
Acta Universitatis Apulensis
ISSN: 1582-5329
http://www.uab.ro/auajournal/

No. 76/2023
pp. 13-24

doi: 10.17114/j.aua.2023.76.02

ON LIE-DERIVATIVE OF M−PROJECTIVE CURVATURE TENSOR
AND K−CURVATURE INHERITANCE IN GBK − 5RFn
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Abstract. This work introduces a new class of Finsler spaces Fn , character-
ized by a specific relationship between the Cartan fourth curvature tensor Ki

jkh and
given fifth-order covariant vector fields. We call such spaces generalized BK−fifth
recurrent spaces. We prove that under certain conditions, the Ki

jkh exhibits both
inheritance property and K-curvature inheritance with respect to the Berwald covari-
ant derivative of fifth order. Additionally, we explore properties of the Lie derivative
in Fn and its connection to tensor-curvature inheritance. Notably, we define the Lie
derivative for the M-projective curvature tensor W̄ i

jkh and derive various identities
for it within the GBK − 5RFn framework.
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1. Introduction

Pandy’s 1982 paper [14] introduced the concept of the Lie derivative for the cur-
vature tensor. This derivative is defined as a specific infinitesimal transformation.
Pandy also showed that the Lie derivative for Weyl projective curvature tensor van-
ishes. Duggal (1992) [7] then studied curvature inheritance symmetry in Riemannian
spaces and found a number of applications, leading to increased research interest in
the following years. Finally, Singh (2003) [22]studied infinitesimal transformations
for which the Lie derivative of the curvature tensor is proportional to itself, naming
them ”curvature inheritance transformations.”

Curvature inheritance is a physical phenomenon that can be explained by the
Lie recurrence equation, a specific type of infinitesimal transformation. Building
upon this, Singh (2004) [20] introduced a special kind of curvature inheritance called
”projective curvature inheritance,” characterized by its connection to projective mo-
tions. Further research explored specific instances of this phenomenon. Mishra and
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Yadav (2007) [12] focused on projective curvature in an NP − Fn space, while
Gatoto and Singh (2008) [10] delved into both k̃−curvature inheritance and pro-
jective k̃−curvature inheritance. Saxena and Pandy (2011) [18] generalized several
theorems related to Lie derivatives, further enriching the theoretical framework. In
2012, Singh [21] defined curvature inheritance in bi-recurrent Finsler spaces. Mishra
and Lodhi (2012) [11] delved into the nuances of curvature inheritance symmetry
and Ricci-inheriting symmetry in Finsler spaces, obtaining insightful results. No-
tably, Singh (2013) [19] introduced the study of curvature inheritance for the Weyl
curvature tensor field. Finally, Gatoto (2014) [9] defined and analyzed N−curvature
inheritance in recurrent Finsler spaces, uncovering valuable findings and discussing
special cases.

In recent year Calvaruso and Zaemi (2016) [5] studied some application of a
Lie-derivative for curvature tensors. Duggal (2017) [8] used mathematical models to
establish a connection between curvature inheritance symmetry and Ricci Solitons.
Opondo (2021) [13] defined and studied W−curvature inheritance in recurrent and
bi-recurrent Finsler space. Ali, Salman, Rahaman, and Pundeer (2023) [1]studied
a Lie-derivative of M-projective curvature and established some properties of this
curvature tensor.

In (1973) Sinha and Singh[23] studied the properties of recurrent tensor in
recurrent Finsler space. The several works on recurrent Finsler space done in
(1973,1987). Finsler geometry reveals intriguing recurrence properties in its cur-
vature tensors: Verma (1991)[24] identified recurrence in Cartan’s third, Dikshit
(1992)[6] in Berwald’s, and Qasem (2000)[15] explored conditions for recurrence in
the general Berwald sense. Notably, Qasem and Abdallah (2016)[16] defined gen-
eralized -recurrent Finsler spaces, where both Berwald and Cartan’s fourth tensors
exhibit recurrence. Further, Qasem and Baleedi (2016)[17] introduced spaces where
Cartan’s fourth tensor exhibits a specific recurrence relation, proving the K-Ricci
tensor, curvature vector, and scalar to be non-vanishing. Al-Qashbari and Qasem
(2017)[2] extended this by studying generalized -trirecurrent Finsler spaces. Al-
Qashbari (2020)[3] introduced some relations of generalized curvature tensors for
B-recurrent Finsler Field. In (2023) Al-Qashbari and Al-Maisary [4] studied for
generalized BK−fourth recurrent in Finsler space.

