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Abstract. Through this paper, we display the extended generalized Bessel-
Maitland function (EGBMF) and obtain some integral representations of it. The
extended fractional derivative [6] of the generalized Bessel-Maitland function gives
the extended generalized Bessel-Maitland function. Furthermore we display inter-
esting relationships of this function with Laguerre polynomials and Whittaker func-
tions. At long last the Mellin transform of this function is evaluated in terms of
generalized Wright hypergeometric function and Euler transform is also evaluated.

2010 Mathematics Subject Classification: 33C10, 33B15, 26A33, 35A22, 33C45,
33C15, 33C20.

Keywords: generalized Bessel-Maitland function, extended beta function, frac-
tional derivative, Mellin transform, Laguerre polynomials, Whittaker functions, Wright
generalized hypergeometric functions.

1. Introduction

The theory of Bessel function is intimately connected with the theory of certain
types of differential equations. A detailed account of application of Bessel function
is represented in Watson [1]. At the latest innumerable authors have done work on
Bessel function ([4],[5],[7]-[10]). The Bessel-Maitland function is a generalization of
Bessel function, introduced by Edward Maitland Wright [11]. It is given by

Jµ
ν (z) =

∞∑
n=0

(−z)n

Γ(µn+ ν + 1)n!
. (1)

The applications of Bessel-Maitland function are found in the field of applied sci-
ences, engineering, biological, chemical and Physical sciences [1]. The generalized
Bessel-Maitland function investigated and studied in [7] and is defined as

Jµ,γ
ν,q (z) =

∞∑
n=0

(γ)qn(−z)n

Γ(µn+ ν + 1)n!
, (2)
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where µ, ν, γ ∈ C;ℜ(µ) ≥ 0,ℜ(ν) ≥ −1,ℜ(γ) ≥ 0 and q ∈ (0, 1) ∪ N.
In this paper, we extend the generalized Bessel-Maitland Jµ,γ

ν,q (z) in the following
way

Jµ,γ;c
ν,q (z; p) =

∞∑
n=0

Bp(γ + qn, c− γ)(c)qn(−z)n

B(γ, c− γ)Γ(µn+ ν + 1)n!
, (p > 0, q ∈ N,ℜ(c) > ℜ(γ) > 0),

(3)
which will be known as extended generalized Bessel-Maitland function (EGBMF).

Using the fact
(γ)qn
(c)qn

= B(γ+qn,c−γ)
B(γ,c−γ) , and where

Bp(x, y) =

∫ 1

0
tx−1(1− t)y−1e

−p
t(1−t)dt, (ℜ(p) > 0,ℜ(x) > 0,ℜ(y) > 0). (4)

For p = 0, we get beta function

B(x, y) =

∫ 1

0
tx−1(1− t)y−1dt =

Γ(x)Γ(y)

Γ(x+ y)
. (5)

The Wright generalized hypergeometric function is defined as [2]

pΨq(z) = pΨq

 (a1, α1), (a2, α2), · · · , (ap, αp);

(b1, β1), (b2, β2), · · · , (bq, βq);
z

 , (6)

=
∞∑
k=0

∏p
i=1 Γ(ai, αik)z

k∏q
j=1 Γ(bj , βjk)k!

,

where the coefficients αi(i = 1, 2, · · · , p) and βj(j = 1, 2, · · · , q) are positive real
numbers such that

1 +

q∑
j=1

βj −
p∑

i=1

αi ≥ 0.

The Mellin tansform [3] of the function f(z) is defined as

M [f(z); s] =

∫ ∞

0
zs−1f(z)dz = f∗(s), ℜ(s) > 0. (7)

The inverse Mellin transform

f(z) = M−1[f∗(s);x] =
1

2πi

∫
f∗(s)x−sds.

