. Soc. 46, 1 (1940), 389-408.

[32] G. Yang, B. Shiri, H. Kong, G. C. Wu, Intermediate value problems for frac-
tional differential equations, Comput. Appl. Math. 40, 6 (2021), 1-20.

63



N.U. Khan, M. Kamarujjama, Ajija Yasmin – Concerning the analysis of . . .

N.U. khan
Department of Applied Mathematics, Faculty of Engineering and Technology,
Aligarh Muslim University,
Aligarh 202002, India
email: nukhanmath@gmail.com

M. Kamarujjama
Department of Applied Mathematics, Faculty of Engineering and Technology,
Aligarh Muslim University,
Aligarh 202002, India
email: mdkamarujjama@rediffmail.com

Ajija Yasmin
Department of Applied Mathematics, Faculty of Engineering and Technology,
Aligarh Muslim University,
Aligarh 202002, India
email: ajijayasmin001@gmail.com

64


	Introduction and Preliminaries
	Extended Multiindex Mittag-Leffler Function
	Derivative Properties of Extended Multiindex Mittag-Leffler Function
	 Integral Transform of Extended Multiindex Mittag-Leffler function
	Fractional Property of Extended Multiindex Mittag-Leffler function