Let us consider the infinitesimal transformation point given by [14]:

x−i = xi + vi(x)ε. (1)

Within this framework, ε represent an infinitesimal point constant ,while vi(x) de-
notes a contravariant vector field solely dependent on positional coordinates xi ,de-
void of directional influence.infinitesimal method servves as a pivotal tool for con-
structing Lie-derivatives,invaluable for assessing the rate of change of a vector field
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as they traverse the flow of another vector or tensor field,denote by Lv .The symbol
signifies the Lie-differentiation operator ,specifically tailored to operate within the
context of the transformation(1).
The vector yi is Lie-invariant i.e.,

Lvy
i = 0. (2)

The M-projective curvature collineation along a vector field vi(x) satisfies the rela-
tion [1] :

W̄ i
jkh = 0. (3)

The commutation formula for Lie-derivatives and other derivatives for tensors
is a mathematical identity that relates the Lie derivative of a tensor field to other
derivatives of that field. It is a powerful tool for studying the behavior of tensors T i

j

under transformations given by:

Lv(∂̇lT
i
j )− ∂̇l(LvT

i
j ) = 0. (4)

The Berwald curvature tensor’s H i
jkh covariant Lie derivative is proportional to the

curvature itself if and only if the following relation holds [13] :

LvH
i
jkh = α(x)H i

jkh. (5)

For a non-zero scalar function α(x) ,the infinitesimal transformation (5) is a type of
an H-curvature inheritance in 2R − Fn,that is characterized by the constant, with
respect to the vector field vi(x). Also the Lie-derivative of the Berwald curvature
tensor H i

jkh satisfies the relations:

a) LvH
i
kh = α(x)H i

kh

b) LvH
r
rkh = α(x)Hr

rkh

c) LvHjk = α(x)Hjk

d) LvH = α(x)H

e)LvH
i
j = α(x)H i

j .

(6)

In this paper, we consider an n-dimensional Finsler space Fn with the metric function
F satisfying the following conditions [17]:

(i) Positively homogeneous: F (x, ky) = kF (x, y), k > 0.
(ii) positively: F (x, y) > 0, y ̸= 0.

(iii)
{
∂̇i∂̇jF

2 (x, y)
}
ξi ξj , ∂̇i :=

∂
∂yi

is the positive definite for all the variables

ξi.
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The following equation gives the relation between the metric function F and the
components of the metric tensor gij :

a) gijy
iyj = F 2

b) gijy
j = yi

c) δil = ∂̇ly
i.

(7)

d) gijg
ik = δkj =

{
1 if j = k,

0 if j ̸= k.

Within the Finsler space under consideration, the metric tensor, along with Cartan’s
and Berwald’s connection parameters, exhibit symmetry in their lower indices and
demonstrate positive homogeneity of degree zero with respect to directional argu-
ments. Furthermore, Berwald’s covariant derivative applied to the metric function ,
the vectors yi , yi and the unit vector li, results in an identically vanishing outcome,
mathematically expressed as follows:

a) BkF = 0.

b) Bky
i = 0

c) Bkyi = 0

d) Bkl
i = 0.

(8)

The Cartan’s fourth curvature tensor Ki
jkh satisfies the following relations:

a) Ki
jkh = Ri

jkh − Ci
js H

s
kh

b) H i
jkh = Ki

jkh + ∂̇j K
i
rkhy

r

c) Ri
jkh yj = Ki

jkh yj = H i
kh.

