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THE CYCLIC CODES OF ODD LENGTH OVER THE FINITE RING
Ry .29 AND THEIRS DNA APPLICATIONS

A. DERTLI AND Y. CENGELLENMIS

ABSTRACT. Necessary and sufficient conditions for cyclic codes of odd length
over the finite ring R4 ,2 o = Falu,v]/ < ut, v uv—vu >= Fy+uFs+ulFy+ulFy+
vFy + vuFy + vu?Fy + vud Fy, where u* = 0,v? = 0,uv = vu and Fy = {0,1} to have
the DNA properties are determined. A correspondence between the elements of the
finite ring R4 ,2 9 and DNA 4-bases is given. By using the correspondence and the
cyclic DNA codes over the finite ring R, ,2 9, the DNA codes are obtained.
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1. INTRODUCTION

DNA has a sophisticated structure with an perfect error correcting property. Some
scientists used some special error correcting codes that enjoy some properties with
DNA structure in order to understand DNA. To model DNA, they considered some
special error correcting codes over many finite rings or finite fields with 4% elements.
One of them is cyclic DNA code. A cyclic DNA code means a cyclic code that has
reversible complement property. By using a correspondence from the finite rings or
finite fields to DNA bases, they obtained DNA codes via cyclic DNA codes.

A DNA code of length n means a set of codewords (a,...,a,) where a; €
{A,T,G,C}. Designing DNA codes is very important issue especially in DNA com-
puting.

In [8], B. Yildiz, I. Siap gave a sufficient condition for a cyclic code of odd length
over Fp[u]/ < u*—1 > to be reversible complement. They constructed DNA codes as
images of reversible complement cyclic codes of odd length n over Fp[u]/ < u*—1 >.
In [3], S. Bathala and M. Bhaintwal gave a sufficient condition for a cyclic code of
odd length over Fy[u,v]/ < u?,v%,uv — vu > to be reversible complement. They
constructed DNA codes as images of reversible complement cyclic codes of odd
length n over Fhlu,v]/ < u?, v uv —vu >.
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Motivated from these works, we are interested in cyclic DNA codes over R ,2 o
in order to construct DNA codes via them.

This paper is organised as follows. In section 2, some knowledges and some
notations about the finite ring R, ,2 o are given. In section 3, the structures of cyclic
codes over this ring are given. In section 4, the necessary and sufficient conditions for
cyclic codes of odd length over this ring to be reversible are determined. In section
5, a correspondence between the elements of this ring and DNA 4-bases is given. In
section 6, the necessary and sufficient conditions for cyclic codes of odd length over
this ring to be reversible complement are given and DNA codes are obtained via
cyclic DNA codes of odd length n over this ring.

2. THE RING R4 .29

In [4], the finite ring Rk 42, where k is a positive integer, p is a prime number
is introduced. By taking p = 2,k = 4, it is said that the finite ring R4 29 =
Folu,v]/ < v, v, uv —vu >= Fy +uly +u?Fy +ud Fy + vFy +vulFs +vu? Fy +oud Fy
is local with the unique maximal ideal (u,v), where u* = 0,v% = 0,uv = vu, and
Fy = {0,1}. The set {{0},< u >, < u? > < ud > < w >, < v’v > < vdv >, <
ut+v><uitov><udito><udv> <uv> <uv> < 1>} gives list of
all ideals of R4 ,2 5. It is also commutative with characteristic 2 and 256 elements.
It can be viewed as

Ru4ﬂ,2’2 = Ru4,2 + URUAL,Q, v? =0

where R, 5 = Fhlu]/ < u* >.
By using the following two maps,

(;5 : Ru4,v2,2 — (Ru4,2)2
x4+vy — (z,z+7y)
where ,y € R4 5.
not Ry — (B)?
a+ub+cu®+du® — (a+b+c+d,c+db+d,d)

where a,b,c,d € F» which was defined in [7], we can define a new Gray map from
Rya 429 to F$ as follows,
1/) : Ru47v272 — F28

a— (n(¢(a))
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where ¢ = no.

A linear code C of length n over the finite ring R (or finite field Fy) is R—submodule
(Fy- subspace) of R"(F').

Let D be a linear code over Fj of length m and ¢é = (¢g, ¢4, ..., ém—1) be a code-

word of D. The Hamming weight of ¢ is defined as wg (¢) = Z?;_ol wpr (¢;) where

wg (¢;) =11if é; # 0 and wy (¢) = 0 if é; = 0. Minimum Hamming distance of D is
defined as dg = dg (D) = mindpg (¢, ¢é), where for any ¢ € D, ¢ # ¢ and dg (¢, ¢é) is
Hamming distance between two codewords with dg (¢, ¢) = wgy (¢ — ¢).