The Euler(Beta) [3] transform of the function f(z) is defined as

B[f(z) : a, b] =

∫ 1

0
za−1(1− z)b−1f(z)dz. (8)
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2. Characterization of EGBMF as integral

In this segment we start with the Theorem and then obtain some specific results.

Theorem 1. The extended generalized Bessel-Maitland function can have the fol-
lowing integral representation

Jµ,γ;c
ν,q (z; p) =

1

B(γ, c− γ)

∫ 1

0
tγ−1(1− t)c−γ−1e

−p
t(1−t)Jµ,c

ν,q (t
qz)dt, (9)

where p > 0, q ∈ N,ℜ(c) > ℜ(γ) > 0,ℜ(µ) > 0,ℜ(ν) > −1.

Proof. Put equation (4) in equation (3), we get

Jµ,γ;c
ν,q (z; p) =

∞∑
n=0

∫ 1

0
tγ+qn−1(1− t)c−γ−1e

−p
t(1−t)dt

(c)qn(−z)n

B(γ, c− γ)Γ(µn+ ν + 1)n!
.

Reciprocate the order of summation and integration, that is sured under the as-
sumptions of theorem, we get

Jµ,γ;c
ν,q (z; p) =

1

B(γ, c− γ)

∫ 1

0
tγ−1(1− t)c−γ−1e

−p
t(1−t)

∞∑
n=0

(c)qn(−tqz)n

Γ(µn+ ν + 1)n!
dt,

using (2), we get our result.

Corollary 2. Consider t = u
1+u in Theorem 2.1, we get

Jµ,γ;c
ν,q (z; p) =

1

B(γ, c− γ)

∫ ∞

0

uγ−1

(1 + u)c
e

−p(1+u)2

u Jµ,c
ν,q

(
uqz

(1 + u)q

)
du. (10)

Corollary 3. Consider t = sin2 θ in Theorem 2.1, we get

Jµ,γ;c
ν,q (z; p) =

2

B(γ, c− γ)

∫ π
2

0
(sin θ)2γ−1(cos θ)2c−2γ−1e

−p

sin2 θ cos2 θ Jµ,c
ν,q (z sin

2q θ)dθ.

(11)

Corollary 4. Recurrence relation for the extended generalized Bessel-Maitland func-
tion

Jµ,γ;c
ν,q (z; p) = (ν + 1)Jµ,γ;c

ν+1,q(z; p) + µz
d

dz
Jµ,γ;c
ν+1,q(z; p), (12)

where p > 0, q ∈ N,ℜ(c) > ℜ(γ) > 0,ℜ(µ) > 0,ℜ(ν) > −1.
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Proof. Starting with right hand side of (12) and using (3), we obtain

(ν + 1)Jµ,γ;c
ν+1,q(z; p) + µz

d

dz
Jµ,γ;c
ν+1,q(z; p) = (ν + 1)

∞∑
n=0

Bp(γ + qn, c− γ)(c)qn(−z)n

B(γ, c− γ)Γ(µn+ ν + 2)n!

+µn
d

dz

∞∑
n=0

Bp(γ + qn, c− γ)(c)qn(−z)n

B(γ, c− γ)Γ(µn+ ν + 2)n!
,

=
∞∑
n=0

Bp(γ + qn, c− γ)(c)qn(−z)n(µn+ ν + 1)

B(γ, c− γ)Γ(µn+ ν + 2)n!
,

= Jµ,γ;c
ν,q (z; p).

