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A PROBABILISTIC APPROACH ON STAR COLORING OF
DEGREE SPLITTING GRAPHS

ULAGAMMAL.S, VERNOLD VIVIN.J

ABSTRACT. A star coloring of a graph G is a proper vertex coloring which states
that every path on four vertices in G is in excess of two dissimilar colors. The star
chromatic number x; (G) of G is the fewest number of colors that require to star
color G. For a graph G = (V, E) with V(G) = S1 USaUS3U...S; UT where each
S; is a set of all vertices of the same degree with at least two elements and T =
V(G)— U§:1 S;. Thus to construct the degree splitting graph of G, add new vertices
wi, wa, ... w; and join w; to each vertex of S; for 1 < ¢ < ¢. The degree splitting
graph of G is denoted by DS(G). In this short note, we show that if DS(G) is a

degree splitting graph with maximum degree A > 3, then xs(DS(G)) < {12A%—‘.
The proof of our theorem mainly rely on probabilistic logic.
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1. INTRODUCTION

In this note, we consider G = (V (G), E (G)) be a finite, simple, connected and
undirected graphs. Griinbaum in 1973 introduced the star chromatic number [4]. A
star coloring of a graph G is a proper vertex coloring which states that every path
on four vertices in G is in excess of two dissimilar colors. The star chromatic number
Xs (G) of G is the fewest number of colors that require to star color G.

Albertson et al. [1] showed that it is NP-complete to determine whether x; (G) <
3, even when G is a graph that is both planar and bipartite. Coleman et al. [3]
proved that star coloring remains NP-hard problem even on bipartite graphs.

For a graph G = (V, F) with V(G) = S1US2US3U. .. S UT where each S; is a set
of all vertices of the same degree with at least two elements and T = V(G) —!_, Si.
Thus to construct the degree splitting graph [6] of G, add new vertices wy, wa, . .. w;
and join w; to each vertex of S; for 1 < ¢ < t. The degree splitting graph of G is
denoted by DS(G). For some graph terminologies not defined in this note see [2, 5].
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Albertson et al. [1] proved that xs(G) < A(A — 1) + 2. In this note, we
show that if DS(G) is a degree splitting graph with maximum degree A > 3, then

Ys(DS(G)) < {12A%].

2. OBSERVATION
1. For any graph G, xs(G) < xs(DS(G)).

3. MAIN RESuLT

We shall make use of the following Lovasz local lemma to prove the main theorem:

Lemma 1. [7][Lovdsz local lemma] Let Ay, As--- A, be the events in an arbitrary
probability space. Let the graph H = (V, E) on the nodes 1,2,---n be a dependency
graph for the events A; (that is, two events A; and A; will share an edge in H if
and only if they are dependent). If there exists a real numbers 0 < y; < 1 such that
for all i we have

then
Pr(A) = [ (1 =w) >0
(i=1)

Theorem 2. Let G be any graph with mazimum degree A > 3, then
Ys(DS(G)) < [12Aﬂ :

Proof. Suppose that s = 12A3. For each vertex v € V(@) randomly and indepen-
dently choose ¢(v) from {1,2,...,s}. For each edge vw € E(G), let A,, be the
type-I event then c¢(v) = ¢(w). For each path of length 3 vway in G, let By zy be
the type-1I event then c¢(v) = ¢(z) and c(w) = ¢(y).

We will apply lemma to obtain colorings such that no type-I event and no type-11
event occurs. No type-I event implies that we have a proper vertex coloring. No
type-II event implies that no two disjoint edges share the same pair of colors. That
is we have a star coloring. .

1
For each type-I event A, P(A) = —. For each type-II event B, P(B) = —.
s s

An event involving a particular set of vertices is dependent only on the events
involving at least one of the vertices in that set. Each vertex is involved in atmost A
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type-I events and atmost 2A3 type-II events. A type-I events involves two vertices,
and is thus mutually independent of all but at most 2A type-I events and at most
4A3 type-II events. A type-I events involves four vertices, and is thus mutually
independent of all but at most 4A type-I events and at most 8A® type-II events.

In order to apply Lovész local lemma, we need to choose y; as — for the type-I
s

2
events and y as — for the type-II events. Then we have to prove the following in-

equalities that arise the hypothesis of the generalised version of Lovasz local lemma.

P(A):%g2 (1_2>2A (1_2)4A (1)

1 9 9\ 44 9 8A3
P =<2 (-2 (1) o
It is easy to check that if (2) is satisfied, then (1) holds as well. Let us check (2),
244 254 8A 16A3
1-= 1- = >(1-22) (1=
s 52 s 52

=(1-575) ()
>3

for any A > 3. Hence by Lovasz local lemma c is a star coloring of G with non-zero
probability.
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