The Gray weight of the element v in R4 .2 5 is defined

wg (@) = wr (Y())
for all v € Ry 42 9.
Let C be a linear code over R ,2 5 of length n. For any codeword ¢ = (cg, ..., cp—1),
the Gray weight of ¢ is defined as wg(c) = Z?;()l weg(c;) and the minimum Gray

distance of C is defined as dg = dg(C) =mindg(c, ¢ ), where for any ¢ € C,c # ¢
and dg(c,¢) is Gray distance between two codewords with dg(c,c) = wg(c — ¢ ).

The minimum Gray weight of C' is the smallest nonzero Gray weight among all
codewords. If C' is linear, the minimum Gray distance is the same as the minimum
Gray weight.

The Gray map is extended to R, ., naturally as follows
(B (RZ4 2.9, Gray Weight) — (F28", Hamming Weight)

(CO7 Cly.eery cn—l) — (w(CO)a ceey Q;Z) (cn—l))
for all ¢; € Ry 42 9, where i = 0,...,n — 1.
Since the new Gray map is linear and distance preserving, the following theorem
is obtained

Theorem 1. If C' is a linear code over Rys 29 of length n size M, and minimum
Gray weight dg, then ¥ (C) is a binary linear code with parameters (8n, M, dg = d).

C' is called cyclic code if it is closed with respect to cyclic shift, i.e. (¢p—1,co, ...,
¢n—2) € C whenever (cg,cq,...,cn—1) € C.
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Let Ry, = Ry 2 5[x]/ < 2™ —1> and

m : RZ/4’,U272 — Rn

(cosCly ey Cno1) > 7((CoserryCnot1)) = o + 12 + cp1z™  (mod (2™ — 1))

It is well known that C is a cyclic code of length n over R4 25 if and only if
m(C) is an ideal of R,,.

3. THE STRUCTURES OF CYCLIC CODES OVER THE RING Ry .2 o

In [4], the structure of a code of arbitrary length n over Rk 42 5, where k is a positive
integer, p is a prime number was given. In according to that, by taking k = 4,p = 2,
the code C' over the ring R, ,2 5 is written as 7(C') =< Ay, ..., Ag > where A;’ s are
defined as follows;

Ay = gi(2) +ugri(x) + u?g12(x) + ug1 3(2) +v(g1.a(2) +ugr5(x) +u’g16(2) +
wgr7(x))
Ag = ng( ) + u? 92 2(x) + u?ga3(x) + v(g2,4(x) + ugas(z) + uga6(x) + uiga7(z))

()
Az =u 93( )+ ulgs3(x) + v(gsa(z) + ugs, 5(2) + ugs6(x) + u’gs 7 (x))
Ay ga(w) +v(gaa(x) + ug4,5( ) 4+ u?ga(z) + uPga7(z))
A5—U( (33)+u955( ) + u? 956( )+ ulgs7(x))
Ag = v(ugs(z) + ugs6(x) + uge,7(2))
Ay = U( g7(x) + uigr7(x))
Ag = vudgs(x)

By using the Theorem 3.4 in [4], the following Theorem is written,

Theorem 2. Let C be a cyclic code over the ring R,a .29 of length n. That is
m(C) =< Ay, ..., Ag > is an ideal of R,,. If n is odd, then w(C) =< g1(z) + uga2(x) +
u?g3(x)+u’ga(), v(gs (2)+ugs(x)+ugr(x)+u’gs(x)) > where ga()|gs(x)lg2(z)]g1(2),
9s(2)|g7(2)|g6(2)|95(2), and gi1i(x)|gi(x), fori=1,2,3,4.

Theorem 3. Let C be a cyclic code of odd length n over Ry ,2 5. That is, m(C) =<
g1(x) +uge(z) + ulg3(x) +ulga(), v(gs(z) + uge(x) + ulgr(x) +udgs(x)) > is ideal

of R, where ga(x)]gs(x)]g2(2)[91(x), gs(x)lgr(2)|gs(2)|g5(x), and grii(x)|gi(x), for
1=1,2,3,4. Then

7(C) =< g1(z), ugz(z), u?gs(x), udgs (), vgs(x), uwvgs (), u?vgr (x), uv fs (z) >
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Proof. Since 7(C) =< g1(z)+uge(z)+ugs(z)+udga(z), v(gs(x) +ugs(x) +ugr(z)+
udgs(x)) >, we get m(C)(modv) =< g1(x) + uge(z) + u?g3(z) + ugs(x) >. From
Lemma 3.5 in [2], it is known that if n is odd, then 7(C)(modv) =< g1(z) +uga(z) +
u?g3(x) + uPga(x) >=< g1(x), uga(x), u’g3(x), uPga () >.