3. Properties of the EGBMF allied with derivative

The classical Riemann-Liouville fractional derivative of order µ is determined through

Dµ
x{f(x)} =

1

Γ(−µ)

∫ x

0
f(t)(x− t)−µ−1dt, ℜ(µ) < 0. (13)

The extended Riemann-Liouville fractional derivative specified by Özarslan and
Özergin [6] is specified as

Dµ,p
x {f(x)} =

1

Γ(−µ)

∫ x

0
f(t)(x− t)−µ−1e

−px2

t(x−t)dt, ℜ(µ) < 0,ℜ(p) > 0. (14)

Theorem 5. Let p > 0, q ∈ N,ℜ(δ) > ℜ(λ) > 0,ℜ(µ) > 0,ℜ(γ) > 0,ℜ(ν) > −1,
then

Dλ−c,p
z

(
zλ−1Jµ,c

ν,q (z
q)
)
=

zc−1

Γ(c− λ)
B(λ, c− λ)Jµ,λ;c

ν,q (zq; p). (15)

Proof. Replace µ by λ − c in the definition of the extended fractional derivative
operators, we get

Dλ−c,p
z

(
zλ−1Jµ,c

ν,q (z
q)
)
=

1

Γ(c− λ)

∫ z

0
tλ−1(z − t)c−λ−1Jµ,c

ν,q (t
q)e

−pz2

t(z−t) dt,

=
zc−λ−1

Γ(c− λ)

∫ z

0
tλ−1

(
1− t

z

)c−λ−1

Jµ,c
ν,q (t

q)e
−pz2

t(z−t) dt.
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Lay u = t
z in above equation we acquire

=
zc−1

Γ(c− λ)

∫ 1

0
uλ−1(1− u)c−λ−1Jµ,c

ν,q (u
qzq)e

−p
u(1−u) du.

Using (9), we obtain result.

Theorem 6. The derivative formula of the extended generalized Bessel-Maitland
function is

dn

dzn
Jµ,γ;c
ν,q (z; p) = (c)q(c+ q)q · · · (c+ (n− 1)q)qJ

µ,ν+nq;c+nq
ν+nµ (z; p). (16)

Proof. Take on derivative w.r.t ‘z’ in (3), we get

d

dz
Jµ,γ;c
ν,q (z; p) = (c)qJ

µ,ν+q;c+q
ν+µ (z; p). (17)

Thereafter applying the derivative w.r.t ‘z’ in (17), we get

d2

dz2
Jµ,γ;c
ν,q (z; p) = (c)q(c+ q)qJ

µ,ν+2q;c+2q
ν+2µ (z; p).

Repeating the derivation w.r.t ‘z’, we get our result

Theorem 7. Under mentioned derivative formula of the extended generalized Bessel-
Maitland function is real

dn

dzn
[zνJµ,γ;c

ν,q (λzµ; p)] = zν−nJµ,γ;c
ν−n,q(λz

µ; p) (18)

Proof. Replace z by λzµ in (3) and take its product with zν , then taking its derivative
w.r.t ‘z’ n times we get our result.

4. Affinity of the EGBMF with Laguerre polynomial and Whittaker
function

Through this segment we render the portrayal of the extended generalized Bessel-
Maitland function in terms of Laguerre polynomials and Whittaker’s function.

Theorem 8. For the extended generalized Bessel-Maitland function, we get

e2pJµ,γ;c
ν,q (z; p) =

(−1)k

B(γ, c− γ)

∞∑
m,n,k=0

Ln(p)Lm(p)(γ)qkz
k

Γ(µk + ν + 1)k!
B(γ+m+qk+1, c+n−γ+1).

(19)
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Proof. By using the generating function of Laguerre polynomials [2]

e
−pt
(1−t) =

∞∑
n=0

Ln(p)t
n(1− t), (20)

we get,

e
−p

t(1−t) = e−2p
∞∑

m,n=0

Ln(p)Lm(p)tm+1(1− t)n+1, 0 < t < 1. (21)

Put (21) in (9)

Jµ,γ;c
ν,q (z; p) =

1

B(γ, c− γ)

∫ 1

0

tγ−1(1−t)c−γ−1e−2p
∞∑

m,n=0

Ln(p)Lm(p)tm+1(1−t)n+1Jµ,c
ν,q (t

qz)dt.