(9)

The Ricci tensor Rjk is given by

Rjky
j = Hk. (10)

Let us explore GBK − RFn for which Cartan’s fourth curvature tensor Ki
jkh is

defined as [17]:

BmKi
jkh = amKi

jkh + bm

(
δihgjk − δikgjh

)
, Ki

jkh ̸= 0,

is called generalized BK− recurrent space, where Bm is covariant derivative of first
order (Berwald’s covariant differential operator) with respect to xm. Taking the
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covariant derivative of the fifth order for above equation in the sense of Berwald
with respect to xm , xn, xl , xq and xs respectively, we obtain

BsBqBlBnBmKi
jkh = asqlnmKi

jkh + bsqlnm
(
δihgjk − δikgjh

)
(11)

− csqlnm
(
δihCjkn − δik Cjhn

)
− dsqlnm

(
δihCjkl − δik Cjhl

)
− esqlnm

(
δihCjkq − δik Cjhq

)
− 2bqlnmyrBr

(
δihCjks − δik Cjhs

)
,

where asqlnm = (Bsaqlnm) + aqlnmλs , bsqlnm = aqlnmµs + (Bsbqlnm),
csqlnm = (Bscqlnm + cqlnmBs) , dsqlnm = (Bsdqlnm + dqlnmBs) and
esqlnm = 2 (BsblnmyrBr + blnmyrBsBr) are non-zero covariant vectors field of fifth
order.we identify such spaces as generalized BK-fifth recurrent space and denoted
GBK − 5RFn.

2. A K−Curvature Inheritance in GBK − 5RFn

According to Singh’s (2003) findings, within the context of a bi-recurrent Finsler
space space 2R−Fn , if the Lie-derivative for the Berwald curvature tensor H i

jkh ex-
hibits proportionality to the curvature itself, a condition mathematically expressed
by relation(5) with respect to the vector field vi(x) and α(x) involving a non-zero
scalar function, then the infinitesimal transformation characterized by (5) is desig-
nated as an H-curvature inheritance within the designated space.
Taking the Lie- derivative of both sides of [(9)b] and using (2),[(7)c] and[(7)d] when
i ̸= j also the Lie- derivative and partial derivative are commutative, we get

LvH
i
jkh = LvK

i
jkh. (12)

Using (5) in (12), we get

LvK
i
jkh = α(x)H i

jkh. (13)

Since α(x) is a scalar function , we obtain

LvK
i
jkh = α(x)Ki

jkh. (14)

Thus,the Cartan’s fourth curvature tensor Ki
jkh has the inheritance property, hence

it satisfying the relation(14).
K−curvature inheritance may be also called K−Lie recurrence. Singh(2012) [21]
has proved that in a Finsler space Fn if the space is an isotropic then the properties
does not different in directional , so that every K−curvature inheritance in 2R−Fn

is also K−curvature inheritance in 5R− Fn.
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Definition 1. In a fifth recurrent Finsler space if the space is an isotropic and the
Lie-derivative of Cartan’s fourth curvature tensor Ki

jkh is equal the curvature itself

if and only if the relation (14) W.r.t the vector field vi(x) where α(x) is a non-zero
scalar function and Ki

jkh ̸= 0 , then the infinitesimal transformation(14) is called
an K−curvature inheritance in 5R− Fn.

Taking the covariant derivative of 5th order for (14) with respect to xm , xn, xl

, xq and xs respectively in the sense of Berwald, we get

BsBqBlBnBm(LvK
i
jkh) = (15)

[BsBqBlBnBmα(x)]Ki
jkh + α(x)[BsBqBlBnBmKi

jkh].

Usig (11)in (15), we get

BsBqBlBnBm(LvK
i
jkh) = (16)

[BsBqBlBnBmα(x)]Ki
jkh + α(x)

[
asqlnmKi

jkh + bsqlnm
(
δihgjk − δikgjh

)
− csqlnm

(
δihCjkn − δik Cjhn

)
− dsqlnm

(
δihCjkl − δik Cjhl

)
− esqlnm

(
δihCjkq − δik Cjhq

)
− 2bqlnmyrBr

(
δihCjks − δik Cjhs

) ]
.