To show the other part, let us take h(z) = vgs(z) +uvgs(x)+uvgr(x )+ udvgs ().
We have u?h(z) = vdvgs(z) and u?(z" — 1/gs5(x))h(z) = (2" — 1/g5(z))udvge(z) €
m(C). As n is odd, so (%,gdx)) = 1. Hence there exist py (), py(x) € Zolz]

such that ’;:&;pll () 4 g5(2)py(z) = 1. By multiplying uvge(z), we get udvgg(z) =
u3vgg(:c)f]:—(;%p/1(:U)+u3vgﬁ(x)g5( 2)py(). Since udvgs(z) € 7(C) and u3vgﬁ(x)§:(;§ €
7(C), we have udvgg(z) € 7(C). Asnisodd, so ( e ),gﬁ( )) = 1. Hence there exist
sll(m),s,z(x) € Fy[x| such that £ (3 1(@)+g6(z)s 2( ) = 1. By multiplying u3vgr(z),
we get udvgr(z) = udvgr(z )gﬁ(m) 31+u Sug7(x)gs(2)sy(x). Since udvgg(x) € m(C) and
w(x™—1/ge(z))h(z) = vdvgr(z) ( ) € 7(C), we have udvgr(r) € 7(C). Asn is odd,

SO (%,97(:5)) = 1. Hence there exist t;(z),ty(z) € Fy[z] such that & 97( %tl( x) +

gr()ty(x) = 1. By multiplying uvgs(z), we get ulvgs(z) = udvgr(v) Lt (x) +
wvgs(x)gr(x)ty(x). Since wdvgr(z) € w(C) and (2" — 1/g7(x)) = u vgg( )g:(;% €

7(C), we have udvgg(z) € 7(C). Similarly, it can be shown that u?vgr(z), uvge(z) €
7(C). Since vgs(x)+uvgs(r)+uvgr(z)+udvgs(z) € 7(C) and uvgg(x) € 7(C),uvgs(x) €
(c
3

3

) udvgs(x) € m(C), then vgs () € w(C). Therefore m(C) =< g1 (), uga(x), u?gs(y),

94(),vg5(2), uvgs(x), w?vgr (x), u’v fs(z) >
The other part is seen easily.

U

4. THE REVERSIBLE CODES

In this section, the necessary and sufficient conditions for a cyclic code C' over
R4 42 9 to be reversible are given.

Definition 1. For a polynomial f(x) = fo + ... + fma™ € Rya 2 o[z] of degree m,
the reciprocal of f(x) is defined to be the polynomial f(x)* = ™ f(x~1). We note
that degf(z)* <degf(x) and if fo # 0, then degf(x)* =degf(x), f(x) is called self
reciprocal if f(x)* = f(x).

Lemma 4. ([1]) Let s(z),p(x) be any two polynomials in with degree deg s(x) <
deg p(x). Then

1. [p(z)s(z)]" = p(z)*s(z)"

2. [p(x) + s(x)]* = p(x)* + z's(x)*, where i = deg p(x)—deg s(z)
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Definition 2. The reverse of a codeword a = (o, a1, ..., c0n—1) € C, denoted by o,
is defined " = (ap—1,Ap—2, ..., Qp).

Definition 3. A linear code C of length n over Ry 2 o is said to be reversible if
a" e C foralaeC.

Theorem 5. ([6]) Let m(C) =< f(x) > be an ideal of Fr[x]/ < 2™ —1 >, the w(C)
reversible if and only if f(x) is self reciprocal.

Theorem 6. Let C' be a cyclic code of odd length n over Rys 2 9. That is,
m(C) =< g1(2), uga(x), u’gs(x), u’gs(x), vgs (z), wvgs (z), u*vgr (x), uPvgs(z) >

where ga(x)|g3(x)|g2(2)]g1(2), gs(x)|g7(2)|g6(2)]g5(x) and grti(x)|gi(2), fori=1,2,3,4.
Then w(C) is reversible if and only if g;(x) are self reciprocal polynomials over Fs,

where 1 =1, ..., 8.

Proof. Let C be areversible code over R4 .2 9. We have 7(C)(modu) =< g1(x),vgs(z) >.
By using the Theorem 4.6 in [5], we have g1(z), g5(z) are self reciprocal polynomi-
als. It is shown that the polynomials gs2(x), g3(), g4(x), gs(x), g7(x), gs(x) are self
reciprocal as in proof of Theorem 18 in [3].