Applying (2), we get

=
(−1)ke−2p

B(γ, c− γ)

∫ 1

0

tγ−1(1− t)c−γ−1
∞∑

m,n,k=0

Ln(p)Lm(p)tm+qk+1(1− t)n+1(γ)qkz
k

Γ(µk + ν + 1)k!
.

Reciprocate the order of integration and summation

=
(−1)ke−2p

B(γ, c− γ)

∞∑
m,n,k=0

Ln(p)Lm(p)(γ)qkz
k

Γ(µk + ν + 1)k!

∫ 1

0

tγ+m+qk(1− t)c+n−γdt.

Using the definition of Beta function (5)

=
(−1)ke−2p

B(γ, c− γ)

∞∑
m,n,k=0

Ln(p)Lm(p)(γ)qkz
k

Γ(µk + ν + 1)k!
B(γ +m+ qk + 1, c+ n− γ + 1).

Multiplying on both sides by e2p, we get the required result.

Theorem 9. For the extended generalized Bessel-Maitland function, we have

e
3p
2 Jµ,γ;c

ν,q (z; p) =
(−1)kΓ(c− γ + 1)

B(γ, c− γ)

∞∑
m,k=0

Lm(p)(c)qkz
k

Γ(µk + ν + 1)k!
p

m+γ+qk−1
2 W γ−2c−qk−m−1

2 ,m+γ+qk
2

(p).

(22)

Proof. By using (20), we get

e
−p

t(1−t) = e−pe
−p
t

∞∑
m=0

Lm(p)tm(1− t). (23)
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Put (23) in (9), we get

Jµ,γ;c
ν,q (z; p) =

1

B(γ, c− γ)

∫ 1

0
tγ−1(1− t)c−γ−1e−pe

−p
t (1− t)

∞∑
m=0

Lm(p)tmJµ,c
ν,q (t

qz)dt.

Applying (2)

Jµ,γ;c
ν,q (z; p) =

e−p

B(γ, c− γ)

∫ 1

0
tγ−1(1− t)c−γe

−p
t

∞∑
m=0

Lm(p)tm
∞∑
k=0

(c)qk(−tqz)k

Γ(µk + ν + 1)k!
dt.

Reciprocate the order of integration and summation

Jµ,γ;c
ν,q (z; p) =

(−1)ke−p

B(γ, c− γ)

∞∑
m,k=0

Lm(p)(c)qkz
k

Γ(µk + ν + 1)k!

∫ 1

0
tm+qk+γ−1(1− t)c−γe

−p
t dt.

Now using∫ 1

0
tµ−1(1− t)ν−1e

−p
t dt = Γ(ν)p

µ−1
2 e

−p
2 W 1−µ−2ν

2
,µ
2
(p), [ℜ(ν) > 0,ℜ(p) > 0].

We get our result.

5. Integral transforms of EGBMF

Theorem 10. Let µ, ν, γ, c, s ∈ C;ℜ(µ) ≥ 0,ℜ(ν) ≥ −1,ℜ(c) > ℜ(γ) > 0,ℜ(s) > 0
and q ∈ N. The Mellin transform of extended generalized Bessel-Maitland function
is specified through

M
(
Jµ,γ;c
ν,q (z; p); s

)
=

Γ(s)Γ(s+ c− γ)

Γ(γ)Γ(c− γ)
2Ψ2

 (c, q), (γ + s, q);

(ν + 1, µ), (c+ 2s, q);
− z

 . (24)

Proof. Using Mellin transform (7) on extended generalized Bessel-Maitland function

M
(
Jµ,γ;c
ν,q (z; p); s

)
=

∫ ∞

0
ps−1Jµ,γ;c

ν,q (z; p)dp.