Taking the Lie-derivative of bth sides of (11) and since the components of the Kro-
necker delta δih are constant functions (one or zero), so Lvδ

i
h = 0, thus we get

Lv(BsBqBlBnBmKi
jkh) = (Lvasqlnm)Ki

jkh + asqlnmLv(K
i
jkh) (17)

+(Lvbsqlnm)
(
δihgjk − δikgjh

)
+ bsqlnm

(
δihLvgjk − δikLvgjh

)
−(Lvcsqlnm)

(
δihcjkn − δikcjhn

)
− csqlnm

(
δihLvcjkn − δikLvcjhn

)
−(Lvdsqlnm)

(
δihcjkl − δikcjhl

)
− dsqlnm

(
δihLvcjkl − δikLvcjhl

)
−(Lvesqlnm)

(
δihcjkq − δikcjhq

)
− esqlnm

(
δihLvcjkq − δikLvcjhq

)
−2(Lvbqlnm)yrBr

(
δihCjks − δik Cjhs

)
− 2bqlnmyrBr

(
δihLvCjks − δik LvCjhs

)
.

Using [(7)d] when i ̸= j and (14) in (17) ,we get

Lv(BsBqBlBnBmKi
jkh) = (Lvasqlnm + α(x)asqlnm)Ki

jkh . (18)

Using [(7)d] when i ̸= j in (16) ,we get

BsBqBlBnBm(LvK
i
jkh) = [BsBqBlBnBmα(x) + α(x)asqlnm]Ki

jkh . (19)

Subtracting (18) from (19) ,we get

BsBqBlBnBm(LvK
i
jkh)−Lv(BsBqBlBnBmKi

jkh) = [BsBqBlBnBmα(x)−Lvasqlnm]Ki
jkh .
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Which can be written as

BsBqBlBnBm(LvK
i
jkh)− Lv(BsBqBlBnBmKi

jkh) = 0. (20)

If and only if

Lvasqlnm = BsBqBlBnBmα(x). (21)

Thus, we conclude

Theorem 1. In GBK−5RFn, the K-curvature inheritance and the Berwald covari-
ant derivative of the fifth order are commutative if and only if the Berwald covariant
derivative of the fifth order of the scalar function α(x) is equal Lvasqlnm .

Applying commutation formula (4) for H i
j and using [(6)e ], we get

Lv(∂̇lH
i
j) = α(x)(∂̇lH

i
j). (22)

Thus, we conclude

Theorem 2. In GBK−5RFn, wich admits the H-curvature inheritance the partial
derivative with respect to yl for the deviation tensor H i

j satisfies the inheritance
property .

We have the equation [13]:

LvW
i
j = α(x)W i

j . (23)

Since α(x) is a scalar function , we obtain

LvW
i
j = α(x)H i

j . (24)

Using [(6)e] in (24), we get

LvW
i
j = LvH

i
j . (25)

Similarly, using (14)in (12) ,we get

LvH
i
jkh = α(x)Ki

jkh. (26)

Since α(x) is a scalar function , we obtain

LvH
i
jkh = α(x)W i

jkh. (27)
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Also, we have [13]:

LvW
i
jkh = α(x)W i

jkh. (28)

Using (28) in (27) ,we get

LvH
i
jkh = LvW

i
jkh. (29)

By applying the precedent paces on any two tensors-curvature inheritance of the
same type we obtain that the Lie-derivative for any two tensors-curvature inheritance
of the same type are equal .
Thus, we conclude

Theorem 3. In GBK − 5RFn,wich admits tensor-curvature inheritance,the Lie-
derivatives for the tensors of the same type are equql .

Adding [(6)e] and (23) ,we get

Lv(W
i
j +H i

j) = α(x)(W i
j +H i

j). (30)

Similarly,adding (5) and (28) ,we get

Lv(W
i
jkh +H i

jkh) = α(x)(W i
jkh +H i

jkh). (31)

By applying the precedent paces on any two tensors-curvature inheritance of the
same type we obtain that the addition for any two tensors-curvature inheritance of
the same type is also tensor-curvature inheritance .
Thus, we conclude

Theorem 4. In GBK − 5RFn,which admits tensor-curvature inheritance,the ad-
dition for any two tensors-curvature inheritance of the same type is also tensor-
curvature inheritance .

3. A Lie-Derivative of M−Projective Curvature Tensor in
GBK − 5RFn

Definition 2. The M- projective curvature tensor W̄ i
jkh is given by [1]:

W̄ i
jkh = Ri

jkh −
1

6

(
Rjkδ

i
h −Rjhδ

i
k + gjkR

i
h − gjhR

i
k

)
. (32)
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Taking the covariant derivative of 5th order for (32) with respect to xm , xn, xl

, xq and xs respectively in the sense of Berwald ,we get

BsBqBlBnBmW̄ i
jkh = BsBqBlBnBmRi

jkh (33)

−1

6
BsBqBlBnBm

(
Rjkδ

i
h −Rjhδ

i
k + gjkR

i
h − gjhR

i
k

)
.