Conversely, let g1(x), g2(2), g3(x), ga(x), g5(x), g6(z), g7(x), gs(x) be self recipro-
cal polynomials over F5. Let ¢ = (co, ..., cn—1) € C. Then there exist s1(x), ..., ss(z) €
Fy[x] such that 7(c) = c(z) = s1(2)g1(z) + us2(z)ge(x) + ... + udvsg(x)gs(x) € 7(C).
Then we have

c(z)* = [s1(x)g1(2)+... +u’vss(@)gs(z)]" = [Sl(x)91($)+US2(fC)92( )+u’ss(z)g
u?sy(w)ga(@)]* + va?[s5(x)gs(x )+ uss(x)gs(x) + u®s(w)gr(x) + ulvss(a)gs(@)]*
[s1(2)g1(2) + usa(x)ga(@)]* + u’a'[s3(2)gs(x) + usa(@)ga(@)]* + va?{[s5(2)gs(w)
)"}
)"

)+

3(x
+
usg(x)ge()]* +ua™[s7(2) g7 () +uss(x)gs(2)]*} = s1(2) " g1 ()" +uasa(x)* ga(2)" +
w?z![s3(2)* g3 (2)" +uabsy(z)"ga(x) THva? {[s5(x)" gs ()" +wﬁd 6(x) g6 () | +ua™ [s7(x) g7 ()" +
ur®sg(z)*gs(x)*]}. By using the fact that g (z)* = g1(2), g2(2)* = g2(2), ..., gs()
gs(x), we get c(x)* = s1(2)"g1 () +uzss(x)* ga (@) +ua' [s3(2) g3 (x) +uz’sa(x)" ga(x)]+
vl {[s5(x)" g5(2) +uase(x) g6 (x)] + ua™[s7(x) g7 (x) +uass(x) " gs(x)]} € 7(C),
where j,t,m,a,b,d are as in Lemma 4. Hence 7 (C') is reversible code.

5. A CORRESPONDENCE BETWEEN THE ELEMENTS OF THE RING R4 ,2 9 AND
DNA 4-BASES

Let Sp, = {A,T,C,G} represent the DNA alphabet. We use the same notation for
the set Sp,, = {AA,TA,....GG} and Sp,,, = {AAAA,TTTT, ..., GGGG}.
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The Watson Crick Complement is given A =T, T = A,C = G,G = C. Naturally
we extend this notion to the elements of Sp, and Sp,,, such that AA =TT, ..., TG =
AC and AAAA=TTTT, .. GGGG = CCCC, respectively.

We define one to one correspondence &1 between R,a 9 and Sp,g as follows.

Elements « DNA double pairs & ()
0 AA
1 AG
u+1 AT
u AC
u?+1 GG
l+u+u?+u® TT
u? GA
w4 w4 u TC
u + u? GC
u? 4+ ud TA
u+ud ccC
u? CA
1+u+u? CcT
1+u+u? GT
14+ u?+ud TG
1+ CG

The map & can be extended to (R4 9)", naturally.

For instance (co,c1,¢2) = (Lu,14+u) € R3,, is mapped to &1((1,u,1+u)) =
(AG, AC, AT).

By using ¢ and the following map

Y : (Ru4,2)2 — (SD4)4 = SDass
(67 f) — 7(67 f) = (51(6)’51(]0))

we get one to one correspondence & between R4 2 9 and Sp,, as follows.

S Ru4,v2,2 — (Ru4,2)2 — (SD4)4 - SD256

B=z+uvy— (z,2+y) — (E(2), &z +y) & &(0)é(z +y)

where x,y € Ry 5 and §3 = v¢.
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Elements 3 Gray images DNA 4-bases &2(5)
0 (0,0) AAAA
1 (1,1) AGAG

1+u) +v(l+u+u?) (1+uu?) ATGA

The map & can be extended to (R, ,22)", naturally.

For instance (co, c1,c2) = (1 +u,vu, 1 +u+ u2) € R3 is mapped to

ud, 2,2

&((1+u,vu, 1 +u+ u2)) = (AT AT, AAAC,GTGT).

6. THE REVERSIBLE COMPLEMENT CODES

In this section, the necessary and sufficient conditions for a cyclic code C over R4 ,2 o
to be reversible complement are given.

Lemma 7. For any a € Ry ,2 5, we have a+a = 1 +u+u?+u?, where @ represents
the complement of a in Ry .2 5.

