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Abstract. The main objective of the present paper is to investigate the discrete
probability distribution series for the function classes of analytic functions in the
open unit disk. Furthermore, we consider an integral operator related to the discrete
probability distribution series.
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1. Introduction

Let A denote the class of functions f of the form

f(z) = z +

∞∑
n=2

an z
n (1)

which are analytic and univalent in the open unit disk given by

U = {z : z ∈ C and |z| < 1}. (2)

Let T be the subclass of A consisting of functions whose non zero coefficient of the
form second on, given by

f(z) = z −
∞∑
n=2

|An| zn. (3)

In 2018, [5] introduce the discrete probability distribution whose probability mass
function is

ζ(n) =
an
T
, n = 0, 1, 2, 3, ... (4)
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where T =
∞∑
n=0

an is convergent series for an ≥ 0,∀n ∈ N. Also, we introduce the

series

φ(p) =

∞∑
n=0

anp
n. (5)

It is easy to see that the series given by (5) is convergent for |p| < 1 and p =
1. Further, [5] introduce a power series whose coefficients are probabilities of the
generalized distribution for functions as follows:

Kφ(z) = z +
∞∑
n=2

an−1

T
zn. (6)

Further, we define the following function:

PKφ(z) = z −
∞∑
n=2

an−1

T
zn. (7)

The Hadamard product (or convolution) of two power series f(z) =
∞∑
n=2

an z
n and

g(z) =
∞∑
n=2

bn z
n is defined as

(f ∗ g)(z) = (g ∗ f)(z) =
∞∑
n=2

anbnz
n.

Next, we introduce the convolution operator PKφ(f, z) for function f of the form
(3) as follows

PKφ(f, z) = PKφ(z) ∗ f(z) = z −
∞∑
n=2

|An|
an−1

T
zn. (8)

Let S∗(α, β) be the subclass of T consisting of functions which satisfy the condition∣∣∣∣∣
zf ′(z)
f(z) − 1

zf ′(z)
f(z) + 1− 2α

∣∣∣∣∣ < β, z ∈ U, (9)

where 0 ≤ α < 1 and 0 < β ≤ 1.
Also, let C∗(α, β) be the subclass of T consisting of functions which satisfy the

condition ∣∣∣∣∣
zf ′′(z)
f ′(z) − 1

zf ′′(z)
f ′(z) + 2(1− α)

∣∣∣∣∣ < β, z ∈ U, (10)
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where 0 ≤ α < 1 and 0 < β ≤ 1.
The classes S∗(α, β) and C∗(α, β), were introduced by [7]. Also, we note that

for β = 1 these classes reduces S∗(α, 1) = S∗(α) and C∗(α, 1) = K(α), the class of
starlike and convex functions of order α (0 ≤ α < 1) [3, 4].

A function f ∈ A is said to in the class Rτ (C,D), if it satisfies the inequality∣∣∣∣∣ f ′(z)− 1

(C −D)ν −D[f ′(z)− 1]

∣∣∣∣∣ < 1, (z ∈ U) (11)

where ν ∈ C \ {0},−1 ≤ C < D ≤ 1. This class was introduced by [1].

Lemma 1. [7] A function f(z) of the form (3) is in S∗(α, β) if and only if

∞∑
n=2

[n(1 + β)− 1 + β(1− 2α)]|an| ≤ 2β(1− α). (12)

Lemma 2. [7] A function f(z) of the form (3) is in C∗(α, β) if and only if

∞∑
n=2

n[n(1 + β)− 1 + β(1− 2α)]|an| ≤ 2β(1− α). (13)

Lemma 3. [1] If f ∈ Rτ (C,D) is of the form (1) then

|an| = (C −D)
|ν|
n
, n ∈ N \ {1}. (14)

Motivated with works of [2, 5, 6, 8, 9, 10, 11, 12], we obtain necessary and
sufficient conditions for PKφ(z) and PKφ(f, z) in the classes S∗(α, β) and C∗(α, β).
Also, we obtain inclusion relations for aforecited classes with Rτ (C,D).

2. Necessary and Sufficient Conditions

Theorem 4. If PKφ(z) that is of the form (7) is in the class S∗(α, β), if and only
if

1

T

[
(1 + β)φ′(1) + 2β(1− α)[φ(1)− φ(0)]

]
≤ 2β(1− α). (15)

Proof.

PKφ(z) = z −
∞∑
n=2

an−1

T
zn,
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in view of Lemma 1, it is sufficient to show that

∞∑
n=2

[n(1 + β)− 1 + β(1− 2α)]
∣∣∣an−1

T

∣∣∣ ≤ 2β(1− α).

