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RESULTS CONCERNING EXTENDED GENERALIZED
BESSEL-MAITLAND FUNCTION
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ABSTRACT. Through this paper, we display the extended generalized Bessel-
Maitland function (EGBMF) and obtain some integral representations of it. The
extended fractional derivative [6] of the generalized Bessel-Maitland function gives
the extended generalized Bessel-Maitland function. Furthermore we display inter-
esting relationships of this function with Laguerre polynomials and Whittaker func-
tions. At long last the Mellin transform of this function is evaluated in terms of
generalized Wright hypergeometric function and Euler transform is also evaluated.
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1. INTRODUCTION

The theory of Bessel function is intimately connected with the theory of certain
types of differential equations. A detailed account of application of Bessel function
is represented in Watson [1]. At the latest innumerable authors have done work on
Bessel function ([4],[5],[7]-[10]). The Bessel-Maitland function is a generalization of
Bessel function, introduced by Edward Maitland Wright [11]. It is given by

Ti(z) = ngo F(,un(—:i)—l- 1)n!” (1)

The applications of Bessel-Maitland function are found in the field of applied sci-
ences, engineering, biological, chemical and Physical sciences [1]. The generalized
Bessel-Maitland function investigated and studied in [7] and is defined as

, _ - (Vgn(=2)"
Jﬁ(](z) - 7;) T(un+v+1)n!’ (2)
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where p, v,y € C;R(p) > 0,R(v) > —1,R(y) >0 and ¢ € (0,1) UN.
In this paper, we extend the generalized Bessel-Maitland J}7/ () in the following
way

o0

K = 3 S N 0> Ga €N > 70) > 0)
®)

which will be known as extended generalized Bessel-Maitland function (EGBMF).
Using the fact Wan _ B('an’cfv), and where

()gn B(v,c=7)
1 _
Bmwz/ﬂﬂvaWQ@ (R(p) > 0,R(x) > 0,R(y) > 0). (4)
0
For p = 0, we get beta function
' L)L (y)
Bz, :/t”f—ll—ty—ldt:. 5
@)= [ ta = gk 9
The Wright generalized hypergeometric function is defined as [2]
(a17a1)7 (CLQ,OZQ), Ty (apaap);
p¥q(2) = p¥q Z1 5 (6)
(b1751)7 (627/82)7 Ty (bqaﬁq);

_ Z H auaz ) k
1 D(bj, Bik)K!
where the coefﬁ(:lents ai(z =1,2,---,p) and Bj(j = 1,2,--- ,q) are positive real

numbers such that . ,
1—1—253'—2% > 0.
j=1 i=1
The Mellin tansform [3] of the function f(z) is defined as
MIf(2): 8] = /0 S (2)dz = f*(s), R(s) > 0. (1)
The inverse Mellin transform
1
_ —1r7 px . _ = * —s

£6) =M o)) = o [ (o)

The Euler(Beta) [3] transform of the function f(z) is defined as

1
B[f(z) : a,b] = /0 2271 = 2)27 f(2)dz. (8)
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2. CHARACTERIZATION OF EGBMF AS INTEGRAL

In this segment we start with the Theorem and then obtain some specific results.

Theorem 1. The extended generalized Bessel-Maitland function can have the fol-
lowing integral representation

1 1 _—p
J#,’Y;C(Z;p) _ / t’y—l(l _ t)C-'Y_let(lft) Jlljvc(tqz)dt, (9)
X B(v,e—7) Jo N

where p > 0,q € N,R(c) > R(y) > 0, R(p) > 0, R(v) > —1.

Proof. Put equation (4) in equation (3), we get

& 1
T (zp) = Z/ =L (] _ e T g (©)gn(=2)" .
o ’ n=0"0 B(v,c—y)'(pn + v+ 1)n!

Reciprocate the order of summation and integration, that is sured under the as-
sumptions of theorem, we get

T (2 p) = 1 /1 o1 =)t ) Z (=t72)" di
va B(v,e=7) Jo un+V+1) ’

using (2), we get our result.

'LL

Corollary 2. Consider t = -~ in Theorem 2.1, we get

. 1 o0 -l —p(1+u) ulz
JHTC (5 p) = / gre (2N qu. (10
EN=gr T )y G (<1+u>> w10

Corollary 3. Consider t = sin® 0 in Theorem 2.1, we get

B(V,C—'y)/o (sin @) (cosf) esinZoeos0 JU5¢ (2 sin*? 0)d6.
(11)

Corollary 4. Recurrence relation for the extended generalized Bessel-Maitland func-
tion

S (zp) =

ic He d e

where p > 0,q € N,R(c) > R(y) > 0, %(u) > 0,R(v) > —1.
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Proof. Starting with right hand side of (12) and using (3), we obtain

d o Bo(y +an, ¢ = 7)(€)gn(=2)"
1) ¢ L JHE (e — 1 p ) q
(vt Ddfig(zp) + e diing (=) = (v + )nz:O B(y,¢ =)l (pn + v + 2)n!

d <~ Bp(y +an,c = 7)(€)gn(—2)"
g Z:: B(v,c —y)'(pn+v +2)n!’

p (Y +qn,c — ) ()gn(=2)" (pn + v + 1)
N Z B(vy,¢c —y)T'(un + v+ 2)n!