Definition 4. The reversible complement of a codewords d = (dy,dy,...,dn—1) € C,
denoted by d"¢, is defined d™¢ = (&n,l,an,z, ...,31,80), where d; is the complement
of d; fori=0,1,..,n—1.

Definition 5. A linear code C' of length n over R,a 25 is said to be reversible
complement if "¢ € C for every d € C.

Theorem 8. Let C be a cyclic code of odd length n over Ry 2. That is,
7(C) =< g1(z), ugz (), u’gs(x), u’ga(z), vgs (), wvgs (z), u’vgr (z), v’ vgs(z) >

where ga(x)|g3(x)|g2(x)|91(x), gs(@)|97(2)|g6(2)|g5(2) and gi+i(z)|gi(x), fori=1,2,3,4.
Then 7(C) is reversible complement if and only if g;(x) are self reciprocal polyno-
mials over Fy, wherei =1,...8 and (1 +u+u? +u3)(1+ 2z + ...+ 2" 1) € n(0).

Proof. Let m(C') be reversible complement code. Then since 0 = 0 + Oz + ... +
0zt € 7(C0), then 0" = 1+ u+ v +u®) 1+ 2+ ... +2"1) € 7(C). In
order to show that gi(z)* = g1(x), take g1(z) = 1+ a12 + ... + a,_12" L +2". So
g(x)¢ =0+0z 4 ... +02" "2+ Ta" "+ @ g2 " a2 4 T2 €
7(C). Since (1 4+ u + u? + u?)(z" — 1/ — 1) € 7(C), the poynomial g;(x)"¢ +
(14 u+ u? + u?) (2™ — 1/x — 1) is equal the poynomial 2" " 1g;(z)* € =(C).
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So gi(z)* € w(C). From this, there exist s1(x),...,s8(x) € Rya,2[z] such that
91(x)* = g1(x)s1(x) + uga(x)sa(x) + ... + uvgs(x)ss(x). As gi(z) € Fylz], g1(x) is
a monic, so we get s1(z) = 1,s;(z) = 0 for i = 2,..,8. Therefore g1(x)* = ¢g1(x).
Similarly it is shown that go(x), .., gs(x) to be self reciprocal.

Conversely, let g;(x) are self reciprocal polynomials over Fy, where i = 1,...,8
and (1 +u+u?+u¥)(1+2+ ..+ 2" € 7(C). Take d(x) = do + diz +
.+ dia® € w(C). So there exist ai(z),...,as(x) € Ry ,2o[x] such that d(z) =
g1(z)a1(z)+uga(r)az(z)+...+utvgs(z)as(z). Fromit, we get d(z)* = g1(z)*a1(x)*+
urt go(z)*ag(x)* + ... + udvaligg(z)*ag(z)* where tq,..,t7 are as in Lemma 4. By
using ¢g1(z)* = ¢g1(x),. ,gg( )* = gs(x), we get d(xz)* € w(C). Since 7(C) linear, we
get (1+u+u?+ud)(z" —1/z — 1) + 2" d(z) = {d(z)*}"¢ € n(C). Tt is known
that {{d(z)*}"“}* = d(z)"™ € n(C). So 7(C) is reversible complement.

By a cyclic DNA code over R4 .29 of length n, we mean a cyclic code C' that
has the reverse complement property. i.e. C' is a cyclic DNA if C is a cyclic and
¢ = (co,¢1y..eyCn—1) € C implies ¢ = (¢,-1,¢n—2,...,¢0) € C, where ¢; stands for
the complement of ¢; in R4 42 5 for i = 0,..,n—1. Equivalently, a cyclic DNA code C
means that 7(C) is an ideal of R, and f(z) = co+c1x+...4+cp_12" "+ € 7(C) implies
f(x)¢ =¢, 1+ ¢ ar+..+cx" ! € n(C), where ¢ stands for the complement of
¢ in Rya 29 fori=0,...,n—1

By using the correspondence & and cyclic DNA codes, we obtain DNA codes as
follows.

Theorem 9. Let C' cyclic DNA code of length n over Ry .2 o with minimum distance
d. That is, 7(C) =< g1(z),uga(z), ugs(x), ugs(x), vgs(x), uvge(x), u?v f7(z), vdv fs (z) >
is an ideal of Ry and w(C) has reversible complement property. Then &(C) is a
DNA code of length n over the alphabet {AAAA, TTTT, ..., GGGG} with the mini-

mum Hamming distance at least d.

7. CONCLUSION

In this work, the necessary and sufficient conditions for cyclic codes of odd length
over the ring R,1,29 to be reversible complement are given and DNA codes are
obtained via cyclic DNA codes of odd length n over the finite ring R4 ,2 o.
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