Taking the Lie-derivative of both sides of (33), we get

Lv

(
BsBqBlBnBmW̄ i

jkh

)
= Lv

(
BsBqBlBnBmRi

jkh

)
(34)

−1

6
Lv

[
BsBqBlBnBm

(
Rjkδ

i
h −Rjhδ

i
k + gjkR

i
h − gjhR

i
k

)]
.

Thus, we conclude

Theorem 5. In GBK − 5RFn, the Lie-derivative of Berwald covariant derivative
of the fifth order for the M-projective curvature tensor W̄ i

jkh is giving by (34).

From (34) we have

Lv

(
BsBqBlBnBmW̄ i

jkh

)
= Lv

(
BsBqBlBnBmRi

jkh

)
. (35)

If and only if

−1

6
Lv

[
BsBqBlBnBm

(
Rjkδ

i
h −Rjhδ

i
k + gjkR

i
h − gjhR

i
k

)]
= 0. (36)

Thus, we conclude

Theorem 6. In GBK − 5RFn, the Lie-derivatives of Berwald covariant derivative
of the fifth order for the M-projective curvature tensor W̄ i

jkh and the Cartan’s third

curvature tensor Ri
jkh both are equal if and only if (36) holds good .

Using [(9)a] in (34), we get

Lv

(
BsBqBlBnBmW̄ i

jkh

)
= Lv

(
BsBqBlBnBmKi

jkh

)
. (37)

If and only if

Lv

[
BsBqBlBnBm(Ci

jtH
t
kh)

]
(38)

−1

6
Lv

[
BsBqBlBnBm

(
Rjkδ

i
h −Rjhδ

i
k + gjkR

i
h − gjhR

i
k

)]
= 0.

Thus,we conclude
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Theorem 7. In GBK − 5RFn, the Lie-derivatives of Berwald covariant derivative
of the fifth order for the M-projective curvature tensor W̄ i

jkh and the Cartan’s fourth

curvature tensor Ki
jkh both are equal if and only if (38) holds good .

Transvecting (34) by yj ,using (2), [(7)b], [(8)b], [(9)c] and (10), we get

Lv

(
BsBqBlBnBmW̄ i

jkhy
j
)
= Lv

(
BsBqBlBnBmH i

kh

)
(39)

−1

6
Lv

[
BsBqBlBnBm

(
Hkδ

i
h −Hhδ

i
k + ykR

i
h − yhR

i
k

)]
.

Thus, we conclude

Theorem 8. In GBK − 5RFn, the Lie-derivative of Berwald covariant derivative
of the fifth order for the tensor (W̄ i

jkhy
j) is giving by (39).

Taking the Lie-derivative of both sides of (32), we get

LvW̄
i
jkh = LvR

i
jkh −

1

6
Lv

(
Rjkδ

i
h −Rjhδ

i
k + gjkR

i
h − gjhR

i
k

)
. (40)

Taking the covariant derivative of 5th order for (40) with respect to xm , xn, xl , xq

and xs respectivelyin the sense of Berwald ,we get

BsBqBlBnBm(LvW̄
i
jkh) = BsBqBlBnBm(LvR

i
jkh) (41)

−1

6
BsBqBlBnBm

[
Lv

(
Rjkδ

i
h −Rjhδ

i
k + gjkR

i
h − gjhR

i
k

)]
.

Using (3) in (41) ,we get

BsBqBlBnBm(LvR
i
jkh) =

1

6
BsBqBlBnBm

[
Lv

(
Rjkδ

i
h −Rjhδ

i
k + gjkR

i
h − gjhR

i
k

)]
.(42)

Thus, we conclude

Theorem 9. In GBK − 5RFn, the Lie-derivative of Berwald covariant derivative
of the fifth order for the Cartan’s third curvature tensor Ri

jkh is giving by (42) if the
M-projective curvature collineation along the vector field.
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