)

— J,j;]’c(z;p).

3. PROPERTIES OF THE EGBMF ALLIED WITH DERIVATIVE

The classical Riemann-Liouville fractional derivative of order u is determined through
DE{f() / FO@—0"tdt,  R(u) <0, (13)

The extended Riemann-Liouville fractional derivative specified by Ozarslan and
Ozergin [6] is specified as

DHP{ f(x) /f Yz —t)"F e rt>dt R(p) <0,R(p) >0. (14)

Theorem 5. Let p > 0,q € N;R(5) > R(A) > 0,R(p) > 0,R(y) > 0,R(v) > —1,

then
Zc—l

oo (i) - £y

B\, ¢ — NN (2% p). (15)

Proof. Replace i by A — ¢ in the definition of the extended fractional derivative
operators, we get
1

z 2
A—c,p A=1 yu,c( .9 — A=1/_,  p\e=A—1 qu,cr1q %Zp_z)
D (z Yo (z )) 7F(c— N /() "z —t) I (t7)et=-D dt,

Zc_)\_l z ¢ c—A—1 _p22
et ) IR R
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Lay u = % in above equation we acquire

Zcfl

1
_ A—1 c—A—1 7u,c PTeEan
= m /; u (1 — U) J#’q (quq)e I-v) duy.

Using (9), we obtain result.

Theorem 6. The derivative formula of the extended generalized Bessel-Maitland
function is

d" . :
v (5p) = (e)gleta)g - (et (n— Da)g T " (z5p). (16)
Proof. Take on derivative w.r.t ‘z’ in (3), we get

d . .. o
aJ#jJ’ (2p) = (0)gJL0 T (2 p). (17)

Thereafter applying the derivative w.r.t ‘z” in (17), we get
&> +2g;c42
; v+2g;c :
@J#,’J’C(Z;p) = (c)g(c+ Q)qJ5+2u T (2 p).
Repeating the derivation w.r.t ‘z’, we get our result

Theorem 7. Under mentioned derivative formula of the extended generalized Bessel-
Maitland function is real

dn v ;C v—m ;7Y€ .
TR p)] = I (W) (18)

Proof. Replace z by Az* in (3) and take its product with z”, then taking its derivative
w.r.t ‘z’ n times we get our result.

4. AFFINITY OF THE EGBMF WITH LAGUERRE POLYNOMIAL AND WHITTAKER
FUNCTION

Through this segment we render the portrayal of the extended generalized Bessel-
Maitland function in terms of Laguerre polynomials and Whittaker’s function.

Theorem 8. For the extended generalized Bessel-Maitland function, we get

G i Lo (p) L (p) () g1 2"

2P JHYC( e p) =
HIid (=) B(v,c—7) I(pk + v+ 1)k!

B(y+m+qk+1, c+n—y+1).
m,n,k=0

(19)
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Proof. By using the generating function of Laguerre polynomials [2]

o0

—pt
e = ZL (1 — t), (20)

we get,

CTID — ¢~ 2P Z (p)t"™ 1 -, 0<t< 1. (21)

m,n=0
Put (21) in (9)
1 ! >
JUe(zp) = 7/ O A=ty e Lo (p) Ln (p)t™FH (1=t) "1 T (19 2) dit.
TeEn) = gy | 070D 3 Ll L) 1 )
Applying (2), we get

= (_1)k€_2p /1 t"/—l(l — t)C—'y—l f: Ln(p)Lm(p)t7n+qk+l(l - t)n_‘_l(’Y)qkzk
B(v,c—7) Jo I(pk+v+1)k! '

m,n,k=0

Reciprocate the order of integration and summation

k: -2 e k 1
_ ( P Z (’y)qkz / ty+m+qk<1 o t)c+n7’ydt.
B(y,e=7) =~ uk+V+1)k' 0

Using the definition of Beta function (5)

(ke i Ln(p) L () (V) ar2*

= +m+qgk+1,c+n—~v+1).
Bly,c—7) D(uh+v+ Dkt D0 T Ha T+

m,n,k=0
Multiplying on both sides by 2P, we get the required result.