Now

ϱ1(α, β, T ) =

∞∑
n=2

[n(1 + β)− 1 + β(1− 2α)]
∣∣∣an−1

T

∣∣∣
=

1

T

[
(1 + β)

∞∑
n=2

(n− 1)an−1 + 2β(1− α)
∞∑
n=2

an−1

]

=
1

T

[
(1 + β)

∞∑
n=1

nan + 2β(1− α)

∞∑
n=1

an

]
=

1

T

[
(1 + β)φ′(1) + 2β(1− α)[φ(1)− φ(0)]

]
≤ 2β(1− α). (16)

This completes the proof of Theorem.

Theorem 5. If PKφ(z) that is of the form (7) is in the class C∗(α, β), if and only
if

1

T

[
(1+ β)φ′′(1)+ 2[1+ 3(2−α))φ′(1)+ 2β(1−α)[φ(1)−φ(0)]

]
≤ 2β(1−α). (17)

Proof. Since

PKφ(z) = z −
∞∑
n=2

an−1

T
zn,

in view of Lemma 2, it is sufficient to show that

∞∑
n=2

n[n(1 + β)− 1 + β(1− 2α)]
∣∣∣an−1

T

∣∣∣ ≤ 2β(1− α). (18)

4



A.A. Thombre, D.N. Chate – Application of Discrete Probability . . .

Now

ϱ2(α, β, T ) =

∞∑
n=2

n[n(1 + β)− 1 + β(1− 2α)]
∣∣∣an−1

T

∣∣∣
=

1

T

[
(1 + β)

∞∑
n=2

(n− 1)(n− 2)an−1

+2(1 + 3(2− α))
∞∑
n=2

(n− 1)an−1 + 2β(1− α)
∞∑
n=2

an−1

]

=
1

T

[
(1 + β)φ′′(1) + 2(1 + 3(2− α))φ′(1) + 2β(1− α)[φ(1)− φ(0)]

]
≤ 2β(1− α). (19)

This completes the proof of Theorem.

3. Inclusion Properties

Theorem 6. If f ∈ Rτ (C,D) is of the form (3) and the operator PKφ(f, z), defined
by (8) in the class C∗(α, β), if and only if

(C −D)|ν|
T

[(n− 1)φ′(1) + 2β(1− α)(φ(1)− φ(0))] ≤ 2β(1− α). (20)

Proof. In view of Lemma 2, it is sufficient to show that

ϱ3(α, β, T ) =
∞∑
n=2

n[n(1 + β)− 1 + β(1− 2α)]
∣∣∣an−1

T

∣∣∣ ≤ 2β(1− α).

Since f ∈ Rτ (C,D), then by Lemma 3 we have

|an| =
(C −D)|ν|

n
.

Therefore

ϱ3(α, β, T ) ≤ (C −D)|ν|
T

∞∑
n=2

[n(1 + β)− 1 + β(1− 2α)]an−1

=
(C −D)|ν|

T

∞∑
n=2

[(n− 1)(1 + β) + 2β(1− α)]an−1

=
(C −D)|ν|

T
[(n− 1)φ′(1) + 2β(1− α)(φ(1)− φ(0))]

≤ 2β(1− α). (21)

This completes the proof of Theorem.
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4. An Integral Operator

In this section we introduce an integral operator PIφ(z) as follows:

PIφ(z) =

∫ z

0

PKφ(t)

t
dt, (22)

and we obtain a necessary and sufficient condition for PIφ(z) belonging to the class
C∗(α, β).

Theorem 7. If PKφ(z) is defined by (7), then PIφ(z) defined by (22) in the class
C∗(α, β), if and only if (15) satisfied.

Proof. Since

PIφ(z) = z −
∞∑
n=2

an−1

nT
zn,

in view of Lemma 2, it is sufficient to show that

∞∑
n=2

n[n(1 + β)− 1 + β(1− 2α)]
∣∣∣an−1

nT

∣∣∣ ≤ 2β(1− α).

Now

ϱ4(α, β, T ) =
∞∑
n=2

n[n(1 + β)− 1 + β(1− 2α)]
∣∣∣an−1

nT

∣∣∣
=

1

T

[
(1 + β)

∞∑
n=2

(n− 1)an−1 + 2β(1− α)

∞∑
n=2

an−1

]

=
1

T

[
(1 + β)φ′(1) + 2β(1− α)[φ(1)− φ(0)]

]
≤ 2β(1− α). (23)

This completes the proof of Theorem.
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