Now using (9)

=
1

B(γ, c− γ)

∫ ∞

0
ps−1

∫ 1

0
tγ−1(1− t)c−γ−1e

−p
t(1−t)Jµ,c

ν,q (t
qz)dtdp.
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Reciprocate the order of integrals in overhead equation, which is admittable so far
as the conditions in the statement of the Theorem, we get

=
1

B(γ, c− γ)

∫ 1

0
tγ−1(1− t)c−γ−1Jµ,c

ν,q (t
qz)

∫ ∞

0
ps−1e

−p
t(1−t)dpdt.

Now exerting u = p
t(1−t) and using the fact that Γ(s) =

∫∞
0 us−1e−udu, we get

=
Γ(s)

B(γ, c− γ)

∫ 1

0
tγ+s−1(1− t)s+c−γ−1Jµ,c

ν,q (t
qz)dt.

Using (2)

=
Γ(s)

B(γ, c− γ)

∫ 1

0
tγ+s−1(1− t)s+c−γ−1

∞∑
n=0

(c)qn(t
qz)n

Γ(µn+ ν + 1)n!
dt.

Reciprocate the order of summation and integration, we get

=
Γ(s)

B(γ, c− γ)

∞∑
n=0

(c)qn(z)
n

Γ(µn+ ν + 1)n!

∫ 1

0
tγ+s+qn−1(1− t)s+c−γ−1dt,

using the Beta function (5), we get

=
Γ(s)

B(γ, c− γ)

∞∑
n=0

(c)qn(z)
n

Γ(µn+ ν + 1)n!

Γ(γ + s+ qn)Γ(s+ c− γ)

Γ(2s+ c+ qn)
.

Considering (γ)qn = Γ(γ+qn)
Γ(γ) , B(γ, c− γ) = Γ(γ)Γ(c−γ)

Γ(c) , we get

=
Γ(s)Γ(s+ c− γ)

Γ(γ)Γ(c− γ)

∞∑
n=0

Γ(c+ qn)Γ(γ + s+ qn)(z)n

Γ(µn+ ν + 1)Γ(c+ 2s+ qn)n!
.

Using (6), we get our result.

Corollary 11. Put s = 1 in Theorem 5.1, we get∫ ∞

0
Jµ,γ;c
ν,q (z; p)dp =

Γ(c− γ + 1)

Γ(c− γ)Γ(γ)
2Ψ2

 (c, q), (γ + 1, q);

(ν + 1, µ), (c+ 2, q) ;
z

 . (25)

Corollary 12. Taking the inverse Mellin transform on both sides of (24), we get
the important complex integral

Jµ,γ;c
ν,q (z; p) =

1

2πiΓ(γ)Γ(c− γ)

∫ λ+ι∞

λ−ι∞
Γ(s)Γ(s+c−γ)2Ψ2

 (c, q), (γ + s, q);

(ν + 1, µ), (c+ 2s, q);
z

 p−sds.

(26)
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Theorem 13. Let µ, ν, γ, c, s ∈ C;ℜ(µ) ≥ 0,ℜ(ν) ≥ −1,ℜ(c) > ℜ(γ) > 0,ℜ(s) > 0
and q ∈ N. The Euler transform of extended generalized Bessel-Maitland function
is specified through

B
{
Jµ,γ;c
ν,q (zµ; p) : ν + 1, 1

}
= Jµ,γ;c

ν+1,q(1; p). (27)

Proof. By definition of Euler transform (8) and (3), we get

B
{
Jµ,γ;c
ν,q (zµ; p) : ν + 1, 1

}
=

∫ 1

0
zν+1−1(1−z)1−1

∞∑
n=0

Bp(γ + qn, c− γ)(c)qn(−zµ)n

B(γ, c− γ)Γ(µn+ ν + 1)n!
dz.

Reciprocating the summation and integral which is gauranteed under convergence
condition, we get

=

∞∑
n=0

(−1)nBp(γ + qn, c− γ)(c)qn
B(γ, c− γ)Γ(µn+ ν + 1)n!

∫ 1

0
zµn+ν+1−1(1− z)1−1dz.

Applying definition of Beta function (5), we get our result.
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