Theorem 9. For the extended generalized Bessel-Maitland function, we have

3p . (—1)FT(c—v+1) = m(D)(C)qrz®  mentar—s
2 JEV(2; = —_— 2 —2c—qk—m—1 m+y+q .
e J,,7q (z:p) B(vy,c—7) mZOF Mk+V+1)k'p W gk EUESER k(p)
(22)
Proof. By using (20), we get
D = ¢~ petZL p)It™(1 —t). (23)
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Put (23) in (9), we get

1 ')
T (zp) = —— [ 77N A =) eTPeT (1 1) Ly (p)t™ JE:5 (t2)dt.
i (7:) B(%c—v)/o (1-4) et mZO ! "

Applying (2)

J” ,Y.c( ) e P /1 t’yil(]_ t)077 %p i L tmi tqZ) dt
b ) Zc f— — 6
va P T By e =) Jo — m pard Mk+v+ 1k!

Reciprocate the order of integration and summation

; (*1)k6_p - Ly (p)(c )qkzk /1 ke —~ =P
Ll(5p) = o tmraR YL e dt,
Jed () B(v,c—7) D(pk 4+ v + 1)k! (=8 e

Now using
bt 1,22 el
/ 1=t e T dt =T(W)p'z €2 Wicu-ov 4 (p), [R(v) > 0,R(p) > 0].
0 2 2

We get our result.

5. INTEGRAL TRANSFORMS OF EGBMF

Theorem 10. Let p,v,v,¢c,s € C;R(p) > 0,R(v) > —1,R(c) > R(y) > 0,R(s) >0
and g € N. The Mellin transform of extended generalized Bessel-Maitland function
1s specified through

(C, ), ( +87 );
Dste—n) o O 0T oy

LT —7) (v+1,u), (c+2s,q);

M (J)¢(zp);s) =

Proof. Using Mellin transform (7) on extended generalized Bessel-Maitland function
M (T (2 p);s) = /0 p* b2 p)dp.

Now using (9)

/ 5= 1/ 11— 1)e " e T JHe(492) dtdp
V’q °
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Reciprocate the order of integrals in overhead equation, which is admittable so far
as the conditions in the statement of the Theorem, we get

1 ! 1 1 > T epn:
=— [ i@ —p)e e, / p*~Let-0 dpdt.
B(%C—’Y)/o (1-2) a () 0
Now exerting u = t(lf 3 and using the fact that I'(s) = OOO u*"te "du, we get

I'(s) /1 _ S
—_ —\%) Y=Ll — pste 1Jlllhc 92\ dt.
B(y,c—=7) Jo =9 a(%2)

Using (2)

_ F(S) /1 tw-{-s—l( s+c -1 Z fm t Z
B(y,c—7) Jo Fun+1/+1)

Reciprocate the order of summation and integration, we get

= F(S) i (C)qn(z)n /1 t7+5+qn—1(1 _ t)s-‘rC—'Y_ldt
B(y,e =) &= T(pn +v + 1)nl Jo ’

using the Beta function (5), we get

_ I i (A)gn(2)"  T(y+s+gn)l(s+c—7)
T( '

B(v,c—7) o un + v+ 1)n! ['(2s+ ¢+ qn)
Considering (v)gn = ”3(7?)”), B(v,c—7) = %, we get

_T(e)(s+c—7) i T(c+qn)T(v + 5+ qn)(2)"
L(y)T(c—7) T(un +v+ DT (c+ 2s + gn)n!’

Using (6), we get our result.
Corollary 11. Put s =1 in Theorem 5.1, we get

T(c—n+1) (),  (v+1,9);

o0
| e = 2 . @)
" He=aB O wa i, e+2.0)
Corollary 12. Taking the inverse Mellin transform on both sides of (24), we get
the tmportant complex integral

A+Loo (C, Q)a (’Y + s, Q);
1
JIT(zp) = —/ T(s)T'(s+c—7)2P2 z| p~ids.
2mLRE =) fiocos v+ 1,0, (c+25,0);
(26)
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Theorem 13. Let pi,v,v,¢c,s € C;R(p) > 0,R(v) > —1,R(c) > R(y) > 0,R(s) >0
and q € N. The Euler transform of extended generalized Bessel-Maitland function
is specified through

{J‘”C (z"5p) v+ 1,1} = U, (Lp). (27)

Proof. By definition of Euler transform (8) and (3), we get

+qn, ¢ —7)(¢)gn(—=2")"
Ju’yc . 1 1 v+1-1 1 1 1 7 q d
B{ (5p) v+ 11} = / 2 Z B(y,e =)' (un + v+ 1)n! :

Reciprocating the summation and integral which is gauranteed under convergence
condition, we get

_ i (=1)"Bp(v + qn,c —7)(¢)gn /1 Zun+u+1—1<1 _ Z)lfldz
B(y,c—y)I'(pn+v+1)n! Jy '

n=0

Applying definition of Beta function (5), we get our result.
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